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Abstract

A Z2Z4Qs-code is the binary image, after a Gray map, of a subgroup
of Z’;l X ZZZ X Q'ga, where Qg is the quaternion group on eight elements.
Such Z27.4Qs-codes are translation invariant propelinear codes as are the
well known Zg4-linear or ZoZg-linear codes.

In the current paper, we show that there exist “pure” Z2Z4Qs-codes,
that is, codes that do not admit any abelian translation invariant prope-
linear structure. We study the dimension of the kernel and rank of the
Z27Z.4Qs-codes, and we give upper and lower bounds for these parameters.
We give tools to construct a new class of Hadamard codes formed by sev-
eral families of Z3Z4Qs-codes; we classify such codes from an algebraic
point of view and we improve the upper and lower bounds for the rank
and the dimension of the kernel when the codes are Hadamard.

1 Introduction

The discovery of the existence of a quaternary structure in some relevant
families with better parameters than any linear code has raised the interest in
the study of these codes [8] and more generally on codes with a group structure.
From the Coding Theory perspective it is desired that the group operation pre-
serves the Hamming distance. This is the case, for example, of the ZsZ,-linear
codes which has been intensively studied during the last years. More generally,
the propelinear codes and, specially those which are translation invariant, are
particularly interesting because both left and right product preserves the Ham-
ming distance. Translation invariant propelinear codes has been characterized
as the image of a subgroup by a suitable Gray map of a direct product of Z,
Z4 and Qs, the quaternion group of order 8 [14]. Hence it makes sense to call
this codes as ZyZ4Qg-codes. The aim of this paper is to study the structure and
main properties of Zy7Z4Qg-codes with special focus on those that are Hadamard
codes as well.

Section 2 has been reserved for notation and preliminaries.

As far a we know there is not any example in the literature of a proper
Zo7.4Qg-code, i.e., one which is not equivalent to a ZsZjy-linear code. The first
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result of this paper consists in providing such an example. This result appears in
Section 3, where we also study the group-theoretical properties of the ZsZ4Qs-
codes and the relation of this structure with its rank and the dimension of its
kernel. This structure suggests associating three numerical parameters to the
group. We will show that these parameters provide bounds for the rank and
dimension of the kernel. Moreover, our example of a proper Z,Z,Qg-code shows
that these bounds are tight.

Section 4 is dedicated to Hadamard Z,Z,-linear codes. The Hadamard
ZoZ4-linear codes as well as the (extended) 1-perfect ZoZ4-linear codes are well
known [4, 9, 12]. The Hadamard linear codes are dual of extended 1-perfect
codes. However we will show that the extended 1-perfect codes, involving at
least one quaternionic component do not exist for length n > 8. For every
n = 2™ there is a unique Hadamard linear code, up to equivalence. If m < 3 this
is the unique Hadamard code. However, there are five inequivalent Hadamard
codes of length 16. One of them is linear, another is a ZyZ4-linear code and
the other three cannot be realized as ZoyZg4-linear codes. We will show that
exactly one of these three can be realized as a ZyZ,Qg-code, more specifically,
as a pure (Jg-code. This provides another example of such codes. In Theo-
rem 4.11 we provide a precise description of the possible group structures of a
Hadamard ZsZ4Qs-codes and in Corollary 4.12 we obtain bounds for the rank
of a Hadamard Z,Z4Qs-code which are better than those for general Z7Z,Qg-
codes.

In the last section of the paper we introduce two constructions of ZoZ4Qs-
codes which allow to construct many Hadamard ZsZ,Qg-codes.

2 Preliminaries

Let Zs and Z4 denote the binary field and the ring of integers modulo 4,
respectively. Let Z5 denote the set of all binary vectors of length n and let Z}
be the set of all n-tuples over the ring Z,. The all-zero vector in Z% is denoted
by 0. Let wt(v) denote the Hamming weight of a vector v € Z% (i.e., the number
of its nonzero coordinates), and let d(v,u) = wt(v + u), the Hamming distance
between two vectors v, u € Z3.

Any non-empty subset of Z3 is called a binary code and a linear subspace of
Z7y is called a binary linear code or a Zs-linear code. Similarly, any non-empty
subset of Z} is a quaternary code and a subgroup of Z} is called a quaternary
linear code [8]. Quaternary codes can be viewed as binary codes under the Gray
map defined as

<p(0) = (O’O)v 90(1) = (0’ 1)7 W(Q) = (15 1)7 @(3) = (170)7

which is extended coordinatewise to a bijection ¢ : Z} — Z3". If C is a qua-
ternary linear code of length n, then the binary code C' = ¢(C) is said to be a
Zy-linear code of binary length 2n [8].

Let Qg be the quaternion group on eight elements. The following equalities
provides a presentation and the list of elements of Qs:

Qs = (a,b : a* =a’b? =1,bab ! =a!)
={1,a,a% a3 b,ab,a’b,a’b}.



A quaternionic code C is a non-empty subgroup of Qg. Quaternionic codes can
also be seen as binary codes under the following Gray map: ¢ : Qs — Z3,
such that

¢(1) =(0,0,0,0), ¢(b) =(0,1,1,0),

¢(a) = (0,1,0,1), ¢(ab) = (1,1,0,0), (1)
(a2) (1,1,1,1), ¢(a®b) =(1,0,0,1),

¢(a’) = (1,0,1,0), ¢(a’b) = (0,071,1)

We will also denote by ¢ the componentwise extended map from QF to Z3". If
C is a quaternionic code, then we will say that C = ¢(C) is a Qs-code of binary
length 4n.

Binary linear codes, Z4-linear codes and QQg-codes can be seen as particular
cases of a more general family of codes. More specifically, given non-negative
integers ki, ko and ks we can define the generalized Gray map

. k1 ko k3 k1+2ko+4ks
O 75 X Ly? X Qg — Zy ,

such that if x € Z;l, y € Ziz and z € ngs then

(z,y,2) = (z,0(y), #(2)).

A Z27.4Qsg-code is a binary code C of the form C' = ®(C) where C is a subgroup
of Zh x 7k2 x Q¥

Notice that if k&1 > 0 and k3 = k3 = 0 then C is a binary linear or Zs-linear
code. If ko > 0 and k1 = k3 = 0, then C is a Zy4-linear code. If k3 > 0 and
k1 = ko = 0, then C is a Qg-code. Finally, if k3 = 0, then C is called a Z3Z,-
linear code [3] (hence, including the cases Zj-linear and Z4-linear). We also
remark that C is abelian if and only if C is a ZyZ4-linear code.

We use additive notation for Zs and Z4 and multiplicative notation for Qg.
Therefore, (0,152 0,1, %2, 1) is the identity of Z&' x Z5* x QFs. We denote
this element as e. We also denote it ey, , k, or €, with I = ki + k2 + k3, when
we want to emphasize the ambient space of e. Note that each one of the groups
Zs, Z4 and Qg have exactly one element of order 2. So there is a unique element
u of Z& x Z%? x Q% which has the element of order 2 in each coordinate. This
element is also determined by the fact that ®(u) is the all one vector. As for e,
we also denote u by uy, i,k OF Wy, with [ = ki +ko 4 k3 if we want to emphasize
its ambient space.

IfheZandw= (r,y,2) € Z' x ZF* x Qb where x € Z§', y € ZF* and
z € ngs, then

"= (hz, hy, 2").
The order of w is the smallest positive integer h such that w" = e.
Let S,, denote the symmetric group of permutations on the set {1,...,n}.
For any 7w € S, and any vector v = (v1,...,v,) € Z%, we write 7(v) to denote
the vector (Ve—1(1y,- .+, Vx-1(n))-

Two binary codes C7 and C5 of length n are said to be isomorphic if there
is a coordinate permutation m € S,, such that Cy = {7(z) : € C1}. They are
said to be equivalent if there is a vector y € Z5 and a coordinate permutation
m € Sy, such that Co = {y+7(z) : x € C1}. Although the two definitions above
stand for two different concepts, two binary linear codes are equivalent if and
only if they are isomorphic.



A binary code C of length n is said to be propelinear [13] if for any codeword
x € C there exists m, € S, satisfying the following properties for all v € Z% and
x,y € C:

1. 2+ m,(y) € C and
2. my(my(v)) = m,(v), where z = x + 7, (y).

Let C be a propelinear code and for every z € C'let 7w, € S,, satisfy the above
conditions. For all x € C and y € Z§ let xy = x + 7, (y). This endows C' with
a group structure, which is not abelian in general. Therefore, the vector 0 is
always a codeword and mg is the identity permutation I. Hence, 0 is the identity
element in C and ~! = 7 }(2) for all z € C [13]. Notice that a binary code
may have several structures of propelinear code with different group structures.

The following lemma is straightforward [13, 14, 4].

Lemma 2.1. Let C be a propelinear code of length n. Then,
d(u,v) = d(zu, zv) for all z € C' and u,v € Zj.

This means that left multiplication in a propelinear code is Hamming com-
patible [2] in the sense that d(xz,x) = wt(z) for all z € C and z € Z%.

Definition 2.2. A propelinear code C of length n is said to be translation
invariant if

d(z,y) = d(zu,yu) for all x,y € C and u € Z%.

In [14], it is proven that a binary code is translation invariant propelinear if
and only if it is a ZZ4Qg-code. Then, a translation invariant propelinear binary
code is isomorphic to C' = ®(C) for a subgroup of G = Z5 x ZF?* x QF. The
permutation 7, associated to each element of G is obtained by concatenation of
permutations in each Z, or Qg block, such that the permutation in a component
of order at most 2 is the identity; the permutation of a Z4-coordinate of order
4 is the transposition of the binary components and of a Qg-coordinate of order
4 is a product of two disjoint transpositions of the four binary components.
More precisely, if w = (1, ..., Thys Y1y« Yk 215 - - -5 Zks) a0d W’ = ®(w) then

Ty! = 01 ...0ky01 ...0k, where
o { I, if y; € {0,2};
i (ky +2i — 1,k +2i), ify; € {1,3}.
and if ¢ = k1 + 2ko then
I if z; € {1,a%};

5= (si— 3,8 —2)(s; — 1,8;), if z; € {a,a};

(
(si — 3,8, — 1)(s; — 2,5), if z; € {b,a’b};
(si —3,8:)(s; — 2,8; — 1), if z; € {ab,a’b},

where s; =t + 4i.

The rank of a binary code C is the dimension of the binary vector space
generated by its codewords. We denote the rank of C' with r(C) or simply 7.
The kernel of a binary code C of length n is

K(C)={z€Zt: C+z=0C).



If C contains the all-zero vector, then K(C') is a linear subcode of C. The
dimension of K(C) is denoted with k(C) or simply k. These two parameters,
the rank and dimension of the kernel, can be used to classify binary codes, since
if two binary codes have different ranks or dimensions of the kernel, they are
non-equivalent. Note that if C' is a propelinear code and x € C' is such that
e = I then z € K(C).

The binary code C' can be partitioned by K (C')-cosets and therefore |C] is
a multiple of |K(C')|. Since the union of K (C') and anyone of its cosets is again
linear, it is clear that either C is linear or |C| > 2|K(C)].

If C' is not linear and C is the linear span of C then |K(C)| divides |C| and
|C| > |C|. Therefore, |C| > 4|K(C)| and r = log,(|C|) > log, (4| K (C)|) = k+2.
If moreover C' is a ZyZ4Qs-code then |C| is a power of 2 and therefore, if C'
is not linear then |C| > 4|K(C)|. Hence, |C| > 8|K(C)| and r > k + 3. We
summarize this in the following lemma.

Lemma 2.3. If C is a non-linear binary code then r(C) > k(C)+2. If moreover
C is a ZaZ4Qg-code then r(C) > k(C) + 3.

A Hadamard matriz of order n is a matrix of size n X n with entries +1,
such that HHT = nI. We can easily see that any two rows (columns) of a
Hadamard matrix agree in precisely n/2 coordinates. If n > 2 then any three
rows (columns) agree in precisely n/4 coordinates. Thus, if n > 2 and there is
a Hadamard matrix of orden n then n is multiple of 4. It is conjectured that
the converse holds, i.e., if n es multiple of 4 then there are Hadamard matrices
of order n [1].

Two Hadamard matrices are equivalent if one can be obtained from the
other by permuting rows and/or columns and multiplying rows and/or columns
by —1. With the last operations we can change the first row and column of
H into +1’s and we obtain an equivalent Hadamard matrix which is called
normalized. If +1’s are replaced by 0’s and —1’s by 1’s, the initial Hadamard
matrix is changed into a (binary) Hadamard matrix and, from now on, we will
refer to it when we deal with Hadamard matrices. The binary code consisting
of the rows of a (binary) Hadamard matrix and their complements is called a
(binary) Hadamard code, which is of length n, with 2n codewords, and minimum
distance n/2.

A perfect one error correcting binary code (1-perfect code) is a binary code
of length 2 — 1, minimum distance 3, and 2"~ codewords. Linear 1-perfect
codes (Hamming codes) exist for all m > 1 and also there exist ZgZy-linear
1-perfect codes for all admissible n > 15. If C' is a binary 1-perfect code, the
extended code C* by a parity check coordinate is a code of length 2™ and
minimum distance 4. When code C* is linear or ZsZj-linear there exist the
dual code (C*)*, which is a Hadamard code.

In general, by the dual of the (non necessarily linear) code C, which will be
denoted by C*, we mean the dual of the subspace spanned by C.

3 Properties of Z,7Z,()s-codes. Rank and dimen-
sion of the kernel.

In this section we study some of the group theoretical properties of ZoZ4Qs-
codes. We also present an example of a pure QQg-code, i.e., a Qg-code which is



not equivalent to a ZsZ,-linear code.

All throughout G = Zgl X ZZQ X Ql§3. We also fix a non-trivial subgroup C
of G and let C = ®(C). Then, the length of C is n = ki + 2ks + 4k3 and we set
l =k + ko + k3.

We use the notation below for x,y € G:

z¥ = y lzy, conjugate of z € C by y € C,
[z,y] = 2 'y 'zy, commutator of x,y € C,
C" = {([z,y]:z,y € C), commutator subgroup of C,
Z(C) = {ze€C:zax=uxz,x€C}, the center of C,
T(C) = {z€C:2*=e}.
Note that
C'CT(C)CZ(C) (2)

and hence, both C’ and T'(C) are central subgroups of C. This implies that
[z,y] = ly, ] and [zy, 2] = [z, 2]y, 2] 3)
for every z,y,z € C.

Definition 3.1. We say that C is of type (0,9, p) if |T(C)| =27, [Z(C) : T(C)] =
20 and [C : Z(C)] = 2*.

For instance, if § = p = 0 then C is a linear code and if C' is a ZsZ4-linear
code then C = ZJ x Z for some non-negative integers v and . In the latter
case 0 = v+ § and p = 0. Note that the type depends on the group C rather
than on the binary code C. For example, if C = Z4 then the type of C is
(1,1,0). However the corresponding binary code is Z2 and henceforth, it is also
the binary code of a subgroup of Z3 of type (2,0,0). Similarly, if C = Qg then C
has type (1,0,2) but C' is linear and hence it is also the binary code of a group
of type (3,0,0).

Assume that C is of type (0,9, p). Clearly T'(C) = Zg. Moreover, as every
element of G has order 1, 2 or 4, we have that 2% € T(C) for every x € C and,
therefore, C/T(C) = Z3™°, Z(C)/T(C) = Z§ and C/Z(C) = Z5.

Furthermore, 0 > § and C is generated by o + § + p elements: x1,...,Z,;
Yise oy Uss 21, .-, 2p With T(C) = (z1) X -+ - X () and
Z(C) = (x1, . T, Y1y Ys) 1570 X T,

Using (2) it easily follows that any element ¢ € C can be written in a unique

way as
o 4 P
=TT T 1T
i=1  j=1 k=1
where «a;, 8,7 € {0,1}. Note that the elements z1,...,z, do not commute
among them, but we interpret [[/_, z* as 2J*---z,”. Moreover, ¢ € T(C) if

and only if §; = 0 for every j and 7, = 0 for every k; and ¢ € Z(C) if and only
if v = 0 for every k. In particular, the y;’s and z;’s have order 4.
In the remainder of the paper when we write

C:<x17"'7mo’;yla"'ay5;zla"'72p> (4)

we are assuming that z1,...,%s;y1,...,¥s; 21,...,%, is a generating set of C
satisfying the above conditions.



Lemma 3.2. Let a,be C\T(C).
1. If [a,b] = e and a® = b* then ab € T(C).

2. a?,b% and [a,b] coincide in each non-trivial coordinate of [a,b]. In partic-
ular, wt(®([a, b)) < wt(®(a?)).

3. If C is of type (0,6, p) then o > 6 + min{1, p}.

Proof. 1. Assume that a? = b? and [a,b] = e. As a* = e, we have b = a% =
a~2 and hence (ab)? = a?b? = e.

2. Let a = (a1,...,a;) and b = (by,...,b;). If the commutator [a;,b;] is
non-trivial then a; and b; are two non-commuting elements of Qg and hence
[ai7bi] = CLZ2 = b,LQ

3. We know o > §. Thus, if p = 0 then the desired inequality is clear. As-
sume otherwise that p # 0 and 27 € (yf,...,y3) then, by item 1, y{" ... y§z €

T(C) for some integers a1, ..., «s, contradicting the construction of the gener-
ating set. Thus (yf,...,y2,2?) is a subgroup of T'(C) isomorphic to Zg“ and
hence o > 6 + 1. O

Definition 3.3. The swapper of z,y € G is
(25 y) = O 1 (D(x) + Dly) + B(ay)).
We define the swapper of C as the set,
S(C)={(z:y):z,yeC}
Note that if z = (z1,..., %),y = (y1,...,y) € C then
(:9) = (81 91), - (o0 0)). (5)

Therefore, to compute a swapper in G it is enough to compute the swapper in
Za, Zs and Qg. Clearly (x : y) = e for x,y € Zy. The following tables describe
the values of all the swappers in Z4 and Qg:

|02 13 1,a° 1 1 1 1

02 0 0 a,a’ 1 a? a2 1
1,31 0 2 b,a’b 1 1 a2 a?
ab,a’b | 1 a? 1 a?

Table 1: Swappers in Z4 and Qs

In particular (z : y) € T(G) and this implies that

(2 :y)ay) = ((x : y)) + D(ay) = (z) + (y), (6)

i.e., the swapper of x and y is the element needed to pass from ®(xy) to ®(x) +
P(y).

Using (5) and the swapper tables of Z, and Qs one can easily prove the
following properties about swappers.



Lemma 3.4. Let x,y,2,t € G and let C = ®(C) be a Z2Z4Qs-code.

(a) If 2* —ethen(zx y=(x:zy)=(z:y) and (z:2)=(z:2)=e.

() (x:yz)=(x:y)(x:2) and (xy:2)=(x:2)(y: 2).
() If ®(x) € K(C) then (x :y) € C for anyy € C.

The following lemma is a consequence of the definition of swapper and the
above properties.

Lemma 3.5 (Lower bound for k(C)). Let C' = ¢(C) be a Z3Z4Qs-code of type
(0,0,p). Then ®(T(C)) C K(C) and hence o < k(C).

Proof. Let x € T(C), where T(C) is the subgroup of the elements z € C such
that 22 = e. We want to show that ®(z) € K(C). To do this, we check if ®(x)+
®(y) € C for any y € ®(C). From Lemma 3.4 (a) we have (z:y) = (y:2) =e
and so, from (6) we have ®(z) + ®(y) = ®(zy) + ®((z : y)) = ®(xy) € C. This
proves the statement. O

Whenever we have a quotient group G/N, with G a group and N a normal
subgroup of GG, and the meaning is clear from the context we use the standard
bar notation for the N-coset containing g, i.e., if g € G then g = gV.

Lemma 3.6 (Upper bound for r(C)). Let C be a subgroup of Zgl X Ziz X Q’§3
with | = k1 + ko + ks such that C = ®(C) is of type (0,9, p). Let D = {CUS(C)),
the group generated by C and the swappers of the elements of C. Then

1. ®(D) is the binary linear span of C;
2. 7(C) =0 +6+p+h with h < min{ (°3),1 = 7 };

Proof. By (6), it is clear that ®(D) is included in the linear span of C. To
prove the inverse it is enough to show that ®(D) is closed under addition. To
see this let z1,29 € D. As all the swappers have order at most 2 we have
21 = biep and 29 = bacy with by,by € C and c1,¢0 € ((c: ) : ¢,d € C).
Then, by (6) and Lemma 3.4(a), we have ®(x1) + ®(x2) = O(z122 (21 : 22)) =
B(brbacica (by 1 b2)) € (D). Item 1 is proved.

Let C = (K(C),a1,...,as), where t is minimal and K(C)) = &~ }(K(C)).
Since T(C) € K(C), we have a? € K(C) for every i and t < + p. Let ¢,c/ € C.
Then, using (2) it follows that ¢ = zal'---a® and ¢ = 2/a’* - a?* with
z,2’ € K(C) and each «;, 8; € {0,1}. Using Lemma 3.4 we have

t
(c:c) = (x:a") H (z:a;)? (a; - a) H (aj : aj)aiﬁj .
i=1 1<i,j<t
Again, by Lemma 3.4 (f), all (z:2'),(x: a;), (a; : ') belong to C and we can
conclude that D C (C, (a; : a;) : 1 < i < j <t). The reverse inclusion is obvious,
hence D = (CU{(a; : a;): 1 <i<j<t}).



Now, having in mind that |S(C)| < |T(G)| < 2F+katks = 2l we have that

D is of type (o + h,d,p) and, from Lemma 3.5, r(C) = 0 + 0 + p + h with
h < (;) < (5J2rp) and h <[ — 0. This proves item 2.

O

Lemma 3.7. Let C be a ZoZy-linear code. If |C| < 8, then C is also a Zo-linear
code.

Proof. Assume that C is of type (0,6, p). As C is commutative p = 0. If C' is
not linear then 8 > 27+ = |C| > 2|K(C)| = 2*(©)*1, Hence, by Lemma 3.5,
we have § <o < k(C) <1landsoo+9 <2 Thus, k(C)+1<d+ 0 <2and
so k(C) = 8§ = 0 =0, a contradiction. Hence, C is Zy-linear. O

We now present a “pure” @g-code.

Proposition 3.8. Let C be the quaternionic code C = {((a,a), (ab,b)) < Q3.
Let C = ®(C) be the corresponding Qg-code. Then, C is not a ZoZy-linear code.

Proof. C has eight elements, namely C = {(1,1), (a, a),
(a?,a?), (a%,a?), (ab,b), (a’b,ab), (ab, a’b), (b, a®b)}.

The swapper ((a,a) : (ab,b)) = (a%,1) € C and hence, by Lemma 3.6, C' is
not linear. Finally, by Lemma 3.7, C' is not ZsZ4-linear. O

Remark 3.9. The type of the group C of Proposition 3.8 is (o, d, p) = (1,0, 2).
Let C = ®(C) and let k = k(C) and r = r(C). By Lemma 2.3 we have r > k+3;
by Lemma 3.5 we have k > 0 = 1; by Lemma 3.6 we have r < o+d§+p+ (5;”)) =4
and by statement 3 of Lemma 3.2 we have ¢ > § + min{1,p} = 1. In this
example the previous bounds on o, the rank and the dimension of the kernel
are absolutely tight, we have 0 = k=1 and r = 4.

4 Hadamard Z,Z,()s-codes

In this section we focus on Hadamard ZsZ,Qgs-codes. But, first of all, we
shall begin seeing that the usual companions of the Hadamard codes, that is
the (extended) 1-perfect codes which are Z2Z4Qg-codes, do not exist for binary
length n > 8, except for those which are Z,Z,-linear codes. However we will
present a number of Hadamard ZsZ4Qg-codes. The main result of this section
is Theorem 4.11 which provides a classification of Hadamard Z,Z4Qg-codes in
terms of its structure. For Hadamard Z,Z4Qs-codes we also refine the upper
bound for the rank given in Lemma 4.10 for arbitrary ZsZ,Qs-codes. As an
application we classify the Hadamard codes of length 16 which are ZsZ4Qs-
codes. More precisely, for any n = 2™, there is an unique (up to isomorphism)
extended Hamming code of length n and, since the dual of an extended Ham-
ming code is a Hadamard code [10], for the same length n it always exists a
unique Hadamard binary linear code. But, there are much more non isomor-
phic Hadamard codes. As an example, there are exactly five non isomorphic
Hadamard codes of length 16 [1]. One of them is the linear Hadamard code.
The other four have the following parameters for the rank r and the dimension
of the kernel k: (r, k) € {(6,3),(7,2),(8,2),(8,1)} [11]. The Hadamard code
with parameters (r, k) = (6, 3) is a ZgZ4-linear code, and the other three non-
linear Hadamard codes are not ZyZg4-linear [12]. In Proposition 4.5, we show



that the one with parameters (r, k) = (7,2) is a Qg-code. Moreover, we will see
that the remaining two codes, the ones with parameters (8,2) and (8,1), are
not ZsZ4Qs-codes (see Example 4.14). This is a consequence of an analysis of
the structure, type and parameters of Hadamard ZsZ4Qs-codes.

It is well known that there exist ZsZ4-linear extended 1-perfect codes and
Z2Z4-linear Hadamard codes [4, 9], but now we are interested in extended 1-
perfect ZoZ4Qs-codes where the quaternion group is involved.

Lemma 4.1. Let C be a subgroup of Z5* x Z¥? x ngs with ks # 0 and C = ®(C).
Then, the dual code C+ has a codeword of weight 4.

Proof. We can assume that the last coordinate of any vector in C correspond to
an element in QJg. Since the binary image of all the elements in Qg is even, we
conclude that (0,...,0,1,1,1,1) € C*+. O

The next lemma was stated for Steiner triple systems [6] and, later, for
Steiner quadruple systems [15]. We give a version for perfect and extended
perfect codes which is useful for Theorem 4.3.

Lemma 4.2. [6, 15] The dual of a I-perfect code C' of length 2™ — 1 (respec-
tively, an extended I1-perfect code C* of length 2™ ) is a subcode of the dual of

a Hamming code of length 2™ — 1 (respectively, linear Hadamard code of length
2m ).

Theorem 4.3. Let C' = ®(C), where C is a subgroup of Zgl X Z{f X Q’ga, with
ks >0 and n = k1 + 2k + 4k3.

1. If C is a 1-perfect code then n =T and (k1, ks, k3) = (3,0,1).

2. If C is an extended I1-perfect code then either n = 8 and (ki, ko, ks) €
{(4,0,1), (0,2,1),(0,0,2)}, or n =4 and (k1, ka,ks) = (0,0, 1).

Proof. Although item 1 about 1-perfect codes was already proven in [4] we give
a new proof which includes both items.

By Lemma 4.2 all the codewords in C* (respectively, C*+) should have
weight 2m~1 (respectively, should have weight 2 or 2™~1) and by Lemma 4.1
this is only possible when 2 ~! = 4 (respectively, when 2™ = 4 or 2™~ ! = 4).
Hence, the non existence of 1-perfect Z2Z4Qs-codes (respectively, extended 1-
perfect ZoZ4Qs-codes) is proved for codes of length n > 7 (respectively, n > 8).

To finish the proof, let us go to the specific codes of length 7 (respectively,
length 8 for the extended case). The extended Hamming code of length 8 can not
have the parameters (k1, k2, k3) = (2,1,1), otherwise, after puncturing, there
would exist a 1-perfect code with parameters (k1, k2, k3) = (1,1,1) which does
not exist. Indeed, vector with quaternionic coordinate a; € {a® ab,a’b} C Qs
(1) and all the other coordinates equal to zero should be at distance one apart
from the code, so we obtain three codewords vy, vo, v3, depending on the value of
a; . The distance from v;v; to other v;v; (4,5 € {1,2,3}) is zero or two, a contra-
diction. Therefore, the extended Hamming code of length 8 can be constructed
as a Z2Z4Qs-code C = ®(C) in the following three ways: taking C as the sub-
group of Z3 x Qg generated by (1,1,0,0,a%), (1,0,1,0,a%b) and (1,1,1,1,a2);
taking C as the subgroup of Z2 x Qg generated by (2,0,a%),(1,3,a%b) and
(2,2,a%); and taking C as the subgroup of Q% generated by (a,a), (b,b) and
(1,a%). Puncturing the first one in the first coordinate we obtain the Hamming
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code of length 7 which is the binary code associated to the subgroup of Z3 x Qg
generated by (1,0,0,a3), (0,1,0,a?b) and (1,1,1,a?). The extended Hamming
code of length 4 can be constructed as the binary code of the subgroup of Qg
generated by aZ. O

Remark 4.4. From Lemma 4.1 a binary code with no codewords of weight 4
in its dual can not be ZsZ4Qs-codes with k3 > 0. There are good binary codes
without the dual weight 4. For instance, the extended Preparata-like code and
its additive dual, the Kerdock-like code, are Z4-linear codes but they are not
ZoZ4Qg-codes with ks # 0. Indeed, the minimum distance of both codes is
greater than 4. Also note that it was already proven in [5] that both codes are
not ZsZg4-linear codes with ky # 0.

In the following, we use the notation N x H for a semidirect product, i.e., a
group such that as a set N x H = N x H with multiplication given by

(n1, h1)(n2, he) = (n1amn, (n2), h1hz)

where (n1,ng € N, hi,he € H) and h — «y, is a group homomorphism « : H —
Aut(N). The direct product N x H is the semidirect product with oy, = I for
every h € H.

Proposition 4.5. Consider the quaternionic code
C ={(a,a,a,a), (b,ab,b,ab), (a?,1,a,a%)) < Qg (7)

and let C = ®(C). Then C is of type (2,0,3) and C is a Hadamard code of
length 16, rank 7 and dimension of the kernel 2.

Proof. Let a = (a,a,a,a),b = (b,ab,b,ab) and ¢ = (a,1,a,a%). Then a,
b and ¢ have order 4, a?b? = e, a® = a7, ¢* = ¢ and ¢® = ¢~!'. Moreover
(¢) N {a,b) = {e}. Therefore, C is a semidirect product (c) X (a,b) = Z, %
Qs. Hence, T(C) = Z(C) = {(a® c?) = Z%. Thus, C has type (2,0,3) and
G/T(C) = (@) x (b) x (¢). Furthermore, a straightforward calculation shows that
®~1(K(C)) =T(C) and every element of C has weight 0, 8 or 16. Therefore, C
is a Hadamard code. The dimension of its kernel is 2. By Lemma 3.6 the linear
span of C is ®((C,(a:b) = (a%,1,a%,1),(a:¢c) = e,(b:c) = (1,1,1,a?))).
Thus, the rank of C'is 7. O

Lemma 4.6. Let C be a subgroup of 75 x 72 x Q% such that ®(C) is a
Hadamard code. Let a,b,c € C\T(C). Then

1. either [a,b] € (a®) or a® = u;
2. if a®> = b* = c® # u then |{a,b,¢,T(C))/T(C)| < 4

3. if a®> = b? = [a,b] # c? then
[((a:c),(b:c),T(C)/T(C) <2.

Proof. We know that the binary all ones vector belongs to any Hadamard code
and hence u € C.

1. If y € C\ {1,u} then wt(®(y)) = %. Thus, by item 2 of Lemma 3.2, if
a? # u and [a, b] # e then [a,b] = a®.
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2. Assume |{a,b,c,T(C))/T(C)] > 4 and a®> = b*> = ¢* =t # u. Then
{ab, ac,be,abc} NT(C) = (). Therefore, by items 1 and 2 of Lemma 3.2, [a,b] =
[a,c] = [b,c] = t. Hence (abc)? = [a,b][a,d][b, c]a?b?*c* = t5 = e. Thus abc €
T(C), a contradiction.

3. Suppose |[{(a:c),(b:c),T(C))/T(C)] > 2 and a? = b* = [a,b] # .
Then ((a:c),(b:c)) is isomorphic to Z3 and intersects T(C) trivially. Write
a=(ay,...,a;),b=(b1,...,b) and ¢ = (c1,...,¢).

Suppose [a,c| = [b,c] = e. Then a? # u for otherwise (a;, b;) = Qg for every
i and hence ¢ has order 2, contradicting the fact that (a:¢) # e. Therefore,
after reordering the coordinates we may assume that a®> = (u;,|e;,). Hence, if
1 <l then (a;,b;) = Qs and ¢; has order at most two and when i > [y, a; and
b; have order at most two and ¢; has order four. Then (a : ¢) = e, contradicting
the assumption.

Thus either [a,c] # e or [b,¢] # e. By symmetry we may assume that
[a,c] # e. If [b,c] = e then [ab,c] # e, (ab)? = a® and (ab:c) = (a:c)(b:c),
so that ((a:¢c),(b:c)) = {(a:c),(ab,c:)). Therefore, we can replace b by ab
and so we may assume that [b,c] # e. Then, by item 1, either a®> = u and
[a,¢] = [b,c] =c? or ¢ =u and [a,c] = [b,c] = a®.

Suppose that a> = u. Then (a;,b;) = Qg for every i, so that G = Q}
and wt(c?) = 2/ = 2. Then [ is even and after reordering the coordinates

2
we may assume that ¢* = (u L |e L ). Then each a; and b; have order 4 and

¢; has order 4 if and only if i < L. Let A; = {a,a®}, 45 = {b,a’b} and
A; = {ab,a’b}. If r € A; and s € A; then [r,s] = e if and only if i = j;
and (r:s) = e if and only if i —j = 1 mod 3 (see Table 1). Each a;, b;
and ¢;, with 7 < é, belongs to some A; and [a;, b;] = [a;,¢;] = [bs,c;] = a2
Therefore a;, b; and ¢; belong to different A;’s. This implies that for every
i <L {(a;:ei),(bi:c;)} = {1,a%}. On the other hand, [a;,¢;] = [bi,c;] = 1
for every i > L. Therefore (a:c)(b:c) = (u%|eé) = ¢? € T(C) which yields a
contradiction. A slight modification of this argument, with the roles of a and ¢
interchanged, yields also a contradiction in the case ¢ = u. This finishes the
proof of item 3. O

The following corollary is a straightforward consequence of Lemma 3.2 and
Lemma 4.6.

Corollary 4.7. Let C be a subgroup of Zgl X Ziz X QSS such that C = ®(C) is
a Hadamard code and let x1,...,%5; Y1,-.-,Ys5; 21,---,2p be a set of generators

of C.

1. For every t € T(C) with t # u, the cardinality of {i =1,...,p: 22 =t} is
at most 2.

2. If [z, 2j] # e then either 22 = or [z, zj] = 22.

3. If [z, 2j] = e then 27 # 2.

Corollary 4.7 implies that if C is a subgroup of G such that ®(C) is a
Hadamard code and t # u then a generating set of C has at most two z;’s
with square equal to t. Moreover if 2? = 2]2 # u then [z;, 2] = 22, by item 1 of
Lemma 3.2 and item 1 of Lemma 4.6. For our purposes it is convenient to use
a generating set for which this property also holds for z;’s with square u.
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Definition 4.8. Let C be a subgroup of Zgl X ZZQ X Q§3 such that C = ®(C) is

a Hadamard code and let x1,...,%5; Y1,-.-,Ys5; 21,---,2p be a set of generators
of C. We say that this generating set is normalized if 22 = u for at most two
i=1,...,p and if 2? :ij_ =u with i # j then [z;, z;] = u.

Lemma 4.9. Every Hadamard ZsZ4Qg-code C has a normalized set of gener-
ators.

Proof. Let x1,...,25;Y1...,Yr;21,...,%, be a generating set of C. We may
assume without loss of generality that 22 = u if and only if i < k and either
[21,2i] # u for every 2 < i < k or [z1,29] = u. If k < 1 there is nothing to
prove. Otherwise, for every i = 1,..., p we define

2174, if 2<i<kand [z, 2] # u;
) = it 3<i<k,[z1,2:] =u# |22, 2];
¢ z1222;, i3 <d < k21, 2] = u = [29, 2i);
Zi otherwise.
Then @1, ..., To;Y1 -« s Yr;Z1ye- s z; is a generating set of C and we claim that
it is normalized. Indeed, if i > k then 2> = 22 # u. Assume 3 < i < k.
If [21,2;] # u then 22 = (212;)? = [21,2i]2%25 = [z1,2)] # u. Assume that
[21,2;] = u. Then, by construction, [z1,22] = u. Therefore, if [29,2;] # u

then 22 = (222:) = [22,2i]2522 = [22,2i)] # u, and if [29,2] = u then 2/* =

i
(21222:)% = [21, 22)[21, 2i][22, 2:] 222322 = u® = 1 # u. Finally, assume that
i =2 < k. If [21,22] = u then 2z, = 29 and so [21,25] = u and otherwise

22 = (2122)% = [21, 22] # . O

In the remainder of the section x1,...,%s; Y1,...,¥s; 21,-- -, 2p is @ normal-
ized generating set of C. Moreover, let € denote the number of pairs of different
z;’s with the same squares, We reorder the z;’s in such a way that two z;’s with
the same square are consecutive and placed at the beginning of the list, i.e.,

2} =23,...,25._1 = 73, and 23,23, ..., 25, 2o yqs - -, zi are pairwise different.
Note that for each ¢ = 1,...,pthereis j = 1,..., p such that [z;, z;] # e. In that

case, either 22 = u or ij =uorz? = z]2 In the last case {i,j} = {2t — 1,2t}

for some t < e.

Lemma 4.10. Let C be a subgroup of leCl X Ziz X lefa such that ®(C) is a
Hadamard code and let x1,...,%q; Y1,...,Ys; 21,---,2, be a normalized set of
generators of C. Let € and the z;’s be as in the previous paragraph. Then the
following assertions hold:

1. e<2.

2. Ife=2 then § =0 and p = 4. In the case when 2%,23 and u are pairwise
different we have [z;,z;] = e and 2222]2 =u forie {1,2}, j € {3,4}.

3. Ifzf:u with 1 < 2¢ then 6 = 0.
4o Let Vo= {1, Ysy 21528, oy 22615 226415 226425 -1 2p}, W = {w? :
weV}andU = {u €V :u?#u}. Then (W)| > 20TP=¢71 and hence

o >6+p—e—1. If moreover u ¢ (U) then |(W)| = 2°FP=¢ and hence
c>0+p—e.
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5. (Upper bound for 7(C)) If D = (CU S(C)) (as in Lemma 3.6) then D is
of type (o + h,d,p) and r(C) <o+ 8§+ p—+ h with

el et (079, ife<1;
-1 3, ife =2
2

< = u for some ¢ < 2¢. Then we may assume without

Proof. Ttem 3. Assume z

loss of generality that 22 = 22 = [21, 22] = u. (Recall that our generating set is
normalized.) Then the projection of (z1, z2) onto each coordinate is Qg, so that
k1 = ko = 0, and no element of C of order 4 is central, i.e., § = 0.

For every i = 1,...,p let X; = {j : the jth coordinate of z; has order 4}.

We claim that if 27, 27 and u are pairwise different for some 7, j < 2¢ then
ki = ky =0 =0, X; and X form a partition of {1,...,1}, zfzf = u and
{23,..., zi} C {2 z?, u}. For simplicity we also assume that i = 1 and j = 3.
We know that 22 = 23 and 22 = 22, and, by Lemma 3.2, [21, 22] # e # [23, 24]-
Hence, by Corollary 4.7, [z1,20] = 27 = 23 and [23,24] = 23 = 23, and the
images of these elements by ® have weight 7. This implies that X; = X, the
projections of z; and z9 on the coordinates of X; generates Qs and | X;| = g
Similarly X5 = X4, the projections of z3 and z4 on X3 generate Qg and | X3| =
|X4] = §. Moreover, by Corollary 4.7, [z;,2;] = e for i = 1,2 and j = 3,4.
Therefore the projection of z3 and z4 on the coordinates of X; have order 2.
This implies that X; and X3 are disjoint. Therefore 4(|X;| + | X3|) = n and
hence k1 = ky = 0. Furthermore, no element of C of order 4 can commute with
each z; with ¢ = 1,2, 3,4. This implies that § = 0 and, by item 1 of Lemma 4.6,
22 = u for every k # 1,2,3,4. This finishes the proof of the claim.

Items 1 and 2. Assume first that 27, 27 and u are pairwise different for some
1,7 < 2e. Observe that this holds if € > 2. By the claim, we may assume without
loss of generality that X is formed by the first g coordinates and X3 is formed
by the last g coordinates. Moreover, if p > 5, then by the claim 22 =u=2{23
Then there are z{ € (21, 22) and 25 € (z3,24) such that z{ and z5 coincide in
the first coordinate and z} and z5 coincide in the last coordinate. As all the
coordinates of z5 have order 4, and both the last é coordinates of 27 and the first
é coordinates of 22 are e, we deduce that the first é
last coordinates % of z§ have order 4. Moreover [}, z5] # 2% and [24, z5] # 24°.
So, 212282 = 22 and [2],25] = [#},25] = e. Then (2]2425)? = 21224222 = e,
contradicting the fact that zjz5z5 ¢ T(C). This finishes the proof of 1, and
proves 2 in case 2z} # u # 23.

Suppose that € = 2 and 22 = u. As above, we may assume that (23, z24)
projects to Qs in the first g coordinates and projects to an element of order at
most 2 in the remaining coordinates. Suppose p > 4. By Corollary 4.7, [z3, z5] =
[24, 25] = e, so that the projection of 25 in the first § coordinates has order at
most 2 and the projection on the remaining coordinates has order 4. Therefore
(2325)% = (2425)% = 2322 = 2322 = u. Moreover, by the same argument as in
the previous paragraph, we could take z] € (z1,22) and 2§ € (z3, z4) such that
[21,25] = [#4,25] = [2],24] = e. This implies that (2]2}25)? = 2{22§222 = e,
contradicting the fact that z;z325 ¢ T'(C). This finishes the proof of 2.

Item 4. Let ¢t = |U] and set U = {uy,...,us}. Observe that ¢ = § +
p—e—1if u € W and otherwise t = 6 + p — e. From item 2 of Corol-

lary 4.7, the elements of U commute. Moreover the map Z5 — C/T(C) given

coordinates of z{ and the
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by (a1,...,0¢) — uft...u*T(C) is injective. Then, by item 1 of Lemma 3.2,
the rule (ai,...,a¢) — ui® ...u?* defines a bijection Z4 — T(U). Then
(W) > |T((U))| = 2t > 20+P=<=1 If u ¢ (U) then either u ¢ W and hence
t=0+p—¢e W =T(U) and |W| = |T(U)| = 2°*7=¢ or (W) = (T(U),u) and
then |W| = 2|T(U)| = 2277, In both cases |W| = 2°+r~¢.

Item 5. Using the argumentation in the proof of Lemma 3.6 the span
of C is ®(D) where D is the group generated C and the swappers of A =
{y1,-..,Ys,21,...,2,}, where we only take one of the two swappers (a :b) or
(b:a) for a # b € A. If i < e then |((22;-1:0a),(z2 :a),T(C))/T(C)] < 2
(Lemma 4.6), for every a € A\ {z2;-1,22;}. Therefore, in order to gener-
ate D modulo C it is enough to take the swappers of the form (z; : z;) with
2e < j < k < p, the swapper (22,1 : 22;) for each i < € and one out of the two
swappers (z2i—1 : ;) or (22; : z;j) for each ¢ < e and 2i < j < p. This gives a
total of s = (°7072) +- e+ 325, (6 + p—2i) swappers. Thus r(C) = o +5+p+h
with h < s. If e =0 then s = (5;"). Ife=1thena=1+ (5“2’72) +(0+p—2) =
1+ (5+§_1). Finally, assume that ¢ = 2. Then § =0, p =4 and h < s = 4.
We claim that in this case we may assume that 2? = u. Otherwise, by item 2
in this Lemma, [2;,2;] = e and (2;2;)? = u for every i = 1,2 and j = 3,4, and
therefore (2123)% = (2224)? = u and (2123, 2024] = [21, 22][23, 24] = 2225 = u.
Thus, replacing z; and zo by 2123 and 2924, respectively, we obtain the de-
sired claim. To finish the proof it remains to prove that h < 3. In this
case D = (C,(z1 : 22), (23 : 24) , 81, 82) where {s1,s2} = {(#21: 23),(22: 24)} Or
{s1,82} = {(21:24),(22: 23)}. After reordering z3 and z4, if necessary, one
may assume that D = (C,(z1 : 22),(23: 24), (21 : 23), (22 : 24)). By means of
contradiction assume that h = 4. This means that

A={(z1:22),(23:24),(21:23),(22:24),T(C))/T(C) (8)
is of order 16. By [21, 22] = u we have k; = ks = 0. After a suitable reordering
we may assume that 23 = (ué,e%). Write 21 = (a1,...,a1), 22 = (b1,...,b),
23 = (c1,...,¢) and 24 = (dy,...,d;). As [a1,b1] = a® and c¢; has order 4, ¢;
does not commute with either a; or by. If [a1,¢1] = 1 then replacing z; by 2122
we may assume that [ag,c1] = [b1, 1] = a2

We argue similarly if [by, ¢1)] = e to deduce that we may always assume that
[a1,c1)] = [b1,c1)] = a%. Then [z, 23] = [22,23] = 22. For every x € Qg of

order 4 let I(z) € {1,2,3} with @ € A, where A; = {a,a®}, Ay = {b,a’b}
and Az = {ab,a’b}. Then {l(a;),l(b;),l(c;)} = {1,2,3} for every i < L. As
[Cl,dﬂ 7& ]., Z(Cl) 7é l(dl) If l(bl) = l(dl) then [bl,dl] = 1 and therefore
[22,24] = e. Then I(b;) = I(d;) for every i < L and hence s, = (22:21) =
(u%,eé) = 22 € C, contradicting the assumption. Thus I(b;) # [(d;) and hence
[22,24] = 23. Then I(b;) # I(d;) for every i < L. So, for these indexes we
have {1(b;),1(c;),1(d;)} = {1,2,3}, hence l(a;) = I(d;) and (a; : ¢;) (¢; : d;) =
(ai : Ci) (dt : Ci) [Ci, dl] = (aidi : Ci) [Ci, dl] = [Ci, dz]

We conclude with (21 : z3) (23 : 24) = [23, 24] € T(C), a contradiction. O

Next theorem describes the group structure of Hadamard ZsZ4Qg-codes and
specify the bounds for the rank and dimension of the kernel in each case.

Theorem 4.11. Let C be a subgroup of Z5' x ZX2 x Q¥ such that ¢ = ®(C)
is a Hadamard code of length n = 2™ with rank r = r(C) and dimension of the
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kernel k = k(C). Then C has a normalized generating set x1,...,ZTg; Y1,.-.,Ys;
21,...,%p , where m = o + 6 + p — 1, satisfying one of the following conditions.

1. p=0. ThenC = Zg—5 x 73 and C is a ZoZy-linear code (which could be
Zy-linear code or not), with length n = 2™ and m = o 4+ 6 — 1.

(a) If C is Zy-linear then either § € {1,2} and C is linear, or § > 3,
kza—i—l;rzo—&-é—l—(égl).

(b) If C is not Zy-linear then o > § and either § € {0,1} and C is linear,
oréd>2, k=0 andr:a—i—d—i—(g).

2.0=0, 21 =25 = [z21,22] = u, [z,2] = 27 and [zj, 2] = e for every
ie{1,2} and3 < j,k < p. ThenC =75 "' x (2 ?%Qs), k>0 > p—1
andrﬁa—i—p—&—l—i—("gl).

3.6=0,22=u¢ <z§,,z§> = 2571} (21, 2i] = 22 and [z, zj] = e, for
every i # 7 in {2,...,p}. Then C =75 " x (Zh' % Zy), k>0 > p and
r<o+p+(5)-

4.p=2,0<1and 2} =23 = [21,2) # u. Then C = 75 °7' x 73 x Qs,
k>c>04+1andr<oc+d+p+1<o+4.

5.6=0,p=4, 22 =23 =[21,22] = u# 23 = 23 = [23,24] and [zi, 2] € (z?)
for every i € {1,2} and j € {3,4}. Then C = Z3 % x (Qs x Qg) and
k>0c>2;r<o+T.

Proof. If C is abelian then condition 1 holds and the values for the rank and
dimension of the kernel are already known [12]. So, in the remainder of the
proof we assume that C is non-abelian and therefore p > 2.

We fix a normalized generating set xi,...,%o; Y1,...,¥Ys; 21,...,%2p of C
which will be modified throughout the proof to be adapted to one of the cases.
Let € be as in Lemma 4.10 and reorder the z;’s such that those with equal square
are consecutive and placed at the beginning of the list. Then 23, | = 22, =
[22i—1, 2;] for every i = 1,... € (see the comment after Corollary 4.7). Also, as
in Lemma 4.10 we set V = {y1,...,Ys, 21, 23, - - -, 22e—1, 22415 22642, - - - s Zp} and

U={ueV:u?+#u}.

1. Assume ¢ = 2. Then § = 0 and p = 4 (Lemma 4.10). If either 27 or 23
equals u we can assume that 27 = u. If 27, 22 and u are pairwise different
we can take 2] = 2123 and 2z, = 2924 which is a new normalized generating
set 21, 2h, z3, 24 with ziz = u. By Corollary 4.7, [z, z;] = <zj2>, fori=1,2
and j = 3,4. Hence, condition 5 holds and u ¢ (U),so 0 > d+p—e=2.

2. Assume € = 1 and 2 = u. Then § = 0 (Lemma 4.10).
If p = 2 then condition 2 holds. In this caseu ¢ (U),so o > d+p—e = p—1.

Assume p > 3. Then U = {z3,...,2,}. By Corollary 4.7, for every
3 < i,j < p we have [z;,2;] = e and therefore ([z1, 2i], [22, z:1]) = (7).

By changing the generators z; and zo if necessary, we may assume that
[21,2p] = [22,2,] = 22. The new generating set is still normalized. We
have two options: u & (U) or u € (U). In the first case, [21, 2] = 22 for

every i > 3 for otherwise [z1, 2;2,] = 22 & ((2i2,)?) in contradiction with

16



Lemma 4.6. Similarly [22,2;] = 22. Then condition 2 holds. We claim
that in the second case, so when u € (U), we have [21, ;] = e, [22, 2;] = 27

for some i > 3. Otherwise [z1, 2;] = [22,2;] = 22 for every i = 3,...,p.
Then [z122,2;] = e for every j > 3. After reordering the z;’s we may
assume that (z3---2x)? = u. Then (212023 ---2;)% = e contradicting

the fact that z; ...z, ¢ T(C). This proves the claim. So assume that
u € (U) and (after reordering the z;’s) [21, 23] = e and [22, 23] = 23. Then
21, 232,] = 2 & ((232,)?) and therefore (232,)* = u. If 4 < i < p then
(zizp)? # (ZgZp) = u and therefore [z1, 2;] = [22, 2;] = 22. Thus (232;)? =
u = (232,)? which is not possible. This proves that p= 4. Now we can
construct a new generating set {z] = z129,25 = 25,25 = ,21,23,,2{1 = z4}

and it is easy to check that 2z} = 22 = [2],2}] = u # 252 = 22 = [2}, 2}]
and [z}, 2] = 242, for every i = 1,2 and j = 3,4. Thus, e = 2 which has

been treated before.

. Assume ¢ = 1 and 27 # u. We can have p > 3 or p = 2.

In the first case, so if p > 3 then [z, z;] = [z;, 2] = e for every i # 2 and

every 7,k > 3 such that ZJ2 = e, by Corollary 4.7. As each z; is not central,

zJ2 = u for some j > 3 and we may assume that 22 = u. After reordering

coordinates one also may assume that (21, z2) projects to Qs in the first
% coordinates. Then either [21, 23] # e or [20, 23] # e. By symmetry we
may assume that [z1, 23] # e. If [22, 23] = e then replacing zo by 2122, we
can always assume that [z2, 23] # e. Then [z;, 23] = 22 for i = 1,2, by
Lemma 4.6. If it were 3 < p then z4 projects to an element of order at most

2 in the first ¢ coordinates and to an element of order 4 in the remaining

coordinates and [z3,24] = 22. Then T1,...,24;Y1,---,Ys; 21, 22, 23, 24 =
2124 is a new generating set such that 2,° = 2222 = u = [z3, 2}], with
€ = 2, which is out of our initial assumption about ¢ = 1. Hence, we
have p = 3 with 22 = u and [z;,23] = 22 for every i = 1,2. Then
[212223, 21] = 212223, 22] = [212223, 23] = €. Therefore 212223 € Z(C), a
contradiction.

In the second case, so when p = 2, assume § > 1. We can reorder the
coordinates in such a way that (z1, z0) projects to Qg in the first § coor-
dinates and then take two elements y1,y2 of order four which commutes
with z; and z5. The first % coordinates of both g; must be of order at
most two and so, y1ys is of order two, contradicting the fact that vy, ys
are elements of a generating set. Hence, § < 1. In this case, note that if
we take A = (x1,...,2,;y1;21) then A = ®(A) is a linear code. Indeed,
the value of all swappers is e except for (y; : y1) = y? and (z; : 21) = 22,
which are also values belonging to A. Code C = (A, 22) has only one pos-
sible swapper given by (22 : z1) and so, r(C) < m + 2. Then, condition 4
holds.

. Finally assume e = 0. Necessarily 2?2 = u for some i, since [zi, 2] =
e if 22,22 z7 and u are pairwise dlfferent We may assume that 22 = u.
Then [21,2] = 22 and [z, 2;] = e for every i,j = 2,...,p. We have
U = {2,...,2,} and (U) is isomorphic to Z§ '. We have two options:
u € (U) or u € (U). In the first case, reordering zs,...,2,, we may
assume that 2323 ...z = u for some 2 < k < p. Then we change the set
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of generators by replacing z by 2s...z,. Observe that we have passed
from a normalized generating set with ¢ = 0 to a normalized one with
e =1 and [21,22] = 2§ = 22 = u. This case is already studied. If u ¢ (U)
then § = 0 and condition 3 holds. Otherwise, there exists an element
of order four, y commuting with z; and z. But [21,22] = 22 # u, so
the coordinates of order four in 2z should coincide with the coordinates
of order at most two in y and then y%?23 = u or, the same (yz1)? =
z3. Then 1, ..., Tpi i, .., Ys; 21 = Y21, 22,23, ..., %, is a new normalized
generating set with e = 1, and (21)? = 23 = [2], 22] # u, a case which has
been treated before. This finishes the proof.

O

If C is a subgroup of Z§" x Z¥ x Q¥ such that ¢ = ®(C) is a Hadamard
code and with a normalized set of generating vectors satisfying condition ¢ (i €
{1,...,5}) in Theorem 4.11 we will say that C is of shape i.

Corollary 4.12. Let C be a subgroup of Zgl X fo x Q%3 of length 2™ and type
(0,0, p) such that C = ®(C) is a Hadamard code. Let k = k(C) and r = r(C).
Then the following statements hold:

L2l <o<k<m+1<r<m+1+(°}) andd+p=m+1-0 < |2F2],

with one exception for a code with parameters m =5,0 =2,§ =0,p = 4.
oy mH1H (0T, ifm s odd
m+2+(3), if m is even.
More precisely:
("3).,  #modd sh(0)= 1
1+ ("37), #fm odd, sh(C) = 2
(*3). #fm odd, sh(C) = 3
r—(m+1)< (g), N if m even, sh(C) = 1
1+ (g), if m even, sh(C) = 2
(?), if m even, sh(C) = 3
L, ifsh(C) = 4
3, if sh(C) = 5.

Proof. Ttem 1. It is clear that k <m+1=0+0 + p < r. From Lemma 3.5 we
have 0 < k and Lemma 3.6 gives r < m + 1+ (5'5”). Moreover 0 > 0 +p — 1,
except for the case € = 2, which is shape 5. In this last case we also have § =0
and p = 4, so o still fulfils the inequality o > § + p — 1, with the exception of
(m=5,0=2,0=0,p=4). Hence m+1=0+0+p <20+ 1 (with the above
excgption) and therefore (%1 <o<k Thend+p=m+1l—-0c<m+1-— T =
m+
2Itern 2. Let h=r—(m+1).

For shape 1(a), m+1 = o 4+ & > 2§, hence § — 1 < |™51]. Therefore,

h=r—(m+1)=(c+d+ (551) —(m+1)= (5;1). Thus, if m is odd then

h < (%) andifmisevenhg(%)< (5)

For shape 1(b), m+1=0c+§ >20+1,s0d < L%J and h = (g) Thus, if
m is odd then h < (?71) and if m is even h < (?)
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For shape 2, m+1=0+p > 2p—1,s0 that p—1 < [ 2], and h < 1+ (*}").

Hence, if m is odd then h <1+ (m?_l) and if m is even h <1+ (?)

For shape 3, 0 > pand m+1 =0+ p > 2p, so p < LmQHJ. Moreover,
h < (‘2’) Hence, if m is odd then h < (mgl) and if m is even h < (%)

For shape 4, r <o +4+d+p+1<m+2. Hence, h=r—(m+1) <1

Finally, the bound for shape 5, comes from Lemma 4.10. O

Example 4.13 (A Hadamard Z»Z4Qs-code fulfilling the exception of Corol-
lary 4.12). By item 1 in Corollary 4.12, there are no Hadamard Z,Z4Qg-codes
of length 2™ such that neither f%] <knorm+1l—o > L%J, except perhaps
for a code of parameters (m = 5,0 = 2,5 = 0,p = 4). We present one example
of such a code.

Consider the subgroup C of Q§ generated by

21 (a,a,a,a,a,a,a,a),

z2 = (b,b,ab,ab,b,b,ab,ab),
23 = (a,aa’a’®1,1,a% a?),
z4 = (b,b%ab,a’b,1,a% 1,a%).

Then C is of type (2,0,4), 21, 22, 23, 24 is a normalized generating system of C,
which is of shape 5 and ®(C) is a Hadamard code. Note that k(C) =2 = 21 <
3= [%LT(C):8:m+3andm+1—az4>3: LmTHJ

Example 4.14 (The Hadamard codes of length 16). Let C' be a Hadamard
code of length 16 and let » = r(C) and k = k(C). As it was explained at the
beginning of this section (r, k) = {(5,5),(6,3),(7,2),(8,1),(8,2)}. Of course
it (r,k) = (5,5) then C is Zg-linear. If (r,k) = (6,3) then C is ZsZy-linear
and if (r, k) € {(7,2),(8,1),(8,2)} then C is not a ZsZ4-linear linear code [12].
In Proposition 4.5 we have exhibited a Hadamard @Qg-code of length 16 with
(r,k) = (7,2) and from item 2 of Corollary 4.12 the upper bound for the rank
of ZyZ.4Qg-codes of length 2 is 7. Hence, the Hadamard codes of length 16 and
rank 8 are not ZyZ4Qg-codes.

5 Recursive constructions of Hadamard Z,7Z,()s-
codes

In this section we present some methods to construct quaternionic Hada-
mard codes from a given Hadamard code.

The complement of a binary vector v is denoted (v)¢. Observe that if x € G
then (®(c))¢ = ®(uc).

5.1 From Z,Z,-linear Hadamard codes to Hadamard Z,()s-
codes

It is known [12] that for any m we have |”!| nonequivalent Zs-linear

Hadamard codes of binary length n = 2™. These codes can be characterized by

the parameter 0. Note that § € {1,2,..., ™[}, but the values § = 1,2
give codes equivalent to the linear Hadamard. The ZsZ4-linear Hadamard
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codes (which are not Z4-codes) are described in [12]. For any m there are
|5 | nonequivalent such codes of binary length n = 2™. As with the Z4-linear
case, these codes can be characterized by the parameter 6 € {0,1,2,..., % |}
and the values 6 = 0,1 give codes equivalent to the linear Hadamard.

We begin by taking a ZsZ,-linear Hadamard code to obtain a Hadamard
Z4Qs-code. Let C = ®(C) be a ZsZy-linear code, where C is a subgroup of
73 X fo. Let & : Zo — 74 be the homomorphism defined by &;(¢) = 2i and let
& 1 Zy — (a) C Qg be the homomorphism defined by &;(i) = a® and generalize
those to a componentwise group homomorphism & : Z§ x Zf — ZF % Qg .
Let Cy = ®(C,) be the Z,Qg-code obtained from C; = £(C) of binary length
2(a +28) = 2n. Code C, is a Z4Qg-code of the same type as C.

Assume additionally that ®(C) is a Hadamard code. Then the length of
®(C,) is 2n and all the codewords of ®(C,) have length 0, n or 2n. However
®(C,) is not a Hadamard code since |C;] = |C| = 2n. Hence, to obtain a
Hadamard code we need to double the cardinality of this code. We do that by
taking C(*) = (C4, x) for an appropriate element x € Z§ x Qg of order 2 modulo
C, which normalizes C, and C®) = ®(C*)). Then C*) = C, U 2C, and to make
sure that C'®) is a Hadamard code we must choose z so that

wt(®(zc)) = n, for every c € C 9)

If  has order 2 then, after reordering the coordinates we may assume that
x = (e, |uy,), where we separate the coordinates with value e and u, respec-
tively. Then C®) = ®(C,) U {(c1|(c2)°) : (c1|e2) € C}, where both ¢; and ¢y
have length n. Indeed, wt(c;|(c2)®) = wt(c1) +n — wt(cz) and so, for C® to
be a Hadamard code it is necessary that wt(ci) = wt(ce) for every (eq]ea) € C.

One way to ensure that C®) is a Hadamard code is taking = = (z1,... ,Tn)
with each z; € Qs \ (a). Condition (9) above is satisfied because for every ¢ € C,
all the coordinates of xc have order 4 and therefore wt(®(zc)) = n, as desired.
The rank and dimension of the kernel of C'(z) depends on the election of x.

Example 5.1. Take C = ((1,1,1,1),(2,0,1,3)) C Z}. If we choose z =
(b,b,b,b) then C® is the (unique up to equivalence) binary linear code of
length 16. If we take 2 = (b, ab, b, ab) then C®) is the group of Proposition 4.5
and hence C'®) is the Hadamard Qg-code of length 16 with rank 7 and dimen-
sion of the kernel 2. Finally, if we choose y = (b,b,b,a’b) then C¥) is a
Hadamard Qg-code of length 16, with rank 6 and dimension of kernel 3. Hence
the three Hadamard Zs7Z,Qs-codes of length 16 can be obtained applying our
construction to C.

The following theorem shows that most Hadamard ZsZ,Qgs-codes can be
obtained with this construction.

Theorem 5.2. Let C' be a Hadamard ZoZ4Qg-code. Assume that C' is either
of shape 2 or 3. Then C' is equivalent to C*) for C a ZoZy-linear code and
some z.

Proof. Assume that C’ = ¢(C') with C' a subgroup of Z§' x Z$ x Qg and
let z1,...,%4; Y1,-..,Ys; 21,-..,%, & normalized generating set of C’ satisfying
either condition 2 or 3 of Theorem 4.11. As z? = u, we have k; = 0. Moreover,
for shape 2, [21, 22] = u and therefore o = 0. Let

o — (®1,...,%0;2122,23,...,2p), for shape 2;
(1, .., e 22,28, -+, 2p), for shape 3.
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Then C” is an abelian subgroup of C of index 2. Moreover, the projection on
the Z4 part is contained in {0,2}. This is clear for shape 2. For shape 3, it is
a consequence of [21,2;] = 22 for i > 2. After a suitable permutation on the
Qs-coordinates we may assume that C C 2Z§ x (a)? and therefore C” = £(C)
for a suitable subgroup C of Z§ x Zf such that C = ®(C) is a Hadamard code.
Then C' = (C, 2) and so C' = C*1).

Note that if C’ is of shape 2, then a = 0 and so it is equivalent to C*1) for
C' a Zjy-linear code. O

Notice that if C is of shape 5 then C has no abelian subgroup of index 2 and
therefore C can not be obtained with this type of construction.

The ZsZ4-linear codes C used in Theorem 5.2 have length n = 2™, where
m+1=o0+7J and 0 > J in the case we are dealing with Z,Z4-linear (non
Zy-linear) codes (see [12]). The parameters of the obtained code C” after the
construction in Theorem 5.2 are m’ =m+1, p' = §+ 1 and ¢’ = o. Therefore,
m'=m+1=0+06=0"+p —1. The rank of C’ can be computed from the
rank of C' adding vector z; and all the swappers (21 : 2;), where ¢ € {1, p}. Thus
H(C) < H(C)+14p =040+ Q) +14p =" +p + (") +p =o'+ +(%).

m,+1)

From Corollary 4.12, if m is odd then the upper bound r < m + 1 + ( 2

can only be reached for Hadamard Zs7Z,Qs-codes of shape 3 or shape 5 , with
m = 5. For m even the upper bound r < m+2+ (%) only can be obtained with
Hadamard Z,7Z,Qg-codes of shape 2. For instance, for m = 4 this maximum is 7
and it is reached by the code of Proposition 4.5 which is of shape 2. For m =5,
the upper bound for the rank of a Z,7Z4Qg-code is 9. In the next example we will

show a ZsZ4Qs-code with m = 5 and rank 9, by using the latest construction.

Example 5.3. Take the Hadamard ZsZ4-linear code C' = ®(C), with m =
4 and parameter § = 2. This code C is generated by (1,1,1,12,2,2,2,2,2),
(0,1,0,1,0,2,1,1,1,1), (0,0,1,1,1,1,0,1,2,3) € Z3 x Z§.

Now, construct £(C) C Z3 x QY generated by

2,2 .2 .2 .2 2
z1 =(2,2,2,2,a%,a“,a,a%,a%,a“)
2

22 =(0,2,0,2,1,a% a,a,a,a)

z3 =(0,0,2,2,a,a,1,a, a2,a3)

If we choose z; = (1,1,1,1,b, ab, b, ab,ab,a’b) then C(*1) is a Hadamard
code of length 32, type (3,0, 3), shape 3, rank » = 9 and dimension of the kernel
k=3.

5.2 The generalized Kronecker construction

We give a generalization of the Kronecker construction of Hadamard matrices
in the context of Hadamard ZsZ4Qg-codes.

If H is a Hadamard matrix then the Kronecker matrix of H is K(H) =

H H
( H -H
associated to H and K(C') is the Hadamard code associated to IC(H) then K(C')
is formed by concatenation of vectors so, the vectors in IC(C) are of the form
(cle) and (c|(¢)€), with ¢ € C.

, which is another Hadamard matrix. If C' is the Hadamard code
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Let A : G — G x G be the diagonal map, i.e., A(z) = (z|z) for each = € G.
Assume that C' = ®(C), for C a subgroup of G. Then K(C) = ®(K(C)) where
K(C) = (A(C), (1]u)). Moreover k(K(C)) = k(C) + 1, r(K(C)) =r(C) + 1 and
if C is of type (o, 4, p) then K(C) is of type (o + 1,6, p).
More generally, let g be an element of G of order 2 modulo C which normalizes
C,ie.,
CY9=C and g*eC.

Consider the subgroup Ky4(C) = (A(C), (g|gu)) of G x G. For instance, K,(C) =
K(C) if and only if g € C. We claim that ®(K,(C)) is a Hadamard code.

First we have that A(C) is a subgroup of G x G of cardinality 2n. Moreover,
(glgu)® = (¢?g®) € A(C); €9 = C and ¢ € C then (glgu)~"(clc)(glgu) =
(gcg™tgeg™'). Therefore K4(C) = A(C) U {(gc|guc) : ¢ € C} is a subgroup of
G x G of cardinality 4n. Furthermore, for every ¢ € C we have wt(®(c|c)) =
2wt(®(c)) € {0,n,2n} and wt(P(cg|cug)) = wt(P(cg)|(P(cg))¢) = wt(P(cg)) +
2n — wt(®(cg)) = 2n.

Moreover, 7(K4(C)) = r(C) + 1 and k(Ky(C)) < k(C) + 1. Assume that
C is of type (o,0,p). If g has order 2 then IC;(C) is of type (o +1,4,p). If g
has order 4 and commutes with all the elements of Z(C) then KC4(C) is of type
(0,041, p). Finally, if Cz(cy(9) = {z € Z(C) : xg = gx} is of order o + 6; with
91 < 6 then IC4(C) is of type (0,01,p+ 0 — 1 +1).

Example 5.4. As an example of the above construction, from the code C
constructed in Proposition 4.5 and taking g = (b,ab,1,1) € Qs we obtain a
new code KCy(C) of binary length 32, which is a quaternionic Hadamard, non
ZoZ4-linear code, with dimension of the kernel 2 and rank 8. It is equivalent to
the code of Example 4.13.

Example 5.5. Note that in some cases, when the size of the kernel of C' is
strictly greater than the size of the center of C it could happen that using the
above generalized Kronecker construction the dimension of the kernel of the new
code IC4(C) is lower than the original. As an example, take C the subgroup of
Q8 generated by

21 = a7aaa7a7aaa7aaaa)

(
29 =(b,ab, b,ab, b, ab, b, ab)
23 :(a2, 1,a%,1,a% 1, a2, 1)
Z4 :( 2’a271717a7a7 a37a3)

The corresponding binary code C = ®(C) is a Hadamard, non ZsZ,-linear code
of length 32, type (3,0, 3), shape 3, rank 7 and dimension of the kernel 4.

Take g = (a?,a%,1,1,b,ab,b,ab) € Q% and construct K,(C), which turn
out to be a Hadamard, non Z,Z4-linear, code of length 64, type (3,0, 4), shape 2,
rank 8 and dimension of the kernel 3.

5.3 Some final remarks

Using the above constructions from an initial well known code (linear or
ZoZ4-linear ) we can construct several infinite families of ZyZ4Qg-codes, which
are not ZoZy4-linear .
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We already mentioned that the Hadamard codes of length 16 can be com-
pletely classified using the invariants given by the rank and the dimension of
the kernel. However, in general, for larger lengths, we can find nonisomorphic
Hadamard Z,7Z4Qg-codes with the same invariants.

Example 5.6. As an example, consider the code C' in Example 5.5. It is a
binary Hadamard, non ZsZ,-linear code of length 32, rank 7 and dimension
of the kernel 4. We also know a ZsZ4-linear code of length 32, rank 7 and
dimension of the kernel 4 (item 1 of Theorem 4.11). It is the code C’, where
C' = ®(C’) and C’ is a subgroup of Z§ x Z}? generated by:

zy=(1,1,1,1,1,1,1,1,2,2,2,2,2,2,2,2,2,2,2,2)
25 =(0,0,0,0,1,1,1,1,0,0,0,0,0,0,2,2,2,2,2,2)
y1 =(0,1,0,1,0,1,0,1,0,2,1,1,1,1,0,2,1,1,1,1)
y» =(0,0,1,1,0,0,1,1,1,1,0,1,2,3,1,1,0,1,2,3)

Note that the examples we wrote into the paper achieve almost all the shapes
according Theorem 4.11. For instance, shape 1 is satisfied for all well known
ZoZ4-linear and Z4-linear Hadamard codes; the code in Proposition 4.5 is of
shape 2; the code in Example 5.3 is of shape 3 and the code in Example 4.13
is of shape 5. However, we have not yet found any examples of shape 4. We
supply such an example below.

Example 5.7. Let C be the code ((1,1,0,0,a),(1,0,1,0,b),
(1,1,1,1,a%)). The code C is of shape 4 and the binary Z3 x Qg-code C' = ®(C)
is a linear Hadamard code.

We can use a slight variation of the Kronecker construction to obtain a
shape 4 non linear code with the maximum rank allowed for this shape.

First of all, we use the Kronecker construction to obtain the code D = K(C),
which is generated by

1,1,1,1,1,1,1,1

( ) ) ) ) 7 ) ) )
(0,0,0,0,1,1,1,1,1,a%)
(1,1,0,0,1,1,0,0,a,a)

22 :(1707 1,0,1,0, 1707b7b)

a% a?)

Z1
€2
21

The code D = ®(D) is a (linear) binary code of length 16, shape 4 and dimension
of the kernel and rank equal to the dimension of D, which is 5.
Finally, take the code D with generators x1, 2,27 and

Z = (1,0,1,0,1,0,1,0,ab, b).

It is straightforward to check that D is of shape 4 and the binary code D = ®(D)
is of rank 6. Indeed, the code D has a new swapper (21 : Z2) = (0,...,0,a% 1)
which did not exist in D.
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