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Bishop-Phelps Theorem

Theorem (E. Bishop and R.R. Phelps (1961))

Let C be a closed bounded convex set in a real Banach space X . Then the
set of linear functionals that attain their maximum on C is dense in X ∗.

In particular, the set of all norm-attaining linear functionals on a Banach
space X is dense in the dual space X ∗.

V. Lomonosov (2000)

The Bishop-Phelps theorem cannot be extended to general complex
Banach spaces by constructing a closed bounded convex set with no
support points.
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Norm Attaining Mappings

X , Y = Real or Complex Banach Space
Let SX and BX be the unit sphere and closed unit ball of X , respectively.

T ∈ L(X ,Y ) attains its norm if there is x0 ∈ SX such that
‖T (x0)‖ = ‖T‖.

NA(L(X ,Y )) = Set of all norm-attaining linear mappings from X into Y .

Question.

Is the set NA(L(X ,Y )) dense in L(X ,Y ) ?
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Norm Attaining Mappings

(Lindenstrauss, 1963)
Counterexamlpe: X= c0, Y = Equivalently Renormed Space c0 to be
Strictly Convex.

The Question is too general to have a reasonably complete solution.

A Banach space X has property (A) if NA(L(X ,Y )) is dense in L(X ,Y )
for every Banach space Y .

A Banach space Y has property (B) if NA(L(X ,Y )) is dense in L(X ,Y )
for every Banach space X .

Question. (The Most Irritating Open Problem)

Does the 2-dimensional Euclidean space R2 have property (B) ?
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Norm Attaining Mappings

Theorem (J. Bourgain (1977))

A Banach space X has the Radon-Nikodym Property if and only if every
Banach space isomorphic to X has property (A).

Examples with RNP : (1) Reflexive spaces (2) Separable Duals (3) WCG
Duals (4) Locally Uniformly Convex Space (5) l1(I ), I , any set

There are Banach space with property (A) without RNP, hence property
(A) is not equivalent to RNP:

The renormed space c0 to have property (α)
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Nonlinear Version of Bourgain’s Result

Theorem (C. Stegall (1978))

Let X be a Banach space with RNP, D be a bounded closed convex subset
of X and f : D → R be an upper semicontinuous bounded above function.
Then for ε > 0, there exists x∗ ∈ X ∗ such that ‖x∗‖ < ε and f + x∗,
f + |x∗| strongly expose D.

Applying this result to a vector-valued case, he showed the following.

Theorem (C. Stegall (1978))

Let X be a Banach space with RNP, D be a bounded closed convex subset
of X , and Y be a Banach space. Suppose that ϕ : D → Y is a uniformly
bounded function such that the function x → ‖ϕ(x)‖ is upper
semicontinuous. Then, for δ > 0, there exist T : X → Y a bounded linear
operator of rank one, ‖T‖ < δ such that ϕ+ T attains its supremum in
norm on D and does so at most two points
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Bishop-Phelps-Bollobás Property

The Bishop-Phelps theorem (Bishop and Phelps, 1961 )

Theorem

The set of norm-attaining functionals on a Banach space X is dense in its
dual space X ∗.

Bollobás (1970) sharpened the Bishop-Phelps theorem, which is concerned
with the study of simultaneously approximating both functionals and
points at which they almost attain their norms by norm-attaining
functionals and points at which they attain their norms.

Theorem (Bollobás, 1970)

For ε > 0, if x ∈ BX and x∗ ∈ SX∗ satisfy |1− x∗(x)| < ε2

4 , then there are
y ∈ SX and y∗ ∈ SX∗ such that y∗(y) = 1, ‖y − x‖ < ε and
‖y∗ − x∗‖ < ε.
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Bronsted-Rockafellar Theorem

Theorem (Bronstead-Rockafellar Theorem, PAMS,
1965)

Suppose that f is a convex proper lower semicontinuous function on the
Banach space X . The given any point x0 ∈ dom(f ), ε > 0, λ > 0 and any
x∗0 ∈ ∂εf (x0), there exist x ∈ dom(f ) and x∗ ∈ X ∗ such that

x∗ ∈ ∂(f ), ‖x − x0‖ ≤
ε

λ
, and ‖x∗ − x∗0‖ ≤ λ.

In particular, the domain of ∂f is dense in dom(f ).
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Bishop-Phelps-Bollobás Property

Definition (Acoasta, Aron, Garćıa and Maestre, JFA
2008)

We say that the couple (X ,Y ) satisfies the Bishop-Phelps-Bollobás
property for operators (BPBp for short), if given ε > 0 there exists
η(ε) > 0 such that for T ∈ SL(X ,Y ), if x0 ∈ SX is such that
‖Tx0‖ > 1− η(ε), then there exist a point u0 ∈ SX and an operator
S ∈ SL(X ,Y ) that satisfy the following conditions :

‖Su0‖ = 1, ‖x0 − u0‖ < ε and ‖T − S‖ < ε.

They showed that if a Banach space Y has property (β), then the couple
(X ,Y ) has the BPBp for every Banach space X .
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The Bishop-Phelps-Bollobás version of
(Lindenstrauss) properties A and B

Recall that J. Lindenstrauss introduced the following two properties.

A Banach space X is said to have Lindenstrauss property A
if NA(X ,Z ) = L(X ,Z ) for every Banach space Z .

A Banach space Y is said to have Lindenstrauss property B
if NA(Z ,Y ) = L(Z ,Y ) for every Banach space Z .

Definition

Let X and Y be Banach spaces.
We say that X is a universal BPB domain space
if for every Banach space Z , the pair (X ,Z ) has the BPBp.

We say that Y is a universal BPB range space
if for every Banach space Z , the pair (Z ,Y ) has the BPBp.
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The Bishop-Phelps-Bollobás version of
(Lindenstrauss) properties A and B

Recall the result of Bourgain:

Theorem (J. Bourgain (1977))

A Banach space X has the Radon-Nikodym Property if and only if every
Banach space isomorphic to X has property (A).

Theorem (R. Aron, C, S.K. Kim, H.J. Lee and M.
Martin, Transactions AMS 2015)

Every Banach space isomorphic to X is a universal BPB domain space if
and only if X is the basic field K = R or C
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Operators from `p(c0)→ Y

Theorem (Acoasta, Aron, Garćıa and Maestre, JFA
2008)

The couple (`1,Y ) satisfies the Bishop-Phelps-Bollobás property for
operators if and only if Y has the AHSP.

The following Banach spaces have the AHSP:

(a) a finite dimensional space, (b)a real or complex space L1(µ) for a
σ-finite measure µ,
(c)a real or complex space C (K ) for a compact Hausdorff space K , and
(d) a uniformly convex space.
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Operators from `p(c0)→ Y

Theorem (Acoasta, Aron, Garćıa and Maestre, JFA
2008)

The couple (`1,Y ) satisfies the Bishop-Phelps-Bollobás property for
operators if and only if Y has the AHSP.

Theorem (AGGM (TAMS, 2012), H.J Lee and S. K. Kim
(Canadian J. Math. 2013))

Let X be a uniformly convex Banach space. Then the couple (X ,Y ) has
the BPBp for every Banach space Y .
More precisely, given 0 < ε < 1, let 0 < η < ε

8+2εδ(ε). If T ∈ SL(X ,Y ) and
x ∈ SX satisfy

‖Tx0‖ > 1− η,

then there exist S ∈ SL(X ,Y ) and u0 ∈ SX such that ‖Su0‖ = 1,
‖S − T‖ < ε and ‖x0 − u0‖ < ε.
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2008)

The couple (`1,Y ) satisfies the Bishop-Phelps-Bollobás property for
operators if and only if Y has the AHSP.

Theorem (AGGM (TAMS, 2012), H.J Lee and S. K. Kim
(Canadian J. Math. 2013))

Let X be a uniformly convex Banach space. Then the couple (X ,Y ) has
the BPBp for every Banach space Y .
More precisely, given 0 < ε < 1, let 0 < η < ε

8+2εδ(ε). If T ∈ SL(X ,Y ) and
x ∈ SX satisfy

‖Tx0‖ > 1− η,

then there exist S ∈ SL(X ,Y ) and u0 ∈ SX such that ‖Su0‖ = 1,
‖S − T‖ < ε and ‖x0 − u0‖ < ε.

Yun Sung ChoiPOSTECH, Pohang, South Korea (The International Conference for the 70th Anniversary of KMS Seoul National University )Recent developments of optimization in a Banach space related with Bishop-Phelps(-Bolloaás) theoremOctober 20-23, 2016 16 / 24



Operators from `p(c0)→ Y

For 1 < p <∞, the couple (`p,Y ) ( (Lp(µ),Y ) ) has the BPBp for every
Banach space Y .

How about (`∞,Y ) or (c0,Y )?

[AAGM] For a uniformly convex space Y the couple (`n∞,Y ) has the
BPBp for every n ∈ N, but they raised a question

Question.

Does the couple (c0,Y ) have the BPBp for a uniformly convex space Y ?

Answer : Yes [Sun Kwang Kim, Israel J. Math. 2013].
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Operators from `p(c0)→ Y

Question.

Characterize a Banach space Y such that (c0,Y ) has the BPBp.

Theorem (Aron, Cascales, Kozhushkina, PAMS 2011)

Let L be a locally compact space. Then (X ,C0(L)) has the BPBp if X is
Asplund.
In particular, (c0,C0(L)) has the BPBp.

Theorem (Cascales, Guirao, and Kadets, Advances in
Math. 2012)

Let A be a uniform algebra. Then (X ,A) has the BPBp if X is Asplund.
In particular, (c0,A) has the BPBp.
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Thank you

Thank you for your attention !!
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