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Lipschitz-free spaces Lipschitz spaces

@ (X,d) is a complete metric space

° )Z':{(x,y)eXQ:m#y}
@ f: X — Ris Lipschitz iff

|f(x) = f(W)l

:(x,y)ef(}<oo
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@ f: X — Ris Lipschitz iff

|f(z) = f(y)]
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° )Z':{(x,y)eXQ:m#y}
@ f: X — Ris Lipschitz iff

|f(z) = f(y)]
d(z,y)

@ Lip(X)={feR¥: L(f) < oo}

L) =sup { (e X<

Let X' C X. Every f: X’ — R can be extended to X in such a way
that L(f) and || f||, are preserved.
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Lipschitz-free spaces Lipschitz spaces

@ (X,d) is a complete metric space

° )Z':{(x,y)eXQ:m#y}
@ f: X — Ris Lipschitz iff

|f(z) = f(y)]
d(z,y)

@ Lip(X)={feR¥: L(f) < oo}

L) =sup { (e X<

Let X' C X. Every f: X’ — R can be extended to X in such a way
that L(f) and || f||, are preserved.

This is not true if R is replaced by C.
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Lipschitz-free spaces Lipschitz spaces

Lip(X) is a Banach space with norm L(-) & ||-|| -
Unfortunately L(-) is nota norm in Lip(X).
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@ X is a pointed metric space with base point e
® Lipy(X) = {f € Lip(X) : f(e) = 0}
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Lipschitz-free spaces Lipschitz spaces

Lip(X) is a Banach space with norm L(-) & ||-|| -
Unfortunately L(-) is nota norm in Lip(X).

@ X is a pointed metric space with base point e
@ Lipy(X) = {f € Lip(X) : f(e) = 0}

@ Lipy(X) is a Banach space with || f|| = L(f)
@ Lipy(X,e) =~ Lipy(X,¢') under f +— f — f(€)
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Lipschitz-free spaces Lipschitz-free spaces

@ j(x): f+— f(x) is the evaluation operator on x € X
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Lipschitz-free spaces Lipschitz-free spaces

@ j(x): f+— f(x) is the evaluation operator on x € X
@ j: X — Lipy(X)" is an isometry

Lipschitz-free space

F(X) = span j(X) C Lipy(X)*
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Lipschitz-free spaces Lipschitz-free spaces

@ j(x): f+— f(x) is the evaluation operator on x € X
@ j: X — Lipy(X)" is an isometry

Lipschitz-free space

F(X) = span j(X) C Lipy(X)*

Theorem (Arens, Eells 1956)
F(X)* ~ Lipg(X).
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Lipschitz-free spaces Lipschitz-free spaces

Theorem (Weaver 1999)

Let Y be a Banach space. If f: X — Y is Lipschitz and f(e) = 0 then
there is h € B(F(X),Y) with ||h]| = L(f) and f = h o j.

X
N
F(X)—Y
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Lipschitz-free spaces Some tools

de Leeuw transform
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Lipschitz-free spaces Some tools

de Leeuw transform

f(p) — f(q)
d(p,q)

L(f) = ||®f|l,, = ®isalinear isometry Lipy(X) — C(X)

Elementary molecules

_Jp) —i(9)
Upg == a) € Sr(x)

®: Lip(X) — C’()A(;) Qf(p,q) = = (f, upqg)

Theorem (Weaver 1995)
If m € F(X) is a preserved extreme point of Br(x) then m = uy, for
some (p,q) € X.
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Lipschitz-free spaces Some tools

@ 3X, Stone-Cech compactification of X
e Forp € X, consider d(p,-): 8X — [0, 0]

d(z, &) = lilm d(p,x;), where x; — &

e If d(p, &) < oo, the evaluation on ¢ is in Lipy(X)”

GO, 1) = F(€) =Tim f (1)
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Lipschitz-free spaces Some tools

@ 3X, Stone-Cech compactification of X
e Forp € X, consider d(p,-): 8X — [0, 0]

d(z,€) = limd(p, z;), where z; — ¢
e If d(p, &) < oo, the evaluation on ¢ is in Lipy(X)”

GO, 1) = F(€) =Tim f (1)

@ X, Stone-Cech compactification of X
e For f € Lip(X), consider ®f € C(3X)

O f(¢) = lim @ f(x;,y;), where (z;,y;) — ¢

e ®: Lipy(X) — C(8X) is an isometry into

e ®*: M(BX) — Lipy(X)" is onto
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Preserved extremality in the ball Extreme points

Let Y be a normed space, y € By.
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Preserved extremality in the ball Extreme points

Let Y be a normed space, y € By.

@ y is an extreme point of By iff

I
<

1
y:§(y1+y2), Y1,¥92 € By = y1 =1
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Preserved extremality in the ball Extreme points

Let Y be a normed space, y € By.

@ y is an extreme point of By iff

1
y:§(y1+y2), yL,Y2 € By = y1=y2=y

@ y is a preserved extreme point of By iff

1 £33 E 3 £ k% k% £33
y=§(y1 +u5%), Y15y € By~ = yF=y"=y
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Preserved extremality in the ball Extreme points

Let Y be a normed space, y € By.

@ y is an extreme point of By iff
1
y= 5(3/1 +12), Y2 € By = yi1=1yp =y

@ y is a preserved extreme point of By iff

1 k% *kk *k k% *k k%
y=5Wi" +u'), yitye" € By =yt =y =y
© vy is a strongly exposed point of By iff

3f € By~sit. f(y) =landy, € By, f(yn) > 1= yn >y
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Preserved extremality in the ball Extreme points

Let Y be a normed space, y € By.

@ y is an extreme point of By iff

1
y:§(y1+y2), yL,Y2 € By = y1=y2=y

@ y is a preserved extreme point of By iff

1 k% *kk *k k% *k k%
y=5Wi" +u'), yitye" € By =yt =y =y
© vy is a strongly exposed point of By iff
3f € By~sit. f(y) =landy, € By, f(yn) > 1= yn >y

Note: (3) = (2) = (1)
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Preserved extremality in the ball Necessary conditions

e(r;p,q) == d(p,r) +d(q,r) —d(p,q) > 0,7 € X |
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If e(r;p,q) = 0 for some r € X \ {p, ¢}, then u,, is not an extreme point
of B}'(X)-

R. J. Aliaga (UPV) 5th Workshop on Functional Analysis Valencia, 17 Oct 2017 9/24



Preserved extremality in the ball Necessary conditions

e(r;p,q) == d(p,r) +d(q,r) —d(p,q) > 0,7 € X |

If e(r;p,q) = 0 for some r € X \ {p, ¢}, then u,, is not an extreme point
of B}'(X)-

Proof:
w30 —jla) _ i) = j(r) +35(r) = 5(a)
P d(p,q) d(p, q)
d(p,r) d(r, q)
S ipa) " T gt
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Preserved extremality in the ball Necessary conditions

e(&p,q) == d(p,€) +d(q,&) —d(p,q) >0,§ € X |

Theorem (AG 2017)

If e(&;p,q) = 0 for some € € X \ {p, ¢}, then w,, is not a preserved
extreme point of Br(x).
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Preserved extremality in the ball Necessary conditions

e(&p,q) == d(p,€) +d(q,&) —d(p,q) >0,§ € X |

Theorem (AG 2017)

If e(&;p,q) = 0 for some € € X \ {p, ¢}, then w,, is not a preserved
extreme point of Br(x).

Proof: d(p,€),d(q,€) < o0 = j(€) € Lipg(X)* = F(X)*™
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Preserved extremality in the ball Necessary conditions

e(&p,q) == d(p,€) +d(q,&) —d(p,q) >0,§ € X |

Theorem (AG 2017)

If e(&;p,q) = 0 for some € € X \ {p, ¢}, then w,, is not a preserved
extreme point of Br(x).

Proof: d(p, ), d(q,€) < oo = j(£) € Lipy(X)" = F(X)™
i) =i~ j€) i@

dp,€) "7 T d(Eq)

Define u,¢ = . Both are in Sr(x)=.
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e(&p,q) == d(p,€) +d(q,&) —d(p,q) >0,§ € X |

Theorem (AG 2017)

If e(&;p,q) = 0 for some € € X \ {p, ¢}, then w,, is not a preserved
extreme point of Br(x).

Proof: d(p, ), d(q,€) < oo = j(£) € Lipy(X)" = F(X)™
i) =i~ j€) i@

dp,€) "7 T d(Eq)

d(p, d(e,
= gg g

Define u,¢ = . Both are in Sr(x)=.

R. J. Aliaga (UPV) 5th Workshop on Functional Analysis Valencia, 17 Oct 2017 10/24



Preserved extremality in the ball Sufficient conditions

Theorem (AG 2017)

Suppose ¢(&;p,q) > 0forall ¢ € BX \ {p,q}. Then u,, is a preserved
extreme point of Br(x).
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Theorem (AG 2017)

Suppose ¢(&;p,q) > 0forall ¢ € BX \ {p,q}. Then u,, is a preserved
extreme point of Br(x).

Proof: Suppose up, = 3(z}* + 25*) where z3*, 25* € By, (x)*
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Preserved extremality in the ball Sufficient conditions

Theorem (AG 2017)

Suppose ¢(&;p,q) > 0forall ¢ € BX \ {p,q}. Then u,, is a preserved
extreme point of Br(x).

Proof: Suppose up, = 3(z}* + 25*) where z3*, 25* € By, (x)*
Then a7* = &*y; where ; € M(8X), ||| = 1.
©*0(,,q) = upg = Prove that y; is concentrated on (p, ¢) and (g, p).
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Preserved extremality in the ball Sufficient conditions

Theorem (AG 2017)

Suppose ¢(&;p,q) > 0forall ¢ € BX \ {p,q}. Then u,, is a preserved
extreme point of Br(x).

Proof: Suppose up, = 3(z}* + 25*) where z3*, 25* € By, (x)*
Then z7* = ®*u; where p; € M(BX), ||pil| = 1.
©*0(,,q) = upg = Prove that y; is concentrated on (p, ¢) and (g, p).

Consider the set

D = {¢ € BX :if f € Lipy(X) attains its norm at (p, q),
then f also attains its norm at ¢ }.

(f attains its norm at ¢ if |®f(¢)| = L(f))
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Preserved extremality in the ball Sufficient conditions

For any (p, q) € X, i; are concentrated in D, .
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Preserved extremality in the ball Sufficient conditions

For any (p, q) € X, u; are concentrated in Dhenr

Proof: Let ¢ € X \ D, .
Thereis f € Lipy(X) suchthat L(f) =1, ®f(p,q) = 1, |2f({)] < 1.
There are ¢ < 1 and U(¢) such that |®f({")| < ¢ for ¢’ € U(Q).

(i, BF) = /ﬁ (@) dy = /U o //3 g ST 1A W)

= 1= {fru) = (500 + ). 8 ) < 1= 25l + 1) OO

= || (U(Q) = |p2| (U(C)) = 0
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Preserved extremality in the ball Sufficient conditions

For any (p, q) € X, i; are concentrated in D, .

By regularity

il (BX\ D) = sup || (K)
KC,BX\D(p,q)
K compact
For any K, find a cover K C Uj_, U({;)-
il (K) < |l (U(G)) =0
7j=1
= |/'LZ| (5)? \ D(p,q)) =0.0
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Preserved extremality in the ball Sufficient conditions

For any (p,q) € X, ; are concentrated in D, .

Note: We did not use the fact that ¢(¢;p,¢q) > 0 forall £ € BX \ {p, q}.
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Preserved extremality in the ball Sufficient conditions

For any (p, q) € X, u; are concentrated in Dhenr

Note: We did not use the fact that ¢(¢;p,¢q) > 0 forall £ € BX \ {p, q}.

For D, o) = {(p,9), (¢, p)} we get:

Theorem (AG 2017)
If (p,q) € X and for every ¢ € BX # (p,q), (q,p) there is f € Lipy(X)
(

such that |®f(p,q)| = L(f) and |<I>( )| < L(f), then u,, is a preserved

extreme point of Br(x).
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Preserved extremality in the ball Sufficient conditions

Theorem (AG 2017)

If (p,q) € X and for every ¢ € BX, ¢ # (p,q), (¢, p) there is f € Lipy(X)
such that |®f(p,q)| = L(f) and ]<1>( )| < L(f), then u,, is a preserved
extreme point of Br(x).
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Preserved extremality in the ball Sufficient conditions

Theorem (AG 2017)

If (p,q) € X and for every ¢ € ,BX # (p,q), (q,p) there is f € Lipy(X)
such that |®f(p,q)| = L(f) and ]<1>( )| < L(f), then u,, is a preserved
extreme point of Br(x).

Theorem (de Leeuw 1961)

If (p,q) € X and there is f € Lipy(X) that peaks at (p, q), then u,, is a
preserved extreme point of Br(xy.

(f peaks at (p,q) if |2f] = L(f) in (p,q), (¢,p) and < L(f) elsewhere)
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Preserved extremality in the ball Sufficient conditions

Theorem (AG 2017)

If (p,q) € X and for every ¢ € ,BX # (p,q), (q,p) there is f € Lipy(X)
such that |®f(p,q)| = L(f) and ]@( )| < L(f), then u,, is a preserved
extreme point of Br(x).

Theorem (de Leeuw 1961)

If (p,q) € X and there is f € Lipy(X) that peaks at (p, q), then u,, is a
preserved extreme point of Br(x).

Theorem (Garcia-Lirola, Prochazka, Rueda Zoca 2017)

Let X be a pointed metric space and (p, q) € X. TFAE:
(i) up is a strongly exposed point of Bx(x)
(i) Thereis f € Lipy(X) that peaks at (p, q)
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Preserved extremality in the ball Sufficient conditions

If e(&;p,q) > 0forall £ € X\ {p, ¢}, then

Do = {(p,9), (¢,p)}
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Preserved extremality in the ball Sufficient conditions

If £(&§;p,9) > 0forall & € X\ {p,q}, then

D(p = Q7p)}

This is not true in general.
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Preserved extremality in the ball Sufficient conditions

If £(&§;p,9) > 0forall & € X\ {p,q}, then

D(p = Q7p)}

This is not true in general.

Counterexample:

If p, — p and % — 0 then Dy, ) contains a point that lies over p. J

(Ce BX lies overp if (x;,y;) — ¢ where z;,y; — p)
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Preserved extremality in the ball Sufficient conditions

If e(&;p,q) > 0forall £ € X\ {p, ¢}, then

D) = {(p,9), (¢,p)} U {points that lie over p or ¢}
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Preserved extremality in the ball Sufficient conditions

If e(&;p,q) > 0forall £ € X\ {p, ¢}, then

D) = {(p,9), (¢,p)} U {points that lie over p or ¢}

Proof: Let (zi,yi) = ¢ € Dpq)s i — &, yi — 1, Where §,n € BX.
We must show that ¢ € D, ) = &,1 € {p,q}.
Suppose &, # p, q (the other case is similar).

(zi;p,q) | fe(yi;p, q)

,in >c>0
d(zi,q) d(yi,q)

. &
e(&;p,q),e(n;p,q) > 0 = inf

Define g € Lip({p,q, =, y:}) as

o) = {d(x,q) ifz=p

(1-¢)-d(z,q) ifx=gqorz;ory
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Preserved extremality in the ball Sufficient conditions

If e(&;p,q) > 0forall £ € X\ {p, ¢}, then

D) = {(p,9), (¢,p)} U {points that lie over p or ¢}

o) = {d(x,q) ifx=p

(1—¢)-d(z,q) ifx=gqgoraxz;ory

® dg(p,q) =1
@ |Bg(x,y)| <1—cifz,y#p = L(g) =1
@ |Dg(z,p)| < 1if z # p, q (definition of ¢)
Extend g to X and let f = g — g(e). Then f € Lipy(X), L(f) = 1,
®f(p,q) =1,and [ ()] = lim; [ f(zs, 3:)| < 1 —c.
= C ¢ D(p7q). O
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Preserved extremality in the ball Sufficient conditions

In our case, p; and p9 are concentrated on (p, ¢) and (g, p).
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Preserved extremality in the ball Sufficient conditions

In our case, p; and p9 are concentrated on (p, ¢) and (g, p).

Proof: Let u; = \; + X\, where )\; is concentrated on {(p, ¢), (¢,p)} and

A;on D, oy \ {(p, ) (¢,p)}
Choose f € Lipy(X) with L(f) =1, ®f(p,q) = 1 and f constant in

neighborhoods of p and g.
Then @f(¢) = 0if ¢ € X lies over por q. So [, (P f)dA; = 0.

) = (g +m).0f) =5 ([ @pave [ @pan)

1
12 flloo ClALE+ 1A20]) < 5 I Flloo (lreall + llp2ll) < 1

1:

—~

<

N

= Ml =) = 0.0

R. J. Aliaga (UPV) 5th Workshop on Functional Analysis Valencia, 17 Oct 2017 16 /24



Preserved extremality in the ball Sufficient conditions

Theorem (AG 2017)

Let X be a pointed metric space and p # q € X. TFAE:
(i) upy is @ preserved extreme point of Br(x)
(i) e(&;p,q) > Oforall ¢ € BX N\ {p,q}
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Preserved extremality in the ball Sufficient conditions

Theorem (AG 2017)

Let X be a pointed metric space and p # q € X. TFAE:
(i) upy is @ preserved extreme point of Br(x)
(i) e(&;p,q) > Oforall ¢ € BX N\ {p,q}

(i) & Ve > 036 > 0 such that d(p,r),d(q,r) > € = e(r;p,q) > 0
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Theorem (AG 2017)

Let X be a pointed metric space and p # q € X. TFAE:
(i) upy is @ preserved extreme point of Br(x)

(i) e(&;p,q) > 0forall £ € BX \ {p, q}

(i) & Ve > 036 > 0 such that d(p,r),d(q,r) > € = e(r;p,q) > 0

Corollary (AG 2017)

Let X be a compact pointed metric space and p # q € X. TFAE:
(i) up, is @ preserved extreme point of Br(x)

(iii) e(r;p,q) > 0 forall r € X \ {p, q}
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Let X be a pointed metric space and p # q € X. TFAE:
(i) upy is @ preserved extreme point of Br(x)

(i) (&5 p,q) > 0forall £ € BX \ {p,q}

(i) & Ve > 036 > 0 such that d(p,r),d(q,r) > € = e(r;p,q) > 0

Corollary (AG 2017)

Let X be a compact pointed metric space and p # q € X. TFAE:
(i) up, is @ preserved extreme point of Br(x)

(iii) e(r;p,q) > 0 forall r € X \ {p, q}

(i) & d(p,q) < d(p,r) +d(q,r) forall r € X, r # p,q
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Preserved extremality in the ball Sufficient conditions

Theorem (AG 2017)

Let X be a pointed metric space and p # q € X. TFAE:
(i) upy is @ preserved extreme point of Br(x)

(i) e(&;p,q) > 0forall £ € BX \ {p, q}

(i) & Ve > 036 > 0 such that d(p,r),d(q,r) > € = e(r;p,q) > 0

Corollary (AG 2017)

Let X be a compact pointed metric space and p # q € X. TFAE:
(i) up, is @ preserved extreme point of Br(x)

(i) upq is an extreme point of Br(y)

(iii) e(r;p,q) > 0 forall r € X \ {p, q}

(i) & d(p,q) < d(p,r) +d(q,r) forall r € X, r # p,q
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Preserved extremality in the ball Concave spaces

X is concave if all u,, are preserved extreme points of Br(x)
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Preserved extremality in the ball Concave spaces

X is concave if all u,, are preserved extreme points of Br(x)

Theorem (Mayer-Wolf 1981)

Let X, Y be concave metric spaces. TFAE:
(i) Lipg (X)) ~ Lipy(Y')

(i) F(X) =~ F(Y)

(iii) There is a dilation from X onto Y

(f : X — Y is a dilation if W is constant)
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Preserved extremality in the ball Concave spaces

Conijecture (Weaver 1999)

If X is a compact metric space such that d(p, q) < d(p,r) + d(q,r) for
all distinct p, ¢, € X, then X is concave.
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Preserved extremality in the ball Concave spaces

Conijecture (Weaver 1999)

If X is a compact metric space such that d(p, q) < d(p,r) + d(q,r) for
all distinct p, ¢, € X, then X is concave.

.

Corollary (AG 2017)

A compact metric space X is concave iff d(p, q) < d(p,r) + d(q,r) for
all distinct p, ¢, r € X.
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Preserved extremality in the ball Concave spaces

Conijecture (Weaver 1999)

If X is a compact metric space such that d(p, q) < d(p,r) + d(q,r) for
all distinct p, ¢, € X, then X is concave.

v

Corollary (AG 2017)

A compact metric space X is concave iff d(p, q) < d(p,r) + d(q,r) for
all distinct p, ¢, r € X.

Compact Holder spaces are concave.
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Open problems

Let X be a pointed metric space and m € F(X). TFAE:
(i) m is a preserved extreme point of Br(x,
(i) m = u,, Where p # ¢ € X have the property:

(P*) Foranye > 0, there is 6 > 0 such that, for all  # p, g
d(p,r),d(g,r) > = e(r;p,q) >0
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Open problems

Let X be a pointed metric space and m € F(X). TFAE:
(i) m is a preserved extreme point of Br(x,
(i) m = up, Where p # g € X have the property:

(P*) Foranye > 0, there is 6 > 0 such that, for all  # p, g
d(p,r),d(g,r) > = e(r;p,q) >0

(E1*) All preserved extreme points of Brx) are of the form w,. J

(E2*) w,, is preserved extreme iff p, ¢ have property (P*). J
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Open problems

Theorem (Garcia-Lirola, Prochazka, Rueda Zoca 2017)
Let X be a pointed metric space and m € F(X). TFAE:
(i) m is a strongly exposed point of Br(x,

(i) m = u,y Where p # ¢ € X have the property:

(P) Thereis C > 0 such that, for all » # p, ¢
e(r;p,q) > Cmin {d(p,7),d(q,7)}

R. J. Aliaga (UPV) 5th Workshop on Functional Analysis Valencia, 17 Oct 2017 21/24



Open problems

Theorem (Garcia-Lirola, Prochazka, Rueda Zoca 2017)
Let X be a pointed metric space and m € F(X). TFAE:
(i) m is a strongly exposed point of Br(x,

(i) m = u,y Where p # ¢ € X have the property:

(P’) Thereis C' > 0 such that, for all r = p, q
e(r;p,q) > Cmin {d(p,7),d(q,7)}

(E1’) All strongly exposed points of Br(x) are of the form w,. J

(E2’) w,, is strongly exposed iff p, ¢ have property (P’). J
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Open problems

Let X be a pointed metric space and m € F(X). TFAE:
(i) m is an extreme point of Bx(x)
(i) m = u,y Where p # ¢ € X have the property:

(P) d(p,q) <d(p,r)+d(q,r)forallr #p,q
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(P) d(p,q) <d(p,r)+d(q,r)forallr #p,q

(E1) All extreme points of Br(x are of the form w,,. J

(E2) wuy,, is extreme iff p, ¢ have property (P). ]
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Open problems

Let X be a pointed metric space and m € F(X). TFAE:
(i) m is an extreme point of Bx(x)
(i) m = u,y Where p # ¢ € X have the property:

(P) d(p,q) <d(p,r)+d(q,r)forallr #p,q

(E1) All extreme points of Br(x are of the form w,,.

(E2) wuy,, is extreme iff p, ¢ have property (P).

@ (E2) is true if X is compact
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Open problems

Let X be a pointed metric space and m € F(X). TFAE:
(i) m is an extreme point of Bx(x)
(i) m = u,y Where p # ¢ € X have the property:

(P) d(p,q) <d(p,r)+d(q,r)forallr #p,q

(E1) All extreme points of Br(x are of the form w,,. J

(E2) wuy,, is extreme iff p, ¢ have property (P). J

@ (E2) is true if X is compact

@ (E1)is true if X is compact and lip,(X) separates points uniformly
(in this case, F(X) = lipy(X)*)
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Open problems

lipg(X) ={f € Lipy(X) : Ve > 034 > 0 such that
d(p,q) <0 =|®f(p,q)| <e}.

lipo(X') separates points uniformly if 3C > 1 such that Vp,q € X
3/ € lipg(X) with [ /(p, ¢)| = 1 and L(f) < C.

Examples:
@ Cantor middle-thirds set
@ Compact Holder spaces
@ (Dalet 2015) Compact countable spaces
@ (Dalet 2015) Compact ultrametric spaces
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Open problems

Corollary

If X is
@ the Cantor middle-thirds set,
@ a compact Hoélder space,
@ a countable compact space, or
@ an ultrametric compact space,
then

EXtB]:(X) = {upq ip,q € X7p # q,

d(p,q) < d(p,r)+d(q,r) forallr € X\ {p,q} }
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