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@ Multivariable optimization. The Extreme Value Theorem
(Weierstrass)

@ A graphical approach to two-variable optimization problems
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Chapter Two: Multivariate Optimization
Extreme points and extreme values
A graphical approach to two-variable optimization problems

An Optimization Problem is the problem of finding those points in
a domain where a function reaches its largest and its smallest
values (referred to as maximum and minimum points):

max (min) f(x) subjecttox €S

where max (min) indicates that we want to maximize or minimize
f and x =(z1,...,z,) € S a subset of R".

Chapter Two: Multivariate Optimization. The Extreme value t



Chapter Two: Multivariate Optimization
Extreme points and extreme values

A graphical approach to two-variable optimization problems

In most static optimization problems there are

@ an objective function f(x) = f(x1, o, ...,xy), a real-valued
function of n variables whose value is to be optimized, i.e.
maximized or minimized.

@ an admissible set (or feasible set) S that is some subset of R"™.

Depending on the set S, several different types of optimization
problems can arise:
@ C(lassical case: if the optimum occurs at an interior point of S
(Chapter 5)

@ Lagrange problem: if S is the set of all points x that satisfy a
given system of equations (equality constraints) (Chapter 6)

o Nonlinear programming problem: if S consists of all points x
that satisfy a system of inequality constraints
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Multiple choice questions

Definition 1
The point x* € S is called a (global) maximum point for f in S if

f(x) > f(x) for all x in S,

and f(x*) is called the maximum value.

Definition 2
The point x* € S is called a (global) minimum point for f in S if

f(x") < f(x) for all x in S,

and f(x*) is called the minimum value.

If the inequalities are strict then x* is called a strict maximum
(minimum) point for f in S.
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Chapter Two: Multivariate Optimization
Extreme points and extreme values
A graphical approach to two-variable optimization problems

Extreme Value Theorem: Welestrass

Theorem

Let f(x) be a continuous function on a closed, bounded set S.
Then f has both a maximum point and a minimum point in S.

A set S is called closed if it contains all its boundary points.
Moreover, it is called bounded if it is contained in some ball around
the origin.
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Chapter Two: Multivariate Optimization
Extreme points and extreme values

A graphical approach to two-variable optimization problems

Example

In problems with two variables, if g(z1,22) is a continuous function
and c is a real number, the sets

{(@y)/g(@1,22) > ¢} {(2,9) /g(xr,22) <} {(z,9) / g(x1,22) = c}

are closed. If > is replaced by >, or < replaced by <, or =
replaced by #, then the corresponding set is not closed.

| A

Example

Provided that p, ¢ and m are positive parameters, the (budget) set
of points (z,y) that satisfy the inequalities

pr+qy<m, x>0, y=>0

is closed and bounded.
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Chapter Two: Multivariate Optimization
Extreme points and extreme values
A graphical approach to two-variable optimization problems

Given the general maximizing/minimizing problem with two
variables
maximize f(x,y) subject to (z,y) in S

a graphical resolution can be done by drawing the feasible set and
the level curves of the objective function.
For a graphical resolution follow the following steps:

@ Draw the feasible set

@ Draw the level curves of the objective function which lie in the
feasible set

© In the case of a maximization problem, the maximum point is
the feasible point which lies on the highest level curve
In a minimization problem, the minimum point is the feasible
point which lies on the lowest level curve
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Useful links

Links to the Wolfram Demostrations Project web page
@ The consumer’s optimization problem >>
@ Level curves >>

@ Surfaces and level curves >>

Bibliography
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Review problems for Chapter 2

Problem 1

Provide a graphical resolution of the following optimization
problems:

max.: 6z +y
s.t.:2x+y <6
Q r+y>1
y<3

z,y >0

opt. : x +y

(5 st.:x?+y?=1

z,y >0
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Review problems for Chapter 2

Problem 1
Provide a graphical resolution of the following optimization
problems:

opt. : (x —2)% + (y — 1)2
o s.t.:xz—ygo

T+y<2
z,y >0
0pt.:x—y2
o st.:(x—1)(y—2)>0
2<x <4
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Review problems for Chapter 2

Problem 1

Provide a graphical resolution of the following optimization
problems:

opt. : 3x + 2y
Q st.:—x+y<2
z—y<2

opt.: (x —2)% + (y — 2)2
(7] st.:x+y>1
—r+y<1
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Review problems for Chapter 2

Problem 1

Provide a graphical resolution of the following optimization
problems:
min.: x +y
Q s.t.:x2+y224
92 <1
max.:r+y
o st.ix—y?>0
z+y<2
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Review problems for Chapter 2

Problem 2

A firm produces two goods. The profit obtained after the purchase
of each are 10 and 15 monetary units respectively. To produce one
unit of good 1 requires 4 hours of man-labor and 3 hours of
machine work. Each unit of good 2 needs 7 hours of man-labor
and 6 hours of machine work. The maximum man-labor time
available is 300 hours and for the machines 500 hours. Find the
quantities produced of each good which maximize the profit.
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Review problems for Chapter 2

Problem 3

Maximize the utility function U(x,y) = xy, where x and y are the
quantities consumed of two goods. The price of each unit of these
goods is 2 and 1 monetary units respectively and the available
budget is 100 monetary units. Formulate the optimization problem
the consumer must solve in order to achieve the maximum utility.
Calculate the optimal consumed quantities of goods = and y.

Chapter Two: Multivariate Optimization. The Extreme value t



Review problems for Chapter 2

Problem 4

Which of the following optimization problems satisfy the

Weierstrass' theorem conditions?

2) min . : 22 + 92
st.:x+y=3

opt. : 2o +y
)y stixt+y=1
z2+942 <9

max.:az2+y2

) st.:x+y>4
20 +y > 5

z,y >0

max. : T + y2
b) ¢ s.t.:3x% 45y <4

z,y >0
opt. :x +Iny
d) ¢ st.:x—5y?> -1
r+y* <1

min . : e*1Y
f)e st.:0<z<1
0<y<l1
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Multiple choice questions

@ Which of the following points belongs to the feasible set of
the optimization problem

opt. : 332\/37
st. : x+y=37
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Multiple choice questions

@ If the feasible set of an optimization problem is unbounded
then

@ no finite optimum point exists
O it has an infinite number of feasible points
@ the existence of a finite optimum point cannot be assured
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Multiple choice questions

O Given f(z,y) = az + by with a,b € R and the set

S={(z,y) eR*/z+y=2,2>0,y >0},

@ f has a global maximum point and a global minimum point in
S

O f has a global maximum point in S if @ and b are positive

Q@ there is no maximum or minimum point of f in S
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Multiple choice questions

@ Which of the following is the feasible set of the optimization
problem

max. : 2x+y
st. « z+y=1
2?4y <57

0 {(z,y) eR®/z+y=1,2>0,y >0}
0 {(z,y) €R?/(z,y) = A(5,0) + (1 = A)(0
0 {(z,y) €eR?/(z,y) = M2,-1)+ (1 —X)
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Review problems for Chapter 2

Multiple choice questions

Problem 2

75 units of good 1 and none unit of good 2.

Answers to Problems
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Problem 3

" =25,y =50 = u* =1250

o =0 =
Answers to Problems




Multiple choice questions

Problem 4

The problems that verify the hypothesis of the Extreme Value
Theorem are b, c and f.

Answers to Problems
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Multiple choice questions

O Given f(z,y) = az + by with a,b € R and the set

S={(z,y) eR*/z+y=2,2>0,y >0},

Q@ f has a global maximum point and a global minimum point in
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Multiple choice questions

@ Which of the following is the feasible set of the optimization
problem

max. : 2x+y
st. « z+y=1
4y <57
0 {(z,y) eR?®/z+y=1,2>0,y >0}
0 {(z,y) € R?/(x,y) = \(5,0) + (1 — X)(0,5),VA € [0,1]}
0 {(z,y) € R?/(z,y) = A\(2,—1) + (1 — \)(=1,2),VA € [0,1]}

Answers to Multiple choice questions
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