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FUNDAMENTAL QUESTION

Let C be a bounded, closed convex subset of a Banach space.
Assume that whenever K C C is closed and convex, then every
uniformly Lipschitz affine mapping f: K — K has a fixed point.
Is C necessarily weakly compact ?
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FUNDAMENTAL QUESTION

Let C be a bounded, closed convex subset of a Banach space.
Assume that whenever K C C is closed and convex, then every
uniformly Lipschitz affine mapping f: K — K has a fixed point.
Is C necessarily weakly compact ?

Def. f is called Uniformly Lipschitz when

wp 1P = PO _

x#yeK [x =yl

where fP =fofo---of (p-times), and Affine when

FMx+(1=Ny)=A(x)+(1-=Nf(y), YAe]0,1], Vx,y € K.
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REMARKS

Def. Let F be a class of maps. Then C is said to have the
G-FPP wrt F if whenever K C C is closed and convex then
every map f € F with f(K) C K has a fixed point.

(FQ) Assume that C has the G-FPP for the class of Uniformly
Lipschitz Affine maps. Is C necessarily weakly compact?

Def. Let Y be a Banach space and P be a projection in Y.
e P is calle dan L-projection if ||x|| = ||Px|| + [|(/ — P)x]| for
all x e Y.
@ A closed subspace X C Y is called an L-summand in Y if X
is the range of an L-projection on Y.

o A Banach space X is said to be an L-embedded if X is an
L-summand in X**.
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Remarks: (Implicit Formulation and Known Results)
o Benavides, Japon-Pineda, Prus, Weak Compactness and
Fixed Point Property for Affine Mappings, JFA (2004):
(1) C is weakly compact iff C has G-FPP for Continuous
Affine Maps

(1) If X is either ¢g of Jp, then C is weakly compact iff C has
the G-FPP for Uniformly Lipschitz Affine Maps.

(1ir) If X is L-embedded Banach space, then C is weakly
compact iff C has G-FPP for 1-Lipschitz Affine Maps.

o (Strategy) Assume that C is not weakly compact and try to
find a basic sequence (x,) C C with very nice structural

properties.
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DESIRED PROPERTY AND SUPPORTING QUESITON

e (SQ) Is there a basic sequence (x,) C C so that for some
constants, d, L > 0, one has

o0 o0
‘Za,, < dH Z:a,,x,7
n=1 n=1

)

and

o0 o0
S S
n=1 n=1

for all p € N and all (a,) C coo?

e So, the fized point problem (FQ) also has a Banach space
structural nature.

CLEON S. BARROSO FPP



EXPLICIT FORMULATION OF (5Q)

CLEON S. BARROSO FPP



EXPLICIT FORMULATION OF (5Q)

BRUNEL & SUCHESTON — TRANS. AMS, 204, p. 82 (1975)

CLEON S. BARROSO FPP



EXPLICIT FORMULATION OF (5Q)

BRUNEL & SUCHESTON — TRANS. AMS, 204, p. 82 (1975)

CLEON S. BARROSO FPP



EXPLICIT FORMULATION OF (5Q)

BRUNEL & SUCHESTON — TRANS. AMS, 204, p. 82 (1975)

Does an arbitrary bounded sequence (x,) in X admit a
subsequence (e,) such that the shift T on (e,) is defined and
power-bounded?

CLEON S. BARROSO FPP



EXPLICIT FORMULATION OF (5Q)

BRUNEL & SUCHESTON — TRANS. AMS, 204, p. 82 (1975)

Does an arbitrary bounded sequence (x,) in X admit a
subsequence (e,) such that the shift T on (e,) is defined and
power-bounded?

Def. A basic sequence (ep) is called

CLEON S. BARROSO FPP



EXPLICIT FORMULATION OF (5Q)

BRUNEL & SUCHESTON — TRANS. AMS, 204, p. 82 (1975)

Does an arbitrary bounded sequence (x,) in X admit a
subsequence (e,) such that the shift T on (e,) is defined and
power-bounded?

Def. A basic sequence (ep) is called

CLEON S. BARROSO FPP



EXPLICIT FORMULATION OF (5Q)

BRUNEL & SUCHESTON — TRANS. AMS, 204, p. 82 (1975)

Does an arbitrary bounded sequence (x,) in X admit a
subsequence (e,) such that the shift T on (e,) is defined and
power-bounded?

Def. A basic sequence (ep) is called

o 1-shift dominated (1-SD) if

CLEON S. BARROSO FPP



EXPLICIT FORMULATION OF (5Q)

BRUNEL & SUCHESTON — TRANS. AMS, 204, p. 82 (1975)

Does an arbitrary bounded sequence (x,) in X admit a
subsequence (e,) such that the shift T on (e,) is defined and
power-bounded?

Def. A basic sequence (ep) is called

o 1-shift dominated (1-SD) if

(en+1) =c (en) forsome C > 1.

CLEON S. BARROSO FPP



EXPLICIT FORMULATION OF (5Q)

BRUNEL & SUCHESTON — TRANS. AMS, 204, p. 82 (1975)

Does an arbitrary bounded sequence (x,) in X admit a
subsequence (e,) such that the shift T on (e,) is defined and
power-bounded?

Def. A basic sequence (ep) is called

o 1-shift dominated (1-SD) if

(en+1) =c (en) forsome C > 1.

o (ep) is shift-power bounded if there is C > 1 so that

CLEON S. BARROSO FPP



EXPLICIT FORMULATION OF (5Q)

BRUNEL & SUCHESTON — TRANS. AMS, 204, p. 82 (1975)

Does an arbitrary bounded sequence (x,) in X admit a
subsequence (e,) such that the shift T on (e,) is defined and
power-bounded?

Def. A basic sequence (ep) is called

o 1-shift dominated (1-SD) if

(en+1) =c (en) forsome C > 1.

o (ep) is shift-power bounded if there is C > 1 so that

(entp) =c (ep) forall p>1.
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MOTIVATIONS FOR BOTH PROBLEMS

o Ergodic and Dynamics
o Linear Chaos and Hypercyclicity through Shift Operators

e Connections with Ergodic Properties of Banach spaces and
Stability

o Related to the Shift Property (SP) of N. Kalton:
o An unconditional basis ()52, has the (SP) if whenever (x,)
is a normalized block basic sequence, one has (xn) ~ (Xp41)-
o C. Rosendal (Studia Math., 2011) among many things
showed that Kalton’s (SP) implies unconditionality.

e Banach spaces with no unconditional basic sequences exist.

o Characterization of Weak Compactness

e Fact: Weak Compactness do not characterize G-FPP for
1-Lipschitz Maps
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A PARTIAL SOLUTION FOR (FQ) —, FERREIRA,

THM (ACCEPTED UNDER MINOR REVISIONS IN AIF, 2017)

Weak Compactness Characterizes G-FPP for the class F of
Bi-Lipschitz Affine Maps.
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Proof. First, pick a wide-(s) equence (x,) inside C and define

K:co{(xn)}:{itnxn: th >0& it,,zl}
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Next, choose suitable sequences (A(™), so that

o api=1-372. /\S(n) is non-decreasing in (0,1)
e l2<a,—1
° o oo
5SS < e ilel,
22 supy o]

where € > 0 is small enough and K = b.c(x,)
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Next, choose suitable sequences (A(™), so that
o api=1-372. /\S(n) is non-decreasing in (0,1)
e l2<a,—1
° oo o0
>3 < oo e lol
po sup, |1
where £ > 0 is small enough and K = b.c(x,)
Define now f: K — K by

f(Z t,,xn> = Z thzn
n=1 n=1

with,

oo
n+1
Zn = Qpy1Xp + Z )\5( )Xk
k=n+1
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KEY LEMMA

(zn) is equivalent to (x,)

Proof. Partially thanks to a result of Hajek and Johanis (JDE,
2010).

Corollary. f is bi-Lipschitz, affine and fixed point free.
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A POSITIVE ANSWER UNDER UNCONDITIONALITY

If X contains an unconditional basis, then a bounded, closed
convez set C C X is weakly compact iff it has the G-FPP for the
class of uniformly Lipschitz affine maps.
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A POSITIVE ANSWER UNDER UNCONDITIONALITY

If X contains an unconditional basis, then a bounded, closed
convez set C C X is weakly compact iff it has the G-FPP for the
class of uniformly Lipschitz affine maps.

Sketch... If C is not weakly compact and contains no ¢;-basic
sequence, then we can find a wide-(s) sequence (y,) C C
without weakly convergent subsequences. Since X has an
unconditional basis, the space [(y,)] has property (u) of
Petczynski. Thus, some convex block of (y,) must be equivalet
to the summing basis of ¢y. This shows that C contains a
co-summing basic sequence. The proof is essentially done.
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