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© Introduction
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Dirichlet series

Definition
An ordinary Dirichlet series is a series of the form

(e}
dn

ns’
n=1

where {a,}52; C C is the sequence of coefficients of the series, and s € C
is a complex variable.

v
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Dirichlet series

Definition
An ordinary Dirichlet series is a series of the form

(e}
dn
F?
n=1
where {a,}52; C C is the sequence of coefficients of the series, and s € C
is a complex variable.

v

Theorem

If a Dirichlet series is convergent at sy € C, then it is convergent in
[Re > Re sp].
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Uniform convergence in angular regions

Theorem

Let D(s) = >_721 22 a Dirichlet series which converges at sy. Then D(s)
converges uniformly on the angular region
Se.a=1{s€C:|Arg(s —s)| <a< 5}
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Abscissas of convergence

oc(D)=inf{c eR: Z % is convergent in [Res > o]},

n=1
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Abscissas of convergence

oc(D)=inf{c eR: Z % is convergent in [Res > o]},

n=1

0a(D) =inf{oc e R: Z % is absolutely convergent in [Res > o]},

n=1

o
ou(D) =inf{c eR: Z % is uniformly convergent in [Res > o]},

n=1

o0
op(D) =inf{oc e R: Z % is convergent and bounded in [Res > o]},

n=1
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Abscissas of convergence

oc(D)=inf{c eR: Z % is convergent in [Res > o]},

n=1

0a(D) =inf{oc e R: Z % is absolutely convergent in [Res > o]},

n=1

o
ou(D) =inf{c eR: Z % is uniformly convergent in [Res > o]},

n=1

o0
op(D) =inf{oc e R: Z % is convergent and bounded in [Res > o]},

n=1

0c(D) < o,(D) < 0,(D), sgp 04(D) —0c(D) = 1.
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The algebra H.(C.)

Definition
We denote by Ho.(Cy) the space of all Dirichlet D series which are
convergent on C and define a bounded holomorphic function there.

Introduction Multiple Dirichlet series 5/23



The algebra H.(C.)

Definition
We denote by Ho.(Cy) the space of all Dirichlet D series which are
convergent on C and define a bounded holomorphic function there.

Endowed with the norm ||D||sc = SUPRe 5.0 |> e
is a Banach algebra.

, the space Hoo(Cy)

n1n5
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The algebra H.(C.)

Definition
We denote by Ho.(Cy) the space of all Dirichlet D series which are
convergent on C and define a bounded holomorphic function there.

Endowed with the norm ||D||sc = SUPRe 550 |>neq 2|, the space Hoo(C)

is a Banach algebra.

Theorem
For every Dirichlet series D, o,(D) = op(D). J
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Bohr's fundamental result

Theorem

Let D(s) = > .2 2 be a Dirichlet series and o > 0. Suppose that D is
convergent in [Re > o] to an analytic function f, which is bounded on C
and f(s) = D(s) in [Re > o]. Then D € H(C4) and, for every 6 > 0, D
converges uniformly to f in [Re > ¢]. Furthermore, for every 6 > 0 there
exists cs > 0 only dependent on § such that

M an log M
f(s)—ZF <c

sup <G5
n=1 M

Re s>§

[1]oo-
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© Convergence of multiple Dirichlet series
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Convergence of multiple series

Definition
A k-multiple Dirichlet series is a series of the form

aml,...,mk
S1 Sy 7
ml oo mk

my,...,mg=1

where {am, . m,} C Cis the k-multiple sequence of coefficients of the
series, and si,..., s, € C are complex variables.
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Convergence of multiple series

Definition
A k-multiple Dirichlet series is a series of the form

dmy,...,mi
S1 Sy 7
ml e mk

my,...,me=1

where {am, . m,} C Cis the k-multiple sequence of coefficients of the

series, and si,..., s, € C are complex variables.

Definition

We say that a k-multiple series is convergent to S if for every € > 0 we
can find My € N such that min{my, ..., mg} > My implies

|Smy,....me — S| < €, where sp, _m, denotes the partial sum of the series
and S is the sum of the series.
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Cauchy condition for multiple series

Condition 1
For every ¢ > 0 we can find Mg € N : min{n;} > My implies

P1 Pk
Z e Z aml,...,mk < 57 pJ Z nj7 1 S./ S k.
mi=n; my=ny
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Cauchy condition for multiple series

Condition 1
For every € > 0 we can find My € N: min{n;} > My implies

p1 Pk
S > amm| <6 p=n, 1<j<k

mi=n; my=ny

e Y e N e
O O O] O] ©Of =
o O O O] O —
o O O O] O —
o O O O] O —
o O O O] O —
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Counterexamples

The double series defined by:

0 0 1 2 3 4
0 0|-1}-2|-3| -4
1]-1 0 0 0 0
2| =2 0 0 0 0
3| -3 0 0 0 0
4| —4 0 0 0 0

is convergent but neither {am »} nor {sm n} is bounded.

Convergence of multiple Dirichlet series Multiple Dirichlet series 9 /23



Counterexamples

The double series defined by:

0 0 1 2 3 4
0 0|-1}-2|-3| -4
1]-1 0 0 0 0
2| =2 0 0 0 0
3| -3 0 0 0 0
4| —4 0 0 0 0

is convergent but neither {am »} nor {sm, »} is bounded. Moreover, the
row-subseries and column-subseries are not convergent.
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Regular convergence and restricted convergence

Definition

We say that a k-multiple series is regularly convergent if it is convergent
and all of its j-dimensional subseries are convergent, where a j-dimensional
subseries is a series of the same multiple sequence in which we take the

sum over j indexes m;, ..., mj, where the other indexes my,,..., my,_.
remain fixed.
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Regular convergence and restricted convergence

Definition

We say that a k-multiple series is regularly convergent if it is convergent
and all of its j-dimensional subseries are convergent, where a j-dimensional
subseries is a series of the same multiple sequence in which we take the
sum over j indexes m;, ..., mj, where the other indexes my,,..., my,_.
remain fixed. )

Definition

We say that a k-multiple series converges in a restricted sense if for every
€ > 0 there exists Mg > 0 : max{n;} > My implies

P1 Pk
Z T Z aml,...,mk <€ P_/ Z nj7 1 SJ S k.
mi=m my=ny
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Regular convergence and restricted convergence

Theorem

A k-multiple series converges regularly if and only if it converges in a
restricted sense.
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Regular convergence and restricted convergence

Theorem

A k-multiple series converges regularly if and only if it converges in a
restricted sense.

Problems solved:

@ Boundedness of terms and partial sums.
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Regular convergence and restricted convergence

Theorem

A k-multiple series converges regularly if and only if it converges in a
restricted sense.

Problems solved:
@ Boundedness of terms and partial sums.

@ Existence of row and column subseries.

© > 1Dt @mn = Z(r)no,nzl Amn = Dope1 Dome Amn-
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Convergence of multiple Dirichlt series

Theorem
Let D(s1y---35k) = Dy 2ruesme pe g k-multiple Dirichlet series

mil,,..,mk
which converges regularly at (31, ...,$k). Then it converges regularly and
uniformly on the angular region

Sé’,‘:{(sl,...,sk):|Arg(s;—§;)]§a<§,1§i§k}.
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Convergence of multiple Dirichlt series

Theorem

Let D(s1y---35k) = Dy r:'s"ll—,r'r"'kr be a k-multiple Dirichlet series
L) 1 geees My

which converges regularly at (31, ...,$k). Then it converges regularly and

uniformly on the angular region
Sk={(s1,...,s) : |Arg(si — §)| <a< 3,1 <i<k}.

Corollary

Let D(s1y---35k) = Dy H be a k-multiple Dirichlet series
30ty 1 geees My

which converges regularly at (31, ...,$k). Then it converges regularly on

the product of complex half-planes [Res; > Re §1] x --- x [Resx > Resy].

Convergence of multiple Dirichlet series Multiple Dirichlet series 12 /23



© The algebras Ho(CK)
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Definitions and elemental consequences
Definition

For every k € N, Hoo(Ci) is the space of all k-multiple Dirichlet series

that are regularly convergent on (Cf‘Ir to a bounded holomorphic function
f € Hoo(CK).

The algebras H oo (C
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Definitions and elemental consequences
Definition

For every k € N, Hoo((Ci) is the space of all k-multiple Dirichlet series

that are regularly convergent on (Cf‘Ir to a bounded holomorphic function
f € Hoo(CK).

@ For every m € N and every t € C,,

[e.e]

amn 1 dmn 1

§ : - = = —am(t) converges.
msnt ms nt ms

n=1 n=1
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Definitions and elemental consequences
Definition

For every k € N, Ho(CX) is the space of all k-multiple Dirichlet series

that are regularly convergent on (Cf‘Ir to a bounded holomorphic function
f € Hoo(CK).

@ For every m € N and every t € C,,
o0

amn 1 dmn 1

§ : - = —am(t) converges.
msnt ms nt m*

n=1 n=1

@ For every n € N and every s € C,

amn 1 amn 1
E et = ot e Fﬁ"(s) converges.
m=1 m=1

The algebras H oo (C
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The vector-valued perspective

D:(s) =

- Z ::;t Zﬁn(s = Ds(t)

m=1 m,n=1
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The vector-valued perspective

e}

- Z nirsn;t Zﬁn(s = Ds(t)

m=1 m,n=1

D:(s) =

® |lam|loc < [[Dlloos [|Balloc < [[Dlloc, Ym, n €N,
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The vector-valued perspective

o
=y o
- msnt

m=1 m,n=1

D:(s) =

Z ﬁn(S = D(t)

® |lam|loc < [[Dlloos [|Balloc < [[Dlloc, Ym, n €N,

® |[Ds[loo < [IDlloos lIPelloc < [[Dl]oo; Vs, t € Cy..

Therefore

Qm, Bny Ds, Dt € Hoo(C1) VmyneN, Vs, t € C,.
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The vector-valued perspective

DIl
m=1 m,n=1

® [[amlloo < |[Dllocs [|Bnlloc < |[Dlloc, Ym,n €N,
® [[Dslloc < [[Dlloo; ||Dtlloc < |IDlloc; Vs, t € Cy.

Therefore

Qm, Bny Ds, Dt € Hoo(C1) VmyneN, Vs, t € C,.

V:Hoo(C) = Hoo(Cy, Hoo(Cy))

is an isometry into.
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Vector-valued results

Theorem

Let X be a Banach space. Let D(s) =", 22 be a Dirichlet series with
coefficients {a,} C X and o > 0. Suppose that D is convergent on

[Re > o] to a function f : CL — X, f € Hoo(C4, X), such that

f(s) = D(s) in [Re > o]. Then D € H~(C, X) and, for every 6 > 0, D
converges uniformly to f in [Re > §]. Furthermore, for each § > 0 there
exists cs > 0 only dependent on § such that

N

> 22— f(s)

n=1

log N

sup N

Re s>0

<c¢s

[1]oo-

X
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Vector-valued results

Theorem

Let X be a Banach space. Let D(s) =", 22 be a Dirichlet series with
coefficients {a,} C X and o > 0. Suppose that D is convergent on

[Re > o] to a function f : CL — X, f € Hoo(C4, X), such that

f(s) = D(s) in [Re > o]. Then D € H~(C, X) and, for every 6 > 0, D
converges uniformly to f in [Re > §]. Furthermore, for each § > 0 there
exists cs > 0 only dependent on § such that

N

> 22— f(s)

n=1

log N

sup N

Re s>0

<c¢s

[1]oo-

X

X =Heo(Cs),  D(s)=) %m.
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Vector-valued results

Lemma

Let F € Hoo(Cy, Hoo(C4)). Write

F(s)(t) = # (Z a{:}") ,am(t) = ar';’t" € Hoo(Cy)
m=1 n=1 n=1

and F(s)=>_0"_, %2 Then for every 6 >0

m=1 ms

mesnt

M N
Z Z ™ converges to F(s)(t)
m=1 n=1

uniformly on [Re > 6]°.
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The isometry is bijective

Lemma

Let F € Hoo(Cy, Hoo(C4)). Write

F(s)(t) = Z # (Z a[:?) , am(t) = Z a,r:n Hoo(C4)

m=1 n=1 n=1

and F(s) = 1 9m If Bn(s) = D ooy 222, then By € Hoo(Cy).
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The isometry is bijective

Lemma

Let F € Hoo(Cy, Hoo(C4)). Write

F(s)(t) = Z # (Z a[:?) , am(t) = Z a[r;m Hoo(C4)

m=1 n=1 n=1

and F(s) = 1 9m If Bn(s) = D ooy 222, then By € Hoo(Cy).

Theorem
V:Ho(Cl) = HoolCy, Hoo(Cy))

is a bijective isometry.
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Hoo(C2%) is Banach.

Corollary

If a double Dirichlet series D is absolutely convergent in
[Re > 1] x [Re > 07] to a function f € H.(C3), then it converges
uniformly to f in [Re > 6]? and D € H(C?).
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Hoo(C2%) is Banach.

Corollary

If a double Dirichlet series D is absolutely convergent in
[Re > 1] x [Re > 07] to a function f € H.(C3), then it converges
uniformly to f in [Re > 6]? and D € H(C?).

Theorem

Hoo(C3) is a Banach space.

The algebras H oo (C Multiple Dirichlet series 18 / 23




© The isometries of H.(CX) and A(CK)

The isometries of H oo 4 Multiple Dirichlet series



The spaces A(Ck)

Definition
We denote by A(CX) the set of all k-multiple Dirichlet series which are
regularly convergent on (Ci and define uniformly continuous functions on

3
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The spaces A(Ck)

Definition

We denote by A(CX) the set of all k-multiple Dirichlet series which are

regularly convergent on (Ci and define uniformly continuous functions on
k
Ci.

Theorem

For every k € N, A(CK) is a closed subspace of Ho(CX). Moreover,

f € A(CX) if and only if it is the uniform limit of a multiple sequence of
Dirichlet polynomials.

The isometries of H oo (C
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The spaces A(Ck)

Definition
We denote by A(CX) the set of all k-multiple Dirichlet series which are

regularly convergent on (Cf‘|r and define uniformly continuous functions on
k
Ci.

Theorem

For every k € N, A(CK) is a closed subspace of Ho(CX). Moreover,
f € A(CX) if and only if it is the uniform limit of a multiple sequence of
Dirichlet polynomials.

Au(Bcok), the algebra of bounded holomorphic functions that are the
uniform limit of a multiple sequence of multiple polynomials defined in the
unit ball of ¢p.
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Bohr's Lemma

m=p{t-..per =p% where a=(ai,...,a,0,...) € N},
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Bohr's Lemma

m=p{t-..per =p% where a=(ai,...,a,0,...) € N},
M oa
m _ e
ZF == Z apaz . (4.1)
m=1 o |[|1<pr<m
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Bohr's Lemma

m=p{t-..per =p% where a=(ai,...,a,0,...) € N},

M
Z Fm = Z agez®|| . (4.1)

) 1<p><M

[e.e]
Lemma
My My
aml,...,mk
RSUpo e msl msk
es;j> _ _ 1 g
1<'§k my 1 my 1

—_— Sup E e E apaly.”’paszl ... Zl?k

7eD™ ™) l1<cpar<m,  1<pk<M,
1<j<k
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Montel's Theorem for H..(CX)

Lemma

Let k € N and suppose {D,} is a bounded sequence in Ho.(CX). Then
there exists a function D € Ho(CK) and a subsequence {D,,} that
converges uniformly to D on [Re > 8] for every § > 0.
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Montel's Theorem for H..(CX)

Lemma

Let k € N and suppose {D,} is a bounded sequence in Ho.(CX). Then
there exists a function D € Ho(CK) and a subsequence {D,,} that
converges uniformly to D on [Re > 8] for every § > 0.

Theorem

The spaces ’Hoo((Ci), k € N, are all isometrically isomorphic to Huo(Bg,)
and the spaces A(Cf‘F) are all isometrically isomorphic to A,(Bg,).
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Sketch of the proof of the isometry
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Sketch of the proof of the isometry

o c§ and ¢y isometrically isomorphic,

° HOO(BC(/;) isometrically isomorphic to Hu(Bg,)-
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Sketch of the proof of the isometry

o c§ and ¢y isometrically isomorphic,
° HOO(BCS) isometrically isomorphic to Hu(Bg,)-

o We will show: Ho(CX ) isometrically isomorphic to HOO(BCS), and the
same for A(CK) and .AU(BC(;;)
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Sketch of the proof of the isometry

o c§ and ¢y isometrically isomorphic,
° HOO(BCOk) isometrically isomorphic to Hu(Bg,)-

o We will show: Ho(CX ) isometrically isomorphic to Hoo(Bcé): and the
same for A(CK) and .AU(BC(;;)

e Using the characterizations of AU(BCé) and A(CK),
B, : AU(BCS) — A(CK) is a bijective isometry.
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Sketch of the proof of the isometry

o c§ and ¢y isometrically isomorphic,

° HOO(BCOk) isometrically isomorphic to Hoo(Bg,).

o We will show: Ho(CX ) isometrically isomorphic to HOO(BCS), and the
same for A(CK) and .AU(BC(;;)

e Using the characterizations of AU(BCé) and A(CK),
B, : AL,(BCS) — A(CK) is a bijective isometry.

e Using Montel's Theorem for Ho,(Ck), B Hoo(Bc(’;) — Hoo(CK) is a
bijective isometry.
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Final remarks

Corollary

The spaces ’Hoo((Ci) are all isometrically isomorphic independently from
the dimension, and the same holds for the spaces A(CK).
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Multiple Dirichlet series

23 /23
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Corollary

The spaces ’Hoo(Ci) are all isometrically isomorphic independently from
the dimension, and the same holds for the spaces A(CK).

o Does not need Montel's Theorem for H(CK).
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Final remarks

Corollary

The spaces ’Hoo(Ci) are all isometrically isomorphic independently from
the dimension, and the same holds for the spaces A(CK).

o Does not need Montel's Theorem for H(CK).
.D(517"'75k)=f(1 ’p%k)

pTl,...
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Final remarks

Corollary

The spaces ’Hoo(Ci) are all isometrically isomorphic independently from
the dimension, and the same holds for the spaces A(CK).

o Does not need Montel's Theorem for H(CK).

o D(st,-..,s6) = F(h, - 5h0).

@ You can obtain Montel's Theorem for Ho,(CX ) as a corollary.
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Final remarks

Corollary

The spaces ’Hoo((Ci) are all isometrically isomorphic independently from
the dimension, and the same holds for the spaces A(CK).

o Does not need Montel's Theorem for H(CK).

o D(st,-..,s6) = F(h, - 5h0).

@ You can obtain Montel's Theorem for Ho,(CX ) as a corollary.

Thank you for your attention!
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