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Outline

@ Matrices and Matrix Operations

@ Determinants

Matrix Algebra



Matridalgehra Matrices and matrix operations

Determinants

Definition of matrix

A matrix is simply a rectangular array of numbers considered as an
entity. When there are m rows and n columns in the array, we
have an m-by-n matrix (written as m x n). In general, an m x n
matrix is of the form

a1 a2 - Aln
A— a21 a2 - A2pn :
Aml Am2 - Gmnp
or, equivalently
A= (aij)an .

Matrix Algebra



Malridalgehra Matrices and matrix operations

Determinants

Definition 1

A matrix with only one row is also called a row vector, and a
matrix with only one column is called a column vector. We refer to
both types as vectors.

Definition 2

If m = n, then the matrix has the same number of columns as
rows and it is called a square matrix of order n and is denoted by

A = (aij)n-

Definition 3

If A= (aij)n is a square matrix, then the elements a11, a2, ass,
.., Qpy constitute the main diagonal.

Matrix Algebra



Matrix algebra
Review Problems for Matrix algebra
Multiple choice questions

Matrices and matrix operations
Determinants

Definition 4

The identity matrix of order n, denoted by I,, (or by I), is the n x n
matrix having ones along the main diagonal and zeros elsewhere:

10 --- 0
01 --- 0
1= _
0 0 - 1

Matrix Algebra



Matrix algebra
Review Problems for Matrix algebra
Multiple choice questions

Matrices and matrix operations
Determinants

| Addition of Matrices |
| A+ B = (aij)yun T i) s = (@i + i), |
| Rules |
(A+B) +C =4+ (B+0)
A+B=B+ A
A+0=A4

Matrix Algebra



Matrix algebra
Review Problems for Matrix algebra
Multiple choice questions

Matrices and matrix operations
Determinants

| Multiplication by a real number |

| aAd=a (aij)mxn - (aaij)mxn |
| Rules |
(a+ pB)A=aA+BA
a(A+ B)=aA+ BB
A+(-4)=0

Matrix Algebra



Matrix algebra

Matrices and matrix operations

Determinants

|

Matrix Multiplication

|

A B = (aij) mxn * (0ij)pxp =

Cz'j

(¢ij)mxp such that

= > 1 Qirbrj = airbij + ainbaj + -+ - + ainbng

|

Rules

|

(AB)C = A(BC)
A(B+C) = AB + AC
(A+ B)C = AC + BC

Matrix Algebra



Matrix algebra
Review Problems for Matrix algebra

5 ] : Determinan
Multiple choice questions Cte BT

The transpose

Matrices and matrix operations

aii aiz -+ Qin a11
a1 a2 -+ Q2p a2

A= . : : =A=4"=

am1 Am2 *°° (Gmn Ain

Matrix Algebra

a21
@22

az2n

am1
am?2

Amn



Malridalgehra Matrices and matrix operations

Determinants

Symmetric matrix

Definition 5
Square matrices with the property that they are symmetric with
respect the main diagonal are called symmetric.

The matrix A = (a;j),, is symmetric < a;; = aj; Vi, j = 1,2,...,n.
A matrix A is symmetric & A = A'.

Matrix Algebra



Malridalgehra Matrices and matrix operations

Determinants

Determinants

Definition 6

Let A be an n x n matrix. Then det(A) or |A| is a sum of n!
terms where:

@ Each term is the product of n elements of the matrix, with
one element (and only one) from each row, and one (and only
one) element from each column.

@ The sign of each term is + or — depending on whether the

permutation of row subindexes is of the same class as the
permutation of the column subindices or not.

Matrix Algebra



Matrix algebra
Review Problems for Matrix algebra
Multiple choice questions

Matrices and matrix operations
Determinants

Determinants of order 2

ailp a2
a1 a2

air a2
A= ( ) & A = = a11a22 — a12021

a21 a2

Matrix Algebra



Matrix algebra
Review Problems for Matrix algebra
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Matrices and matrix operations
Determinants

Determinants of order 3

ain a2 a3
A= a1 a2 a3

az1 as2 as3

|A] = a11a22a33 + a12a23a31 + A13G21a32 — G13A22031 — Q12021033 — A11G23032.

Matrix Algebra



Matrix algebra

Determinants

Determinants of diagonal matrices

Matrices and matrix operations

Diagonal matrix:

a7 0 -+ 0

== a11a22 e

Matrix Algebra

Ann



Matrix algebra

Determinants

Determinants of triangular matrices

Matrices and matrix operations

upper triangular matrix:

ail a2 - Glp

0 ax -+ am
- a11a22 o e e

0 0 - ap

The same occurs to lower triangular matrices.

Matrix Algebra

Ann



Matrix algebra
Review Problems for Matrix algebra
Multiple choice questions

Matrices and matrix operations
Determinants

Rules for determinants

Let A be an n x n matrix. Then

Matrix Algebra



Matrix algebra
Review Problems for Matrix algebra
Multiple choice questions

Matrices and matrix operations
Determinants

Rules for determinants

Let A be an n x n matrix. Then
o |Al=|A].

Matrix Algebra



Matridalgehra Matrices and matrix operations

Determinants

Rules for determinants

Let A be an n x n matrix. Then

o |A] =14].
o If all the elements in a row (or column) of A are 0 then
|A| = 0.

Matrix Algebra



Malridalgehra Matrices and matrix operations

Determinants

Rules for determinants

Let A be an n x n matrix. Then

° |A] = [AT.
o If all the elements in a row (or column) of A are 0 then
|A| = 0.

o If all the elements in a single row (or column) of A are
multiplied by a number «, the determinant is multiplied by a.

Matrix Algebra



Matridalgehra Matrices and matrix operations

Determinants

Rules for determinants

Let A be an n x n matrix. Then

o |A] =14].
o If all the elements in a row (or column) of A are 0 then
|A| = 0.

o If all the elements in a single row (or column) of A are
multiplied by a number «, the determinant is multiplied by a.

o If two rows (or two columns) of A are interchanged, the sign
of the determinant changes, but the absolute value remains
unchanged.

Matrix Algebra



Matrix algebra
Review Problems for Matrix algebra
Multiple choice questions

Matrices and matrix operations
Determinants

Rules for determinants

o If two rows (or columns) of A are equal or proportional, then
|A| = 0.

Matrix Algebra



Malridalgehra Matrices and matrix operations

Determinants

Rules for determinants

o If two rows (or columns) of A are equal or proportional, then
|A| = 0.

@ The value of the determinant of A is unchanged if a multiple
of one row (or column) is added to a different row (or
column) of A.

Matrix Algebra



Matridalgehra Matrices and matrix operations

Determinants

Rules for determinants

o If two rows (or columns) of A are equal or proportional, then
|A| = 0.

@ The value of the determinant of A is unchanged if a multiple
of one row (or column) is added to a different row (or
column) of A.

@ The determinant of the product of two matrices A and B is
the product of the determinants of each of the factors:

|AB| = |A[|B].

Matrix Algebra



Matridalgehra Matrices and matrix operations

Determinants

Rules for determinants

o If two rows (or columns) of A are equal or proportional, then
|A| = 0.

@ The value of the determinant of A is unchanged if a multiple
of one row (or column) is added to a different row (or
column) of A.

@ The determinant of the product of two matrices A and B is
the product of the determinants of each of the factors:

|AB| = |A[|B].

@ Is o is a real number
laA| = a™|A].

Matrix Algebra



Matridalgehra Matrices and matrix operations

Determinants

Practical methods to calculate | A|

In practice, there are two methods to calculate the determinants of
a square matrix (mainly used when its order is higher than 3):

o Triangularization: Rule number 6 allows us to convert matrix
A into one that is (upper or lower) triangular. Because the
determinant will remain unchanged (as is stated by the
property) its value will be equal to the product of the
elements in the main diagonal of the triangular matrix.

Matrix Algebra



Malridalgehra Matrices and matrix operations

Determinants

Practical methods to calculate | A|

o Expansion of |A| in terms of the elements of a row:

n

det(4) = Y (—1)"ai; det(Asy)

j=1

= ail(—l)i+1 det(A;1) + (li2(—1)i+2 det(Ai2) +--- + ain(—l)i+n det(Asrn

where a;1,a;2, - - - Gin are the elements of the row i and A;; is the determinant
of order n — 1 which results from deleting row ¢ and column j of matrix A (it is

called a minor).

Matrix Algebra



Malridalgehra Matrices and matrix operations

Determinants

Practical methods to calculate | A|

o Expansion of |A| in terms of the elements of a column:

n

det(4) = ) (—1)"ai; det(Asy)

=1

= alj(—l)H'j det(Au) —+ azj(—1)2+j det(Azj) + -4 anj(—l)n+j det(An

where a1, azj, - - - an; are the elements of the column j and A;; is the
determinant of order n — 1 which results from deleting row i and column j of

matrix A (it is called a minor).

Matrix Algebra



Matrix algebra
Review Problems for Matrix algebra
Multiple choice questions

Matrices and matrix operations
Determinants

Definition 7
The product (—1)"7 det(A;;) is called the adjoint element of a;;.

Matrix Algebra
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Review Problems for Matrix algebra

Problem 1

Given the following matrices

a=(11)e=(5 De=(20)

confirm that the following properties are true

Q@ (A+B)C = AC + BC.
O (AB)! = B! A,
Q@ (A-B)?=A?+B?- AB — BA.
Q@ (AB+ A) = A(B +1I), where I is the identity matrix of order
2.
(BA+ A) = (B+1I)A, where I is the identity matrix of order
2.

o

Review Problems for Matrix algebra



Review Problems for Matrix algebra

Problem 2

Calculate AB and BA, where

OA:<4 Lo 2 >andB:

3.0
8 4
1 0 =5 9 3
-1 20 2 31
QA= 2 01 |andB=|0 2 4
1 11 153
1 2
QA=(10 1)andB=| 3 0
5 7

Can we say that the product of matrices has the commutative

property?

Review Problems for Matrix algebra



Review Problems for Matrix algebra

Problem 3

Let A and B be square matrices. Prove that the property
(A+ B)? = A% + B? + 2AB s false.

Review Problems for Matrix algebra



Review Problems for Matrix algebra

Problem 4

Calculate the following determinants:

1 3

a) | -1 3
2 0
3
—4

| 4 3¢
_5

3 1

-1 2

)| 9 3
1 -1
1 -3
2 4

d1 5
1 -2

Review Problems for Matrix algebra

1 1

0o 3

4 7

D =%
5 —2

-1 0
1 -3
3 0



Review Problems for Matrix algebra

Problem 5

Without computing the determinants, show that

T
Y1
Y1
1
Y1
Y1
Y1

o

VT O VAT U SR G WY

T2
Z2
Y2
T2
Z2
Y2
Y2

= (y1 — 21)(y2 — 2)

3
z3
z3
Y3

= (y1 — z1)(y2 — 22)(y3 — =3)

Review Problems for Matrix algebra



Review Problems for Matrix algebra

Problem 6

Without computing the determinants, find the value of :

111 1 1 4 4 4 _1
1 1+a 1 1 4 2 4 4

|1 1 1+b 1] D4 43 4| 9 j
11 1 1+4c 4 4 4 4 .

Review Problems for Matrix algebra

=2
—2
=2

W w o ww

B O R s

O Ot Ut Ot Ot



Review Problems for Matrix algebra

Problem 7

Without computing the determinants, show that

— = = Q

1
a
1
1

1
1
a
1

Q M= = =

=(a+3)(a—1)3

Review Problems for Matrix algebra



Review Problems for Matrix algebra

Problem 8

Given the matrices

1 2 0 0

0 2 00
A=1021 0 and

0 2 0 1
Compute:

a) |AB] b) [(BA)!|

— © @ =

= O &= O

N O OO
I

¢) [243B]  d) |A+ B

Review Problems for Matrix algebra



Review Problems for Matrix algebra

Problem 9

Let A and B be matrices of order n. Knowing that |A| =5 and
|B| = 3, compute:

a) |BA'|  b) [34] <) [(2B)?|, B of order 3

Review Problems for Matrix algebra



Review Problems for Matrix algebra

Problem 10

Compute |AB|, |(BA)|, |243B], knowing that

1 2 0 0 1 0 0 3
0 2 00 0 40 4
A= 0 210 B= 000 -1
0 2 01 11 2 8

Review Problems for Matrix algebra



Matrix algebra
Review Problems for Matrix algebra
Multiple choice questions

Problem 11

If A2 = A, what values can |A| have?

Review Problems for Matrix algebra



Review Problems for Matrix algebra

Problem 12

Let A be a square matrix of order n such that A2 = —I. Prove
that |A| # 0 and that n is an even number.

Review Problems for Matrix algebra



Review Problems for Matrix algebra

Problem 13

Let A be a square matrix of order n. Prove that AA! is a
symmetric matrix.

Review Problems for Matrix algebra



Review Problems for Matrix algebra

Problem 14

Given the following matrices:

a=(3)a=(5 1)
c=(7 o)

solve the matrix equation 3X + 24 = 6B — 4A + 3C.

Review Problems for Matrix algebra



Review Problems for Matrix algebra

Problem 15

Suppose that A.B and X are matrices of orden n, solve the
following matrix equations:

Q 3(A'-2B)+5X!'=-B.
0 (A'+ X)! — B=2A.

Review Problems for Matrix algebra
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Multiple choice questions
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Multiple choice questions

4 1 =3
@ The matrix A = 0O -1 1 is
0 0 7

@ a lower triangular matrix
® an upper triangular matrix
@ a diagonal matrix

Multiple choice questions



Multiple choice questions

@ Which of the following is the true definition of a symmetric
matrix?
@ A square matrix A is said to be symmetric if A= —A
@ A square matrix A is said to be symmetric if A = —A?
@ A square matrix A is said to be symmetric if A = A?

Multiple choice questions



Matrix algebra
Review Problems for Matrix algebra
Multiple choice questions

© Given A and B matrices of order m x n and n x p, (AB)!
equals to:
Q@ B'A
@ A'B
@ AB

Multiple choice questions



Matrix algebra
Review Problems for Matrix algebra
Multiple choice questions

Q Let A be a matrix such that A2 = A then, if B=A — I,
then:

@ B2=1B
@ B2=1
@ B>=-B

Multiple choice questions



Multiple choice questions

@ Let A and B be square matrices of order 3. If |A| = 3| and
|B| = —1 then:

Q@ |2A4.4B| = (—4)23
® |24.4B| = (-3)23
@ |24.4B| = (-3)2°

Multiple choice questions



Matrix algebra
Review Problems for Matrix algebra
Multiple choice questions

@ Which of the following properties is NOTI always true?
@ |4 =4

® |A+ B|=|4]|+ |B|
@ |A'B| =|A||B|

Multiple choice questions



Matrix algebra
Review Problems for Matrix algebra
Multiple choice questions

@ Given the 3 by 3 matrices A, B, C such that |4| =2, |B| =4
and |C| = 3, compute | B'C1|;

(]
(6]
Q

[@2F N[N

Multiple choice questions



Multiple choice questions

Q Let A and B be matrices of the same order, which of the
following properties is always true?
@ (A-B)(A+B)=A?-B2
® (A—B)?=A%—2AB + B?
@ A(A+B)= A%+ AB

Multiple choice questions



Matrix algebra
Review Problems for Matrix algebra
Multiple choice questions

© Which of the following properties is NOT] true?

@ |42 =4
@ |-Al=|4]
@ |Af| = |4]

Multiple choice questions



Multiple choice questions

@ Let A and B be symmetric matrices, then which of the
following is also a symmetric matrix:
@ BA
® A+B
@ AB

Multiple choice questions



Multiple choice questions

@ Let A be an n by n real matrix. Then, if £ € R one has that

Q@ |kA| =k |A]

@ |kA| = |k||A]|, being |k| the absolute value of the real number
k

@ |kA| = k" |A]

Multiple choice questions



Multiple choice questions

@ Given the matrices

1 1 0 1 -2 1
=(11)r=(h1)e=(7 )
the solution to the matrix equation
3X +2A=6B—-—4A+3C'is

-(5)
oxz( j;)
ox- (1)

>~

Multiple choice questions



Matrix algebra
Review Problems for Matrix algebra
Multiple choice questions

® Let A, B be matrices of order n. Then:
@ (AB)? = A2B2
@ (AB)? = B2A?
@ (AB)> = A(BA)B

Multiple choice questions



Matrix algebra
Review Problems for Matrix algebra
Multiple choice questions

@ Given the matrix A = , the adjoint element a5 is:

N O o=
W = N
= N W

> Answer

@ -1
@1
@ 2

Multiple choice questions



Answers to Problems

Answers to Problems



Problem 1

° (% o)

0 2 2 12)

° (1)
°3(s1)
° (i 1)

Answers to Problems



Problem 2

16 10
OAB_(13 _15)andBA—
-2 1 7
QO AB = 5 11 5 and BA =
8

3 10

12
36
-5

3
8
=%
5 O
8§ 4

12 5
Q@ AB= 3( 2 3 ) and BA is not possible

Answers to Problems



Problem 3

It is false because the multiplication of matrices does not verify the
conmutative property. To probe its falsity the students must
provide a counterexample.

Answers to Problems



Problem 4

(a)-24 (b)-58 (c)-80 (d)35

Answers to Problems



Problem 6

(a) abe (b) —24 (c) 5!

Answers to Problems



Problem 8

()16 (b) 16  (c) 283* (d) 130

Answers to Problems



Problem 9 @iin
()15 (b)3"-5  (c)26.32

Answers to Problems



Problem 10

()3"-5  (b)5" 1  (c) 15

Answers to Problems



Problem 11

|A|=0or |[Al =1.

(=] =)
Answers to Problems




Problem 14

x=(7s)

o

Answers to Problems

(=)



Problem 15 @&

(a)X =B'— 34 (b)X = A + Bt

Answers to Problems
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Answers to Multiple choice questions



4 1 =3
@ The matrix A = 0O -1 1 is
0 0 7

@ a lower triangular matrix
® an upper triangular matrix
@ a diagonal matrix

Answers to Multiple choice questions



@ Which of the following is the true definition of a symmetric
matrix?
@ A square matrix A is said to be symmetric if A= —A
@ A square matrix A is said to be symmetric if A = —A?
@ A square matrix A is said to be symmetric if A = A?

Answers to Multiple choice questions



© Given A and B matrices of order m x n and n x p, (AB)!
equals to:
Q@ B'A
@ A'B
@ AB

Answers to Multiple choice questions



Q Let A be a matrix such that A2 = A then, if B=A — I,
then:

@ B2=1B
@ B2=1
@ B>=-B

Answers to Multiple choice questions



@ Let A and B be square matrices of order 3. If |A| = 3| and
|B| = —1 then:

Q@ |2A4.4B| = (—4)23
® |24.4B| = (-3)23
@ |24.4B| = (-3)2°

Answers to Multiple choice questions



@ Which of the following properties is NOTI always true?
@ |42 =4
® |A+ B|=|A|+|B|
@ |A'B| = |A||B]|

Answers to Multiple choice questions



@ Given the 3 by 3 matrices A4, B, C such that |A| =2, |B| =4
and |C| = 3, compute ‘ﬁBtC*‘:

(]
(6]
Q

O o [—wlN

Answers to Multiple choice questions



O Let A and B be matrices of the same order, which of the
following properties is always true?
@ (A-B)(A+B)=A?-B2
® (A—B)?=A%—2AB + B?
@ A(A+B)= A%+ AB

Answers to Multiple choice questions



© Which of the following properties is NOTI true? @IEED

@ |42 =4/
@ |-Al=|4]
@ |Af| = |4]

Answers to Multiple choice questions



@ Let A and B be symmetric matrices, then which of the
following is also a symmetric matrix:
@ BA
® A+ B
@ AB

Answers to Multiple choice questions



@ Let A be an n by n real matrix. Then, if £ € R one has that

Q@ |kA| =k |A]

@ |kA| = |k||A]|, being |k| the absolute value of the real number
k

@ |kA| = k" [A]

Answers to Multiple choice questions



@ Given the matrices

11 0 1 -2 1
a=(11)r=(h 0 )we=(7 )
the solution to the matrix equation
3X +2A=6B—-—4A+3C'is

1 0
ox=(g 1)

GDX:(_jI 0)

4 1
ox=(11)

—_

Answers to Multiple choice questions



® Let A, B be matrices of order n. Then:
@ (AB)? = A2B2
@ (AB)? = B2A?
@ (AB)® = A(BA)B

Answers to Multiple choice questions



@ Given the matrix A = , the adjoint element a5 is:

N O o=
W = N
= N W

@ -1
o1
Q@ —2

Answers to Multiple choice questions
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Outline

@ Definiteness of a quadratic form
@ The sign of a quadratic form attending the principal minors

@ Quadratic forms with linear constraints

Quadratic forms



Quadratic Forms Definiteness of a quadratic form
The sign of a quadratic form attending the principal minors
Quadratic forms with linear constraints

Quadratic forms: The general case

Definition 8
A quadratic form in n variables is a function () of the form

ail ai2 e Ain 1
a1 a2 e a2n T2
"Ax —
Q(z1, 2, ..., Tn) = X AX = (21,2, ..., Tn)
anl1  Gn2 - Ann Tn

where x' = (21, %2, ..., zy) is a vector and A = (a;j)nxn IS a
symmetric matrix of real numbers.

Then A is called the symmetric matrix associated with Q.

Quadratic forms



Quadratic Forms Definiteness of a quadratic form
The sign of a quadratic form attending the principal minors
Quadratic forms with linear constraints

Matrix and Polynomial form

@ Matrix form of a quadratic form.

air  a12 A1n T1

a21 Q22 Q2n, T2
Q(z1,x2,..nzn) = (21 x2 - Tn ) :

anl An2 Ann Tn

@ Polynomial form of a quadratic form. Expanding the matrix
multiplication we obtain a double sum such as

Q(z1, T2, ...y Tn) = X Ax = Z Zaijxifbj
i=1 j=1
Function @ is a homogeneous polynomial of degree two
where each term contains either the square of a variable or a
product of exactly two of the variables. The terms can be
grouped as follows

Zbuwz + Z bl]xlm]

1,J=1,1<7

where b;; = a;; and, since A is a symmetric matrix with

Quadratic forms



Quadratic Forms

Definiteness of a quadratic form

The sign of a quadratic form attending the principal minors
Quadratic forms with linear constraints

a1y
az21
Q(z1,22,...,zn) = (1,22, "+, Tn)

anl

aig coo ain
a22 e a2n
an2 co Ann

1
2

Zn

= 2
=D biiz+
i=1

>

i,j=1,i<j

There exits a relationship between the elements in the symmetric
matrix associated with @) and the coefficients of the polynomial.

Note that

The elements in the main diagonal of matrix A are
the coefficients of the quadratic terms of the

polynomial.

The elements outside the main diagonal of matrix A
(aij = aj; 1 # j) are half of the coefficients of the

non quadratic terms of the polynomial.

Quadratic forms

b;

L



Quadratic Forms Definiteness of a quadratic form
The sign of a quadratic form attending the principal minors
Quadratic forms with linear constraints

Definition 9
A quadratic form Q(x) = x’Ax (as well as its associated
symmetric matrix A) is said to be

Q Positive definite if Q(x) >0 for all x # 0.
Negative definite if Q(x) <0 for all x # 0
Positive semidefinite if Q(x) >0 for all x # 0
Negative semidefinite if Q(x) <0 for all x # 0

Indefinite if there exist vectors x and y such that Q(x) < 0
and Q(y) > 0. Thus, an indefinite quadratic form assumes
both negative and positive values.

(2]
o
o
o

Quadratic forms



Quadratic Forms Definiteness of a quadratic form
The sign of a quadratic form attending the principal minors
Quadratic forms with linear constraints

Definition 10

A principal minor of order r of an n x n matrix A = (a;;) is the
determinant of a matrix obtained by deleting n — r rows and n — r
columns such that if the ith row (column) is selected, then so is
the 4th column (row).

In particular, a principal minor of order r always includes exactly r
elements of the main (principal) diagonal. Also, if matrix A is
symmetric, then so is each matrix whose determinant is a principal
minor. The determinant of A itself, |A|, is also a principal minor
(No rows or colmns are deleted)

Definition 11

A principal minor is called a leading principal minors of order r
(1< r < n) if it consists of the first ("leading”) r rows and
columns of |A].

Quadratic forms



Quadratic Forms Definiteness of a quadratic form
The sign of a quadratic form attending the principal minors
Quadratic forms with linear constraints

Theorem

Let Q(x) = x'Ax be a quadratic form of n variables and let

be the leading principal minors of matrix A. Then

aix  aiz a1z
az1  aga @23 |...,|An|=|A]
az1  aza ass

all a12

Ail=a As| =
[Aq] 11, |A2| on @

[Ag| =

Q(x) positive definite < |A1]| > 0,]A2| > 0,...,|A,| >0

Q(x) negative definite < the leading principal minors of even order
are positive and those of odd order are negative..

If |A] = 0 and the remaining leading principal minors are positive
= (@ is positive semidefinite.

If |A] = 0 and the remaining leading principal minors of even order
are positive and those of odd order are negative = @ is negative
semidefinite.

If |A| # 0 and the leading principal minors do not behave as in a) or
b) = @ is indefinite.

If |A|]=0and |4;] #04¢=1,2,....,n — 1 and the leading principal
minors do not behave as in ¢) or d) = Q is indefinite.

Quadratic forms



Quadratic Forms Definiteness of a quadratic form
The sign of a quadratic form attending the principal minors
Quadratic forms with linear constraints

Theorem

Let Q(x) = x' Ax be a quadratic form of n variables such that
|A| = 0. Then

@ All the principal minors are positive or zero < (@) is positive
semidefinite

o All the principal minors are of even order are positive or zero

and those of odd order are negative or zero < () is negative
semidefinite.

Quadratic forms



Quadratic Forms Definiteness of a quadratic form
The sign of a quadratic form attending the principal minors
Quadratic forms with linear constraints

Definition 12

It is said that the quadratic form Q(x) = x!Ax is constrained to a
linear constraint when

(1,22, ..., Tn) € {(21,22,...,Tn) € R"/b1x1 + bozo + ... + bz, = 0}

To find the sign of a constrained quadratic form, follow the
following steps:

@ Analyze the sign of Q(x) = 2! Az without any constraint. If it
is definite (positive or negative), then the constrained
quadratic form is of the same sign.

@ |If the unconstrained quadratic form is not definite, we solve
the linear constraint for one variable and substitute it into the
quadratic form. The result is an unconstrained quadratic form
with n — 1 variables. We study the sign with the principal
minors.

Quadratic forms



Quadratic Forms
Review problems for Quadratic forms
Multiple choice questions

Review Problems for Matrix algebra

Review Problems for Matrix algebra



Review problems for Quadratic forms

Problem 1

Without computing any principal minor, determine the definiteness
of the following quadratic forms:

Q Qxy,2) = (x+2y)° +2°
Q(x,y,2) = (x+y+z) z?
Q Q(x,y,2) = ) + 2y? + 72
Q(x,y,2) = ( y)? = (y+2)°
Qx,y,2) = (x—y)* + (y — 22)° + (x — 22)°

Review Problems for Matrix algebra



Review problems for Quadratic forms

Problem 2

Write the following quadratic forms in matrix form with A
symmetric and determine their definiteness.

Q Qx,y,2) = x> -y’ -2 +xy+x2+ ¥z

Q Q(x,y,2) = y? + 222 + 2xz + 4yz

Q Q(x,y,z) = 2y? + 42% + 2yz

Q Q(x,y,2z) = —3x? — 2y2 — 322 + 2xz

0 Q

—_— o~ =

X1,X9,X3,X4) = X% — 4x§ + 5}(?1 + 4x1X3 + 2X9X3 + 2XoXy

Review Problems for Matrix algebra



Review problems for Quadratic forms

Problem 3

Investigate the definiteness of the following quadratic forms
depending on the value of parameter a.

Q Q(x,y,2z) = —5x? — 2y? + az? + 4xy + 2xz + 4yz

Q Q(x,y,2) = 2x2 + ay? + 2% + 2xy + 2xz

Q Q(x,y,2z) = x? + ay? + 222 + 2axy + 2xz

Review Problems for Matrix algebra



Review problems for Quadratic forms

Problem 4

Find the value of a which makes the quadratic form

Q(x,y,2) = ax? + 2y2 + 22 + 2xy + 2xz + 2yz be semidefinite. For
such a value, determine its definiteness when it is subject to
x—y—z=07?

Review Problems for Matrix algebra



Review problems for Quadratic forms

Problem 5

0 0 -1
If A= 0 1 —2 | then
-1 -2 3
@ investigate its definiteness.
O Write the polynomial and matrix forms of the quadratic form
Q(h1,ha, hs) which is associated with matrix A.

@ determine its definiteness when it is subject to
h; + 2hs — hg = 0.

Review Problems for Matrix algebra



Review problems for Quadratic forms

Problem 6

Investigate the definiteness of the following matrices. Write the
polynomial and matrix form of the associated quadratic forms:

-2 1 1 2 —3/2 1/2
A= 1 -2 1 B=| -3/2 1 -1/2
1 1 -2 1/2 -1/2 0
1ot 2 20
c=| -1 1 -1 D=

Review Problems for Matrix algebra



Review problems for Quadratic forms

Problem 7

Determine the definiteness of the following constrained quadratic
forms.

—2 1 1 x
Q Qkx,y,2) = (x,y,2) 1 =2 1 vy | st x+y—22=0
1 1 - Z
2 —3/2 1/2
O Qx,y,2)=(xy,2) [ =3/2 1 —1/2 s tx—y=0
1/2 —1/2
1 —1 X
Q Qxy2)=(xyz | -1 1 71 v | st xt2y—2=0
1 -1 3 z
-5 2 1 0 X1
2 -2 0 2
Q Q(xu,x2,x3,%x4) = (x1,%2,%8,%4) [ ] o 4 g Z S &
0 2 0 -5 x4

2x1 —4x4 =0

Review Problems for Matrix algebra



Review problems for Quadratic forms

Problem 8

Let Q(x,y,2z) = —x? — 2y? — 72 + 2xy — 2yz be a quadratic form
@ write its matrix form and investigate its definiteness.

O Investigate its definiteness if it is constrained to

2x — 2y + az = 0 for the different values parameter a can
have.

Review Problems for Matrix algebra



Review problems for Quadratic forms

Problem 9

Determine the definiteness of the Hessian matrix of the following
functions

Q f(x,y,2) =2x>+y? —2xy +xz—yz+2x —y + 8
0 f(x,y) =x*+yt+x% +y? + 2xy
Q f(x,y,z) = In(x) + In(y) + In(z)

Review Problems for Matrix algebra



Review problems for Quadratic forms

Problem 10

Determine the definiteness of the Hessian matrix of the following
production functions when K, L > 0.

a) Q(K,L)=KY2LY/2 b)) Q(K,L)=K2L%3

Review Problems for Matrix algebra



Review problems for Quadratic forms

Problem 11

The production function Q(x,y,z)=ax? + 4ay? + a’z?—4axy, with
a > 0, relates the produced quantity of a good to three raw
materials (z,y and z) used in the production precess.

@ Determine the definiteness of Q(x,y, 2).

O Knowing that if x = y = z = 1 then six units of a good are
produced, find the value of parameter a.

@ Using the value of a found in (b), determine the definiteness
of Q(z,y, z) when the raw materials = and y are used in the
same quantity.

Review Problems for Matrix algebra
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Multiple choice questions

@ Which of the following is a quadratic form?
0 Q(x,y,2) = x% + 32% 4 6xy + 2z
0 Q(x,y,2) = 2xy? + 32% + 6xy
0 Q(x,y,z) = 3xy + 3xz + 6yz

Multiple choice questions



Multiple choice questions

Q Let Q(z,y, z) be a quadratic form such that Q(1,1,0) = 2
and Q(5,0,0) =0, then

(z,y, z) could be indefinite

oQ
0 Q(z,y,z) is positive definite
Q Q(z,y,z) could be negative semidefinite

Multiple choice questions



Quadratic Forms
Review problems for Quadratic forms
Multiple choice questions

@ The quadratic form Q(x,y,z) = (x — y)* + 32% is
@ positive definite
O positive semidefinite
@ indefinite

Multiple choice questions



Quadratic Forms
Review problems for Quadratic forms
Multiple choice questions

Q The quadratic form Q(x,y,z) = —y? — 222 is
Q@ negative definite
O negative semidefinite
@ indefinite

Multiple choice questions



Quadratic Forms
Review problems for Quadratic forms
Multiple choice questions

@ The quadratic form Q(x,y,z) = x2 4 2xz + 2y? — 7% is
@ positive definite
O positive semidefinite
@ indefinite

Multiple choice questions



Multiple choice questions

@ A 2 by 2 matrix has a negative determinant, then the matrix is

Q@ negative definite
O negative semidefinite
O indefinite

Multiple choice questions



Quadratic Forms
Review problems for Quadratic forms
Multiple choice questions

@ The matrix A =

e e

O =

N OO
)

@ indefinite
O positive semidefinite
@ positive definite

Multiple choice questions



Multiple choice questions

© The leading principal minors of a 4 by 4 matrix are
‘A1| = —1, |A2| = 1, |A3‘ = 2, and |A4’ = |A’ = O.Then,

@ the matrix is negative semidefinite
O its definiteness cannot be determined with this information
O the matrix is indefinite

Multiple choice questions



Multiple choice questions

© The leading principal minors of a 4 by 4 matrix are
|A1| = —1, |Ag| =1, |A3| = —2 and |A4| = |A| = 0.Then,

@ the matrix is negative semidefinite
O its definiteness cannot be determined from this information
O the matrix is indefinite

Multiple choice questions



Multiple choice questions

@ The leading principal minors of a 4 by 4 matrix are
|A1| = —1,]As| =1, |A3| = =2, and |A4| = [A| = 1.Then,
the matrix is

O negative definite
O indefinite
@ positive definite and negative definite

Multiple choice questions



Multiple choice questions

@ The quadratic form in three variables Q(z, vy, z), subject to
x4+ 2y — z =0, is positive semidefinite. Then, the
unconstrained quadratic form is:

@ positive semidefinite or indefinite
O positive semidefinite
O positive definite or positive semidefinite

Multiple choice questions



Multiple choice questions

@ If Q(z,vy,2) is a negative semidefinite quadratic form such
that Q(—1,1,1) = 0, then Q(z,y, z) subject to the constraint
z+2y—2z=0

@ is negative semidefinite
O cannot be classified with this information
Q@ is negative definite or negative semidefinite

Multiple choice questions



Multiple choice questions

@ The quadratic form Q(x,y,z) = (x — y)? + 322 subject to the
constraint x = 0 is:

@ indefinite

O positive semidefinite
@ positive definite

Multiple choice questions



Multiple choice questions

@ The quadratic form Q(x,y,z) = (x — y)? + 322 subject to the
constraint z = 0 is:

© indefinite

O positive semidefinite
@ positive definite

Multiple choice questions
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Answers to the problems
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Answers to the problems



Problem 1

@ Dpositive semidefinite.
Q indefinite.
@ positive definite.
O negative semidefinite.
o

positive semidefinite.

Answers to the problems



Problem 2

1/2 1/2 x
(a) QAx,y,2) = (x,v,2) ( 1/2 -1 1/2 ) ( y ) negative semidefinite.
1/2 1/2 -1

0O 0 1 X
(b) Qx,y,2) = (x,y,2) [ 0 1 2 y | indefinite.
1 2 2 7
0 0 O X
(c) Qx,y,2) = (x,¥,2) 0 2 1 y positive semidefinite.
0 1 4 Z
-3 0 1 X
(d) Qx,y,2) = (x%,y,2 0 -2 0 y negative definite.
0 -3 4
1 0 2 0 X1
(e) Q(x1,x2,x%x3,%x4) = (x1,%2,X3,X4) [2) (1) _14 (1) iz indefinite.
0 1 0 5 X4

Answers to the problems



Problem 3

(a) negative definite for a < —5, negative semidefinite for a = —5
and indefinite when a > —5.

(b) positive definite if a < 1, positive semidefinite if « = 1 and
indefinite when a < 1.

(c) Indefinite when a < 0 or a > 1/2, positive semidefinite for

a =0 or a=1/2 and positive definite.if 0 < a < 1/2.

Answers to the problems



Problem 4
a = 1. The constrained quadratic form is positive definite.

Answers to the problems



Problem 5
(a) indefinite.

(b) Q(hy, ha,h3) = (hy, ha, h3)

hZ 4 3h3 — 2h;h3 — 4hohs
(c) positive definite.

0 0 -1
0 1 =2
-1 -2 3

Answers to the problems



Problem 6

(a) negative semidefinite,

Q(x,y,2) = —2x2 — 2y? — 222 + 2xy + 2xz + 2yz.
(b) indefinite, Q(x,y,z) = 2x% + y? — 3xy + xz — yz.
(c) positive semidefinite,

Q(x,y,2) = x? + y2 + 322 — 2xy + 2xz — 2yz.

(d) negative definite,Q(x1, X2, X3,X4) =

—5X% — QX% — Xg — 5X?1 + 4x1x9 + 2x1X3 + 4X9X4.

Answers to the problems



Problem 7

(a) negative semidefinite. (b) The constrained quadratic form is
null.

(c) positive definite. (d) negative definite (since the unconstrained
quadratic form is negative definite).

Answers to the problems



Problem 8

-1 1 0 X
(a) Q(X7 y, Z) = (X7 y, Z) 1 -2 -1 y negative
0 -1 -1 Z

semidefinite.
(b) negative semidefinite if a = 0, negative definite if a # 0.

Answers to the problems



Problem 9

(a) Hf(z,y,2) is indefiniteV(x, y, z) € R3.

(b) Hf(x,y) is positive definiteV(x,y) € R? — {(0,0)}. H £(0,0) is
positive semidefinite.

(c) Hf(x,y, z) is negative

definiteV(x,y,z) € Dom(f) = {(x,y,2) € R3/x >0,y > 0,z > 0}.

Answers to the problems



Problem 10
(a) negative semidefinite. (b) indefinite.

Answers to the problems



Problem 11

(a) Positive Semidefinite.
(b) a = 2.

(c) Positive Definite.

Answers to the problems



Answers to Multiple choice questions

Answers to Multiple choice questions



@ Which of the following is a quadratic form?
0 Q(x,y,2) = x% + 32% 4 6xy + 2z
0 Q(x,y,2) = 2xy? + 32% + 6xy
0 Q(x,y,z) = 3xy + 3xz + 6yz

Answers to Multiple choice questions



Q Let Q(z,y, z) be a quadratic form such that Q(1,1,0) = 2
and Q(5,0,0) =0, then

(z,y, z) could be indefinite

o Q
0 Q(z,y,z) is positive definite
Q Q(z,y,z) could be negative semidefinite

Answers to Multiple choice questions



© The quadratic form Q(x,y,z) = (x — y)2 + 322 is
[« Back ]
@ positive definite
O positive semidefinite
O indefinite

Answers to Multiple choice questions



Q The quadratic form Q(x,y,z) = —y? — 222 is
[ < Baci ]
Q@ negative definite
O negative semidefinite
@ indefinite

Answers to Multiple choice questions



@ The quadratic form Q(x,y,z) = x2 + 2xz + 2y — 722 is

@ positive definite
O positive semidefinite
O indefinite

Answers to Multiple choice questions



@ A 2 by 2 matrix has a negative determinant, then the matrix is

Q@ negative definite
O negative semidefinite
@ indefinite

Answers to Multiple choice questions



@ The matrix A =

e e

O =

N OO
)

@ indefinite
O positive semidefinite
@ positive definite

Answers to Multiple choice questions



© The leading principal minors of a 4 by 4 matrix are
‘A1| = —1, |A2‘ = 1, |A3‘ = 2, and |A4’ = |A’ = O.Then,

@ the matrix is negative semidefinite
O its definiteness cannot be determined with this information
O the matrix is indefinite

Answers to Multiple choice questions



© The leading principal minors of a 4 by 4 matrix are
|A1] = —1, |Ag| =1, |A3| = —2 and |A4| = |A| = 0.Then,

@ the matrix is negative semidefinite
O its definiteness cannot be determined from this information
O the matrix is indefinite

Answers to Multiple choice questions



@ The leading principal minors of a 4 by 4 matrix are
|A1| = —1,]As| =1, |A3| = =2, and |A4| = [A| = 1.Then,
the matrix is

Q@ negative definite
O indefinite
@ positive definite and negative definite

Answers to Multiple choice questions



@ The quadratic form in three variables Q(z, vy, z), subject to
x4+ 2y — z =0, is positive semidefinite. Then, the
unconstrained quadratic form is:

@ positive semidefinite or indefinite
O positive semidefinite
O positive definite or positive semidefinite

Answers to Multiple choice questions



@ If Q(z,vy,2) is a negative semidefinite quadratic form such
that Q(—1,1,1) = 0, then Q(z,y, z) subject to the constraint
z+2y—z=0

@ is negative semidefinite
O cannot be classified with this information
Q@ is negative definite or negative semidefinite

Answers to Multiple choice questions



@ The quadratic form Q(x,y,z) = (x — y)? + 322 subject to the
constraint x = 0 is:

@ indefinite

O positive semidefinite
O positive definite

Answers to Multiple choice questions



@ The quadratic form Q(x,y,z) = (x — y)? + 322 subject to the
constraint z = 0 is:

© indefinite

O positive semidefinite
@ positive definite

Answers to Multiple choice questions



Useful links

Links to the Wolfram Demostrations Project web page

Matrix Multiplication >>

@ Matrix Transposition >>

@ Determinants by expansion >>
°

Determinants using diagonals >>

Bibliography

@ Matrix algebra:
Sydsaeter,K. and Hammond,P.J. Essential Mathematics for Economic
Analysis. Prentice Hall. New Jersey. Pages: 537-554 and 573-591. >>
@ Quadratic forms

Sydsaeter,K. and Hammond,P.J. Further Mathematics for Economic
Analysis. Prentice Hall. New Jersey. Pages: 28-37. >>

Answers to Multiple choice questions


http://demonstrations.wolfram.com/MatrixMultiplication/
http://demonstrations.wolfram.com/MatrixTransposition/
http://demonstrations.wolfram.com/33DeterminantsByExpansion/
http://demonstrations.wolfram.com/33DeterminantsUsingDiagonals/
http://books.google.es/books?id=ZliZosMpub8C&printsec=frontcover&hl=es&source=gbs_ge_summary_r&cad=0
http://books.google.es/books?id=mqgK08S94NAC&printsec=frontcover&hl=es&source=gbs_ge_summary_r&cad=0
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