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Let E be a vector space, V,UC E, V C AU (A > 0).

Definition
The n" Kolmogorov's diameter of V' with respect to U is

5a(V,U):=inf{6 >0:3LC E,dim(L) < n, st. VCsU+L}.

Important property
If U is absolutely convex, V is precompact with respect to U iff

n(V,U) = 0if n— oo.
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Diametral dimension

Let E be a topological vector space (t.v.s.) and U be a basis of
0-nghbs.

Definition
The diametral dimension of E is

A(E) = {5 cCN YU eU, 3V e,V CU, st. £.0,(V,U) — 0}.

Properties
o A is a topological invariant: if E = F, then A(E) = A(F).
e If Eisanl.c.s.,
» if E is not Schwartz, A(E) = cp;

» if E is Schwartz, I, C A(E).
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Another diametral dimension
Definition
If E is a t.v.s. and U is basis of 0-nghbs,
Ap(E) = {g e CN ;YU € U, YBbounded, £,0,(B, U) — o} .
Reminder: A(E) = {g eCY VU eU, IV el st. £,0,(V, U) — 0}.
Remark: A(E) C Ay(E).

Open question (Mityagin):

‘ Do we have A(E) = Ap(E) in Fréchet spaces?
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A new characterization

Let E a Fréchet space.

Proposition
» If E is not Montel, » If E is not Schwartz,
Ab(E) = Q. A(E) = Q.

» If E is Montel, I, C Ap(E). » If E is Schwartz, I, C A(E).

Consequences

o If E is not Montel: A(E) = Ay(E) = ¢.
e If E is Montel but not Schwartz: A(E) = ¢y € Ay(E).

New open question:

Do we have A(E) = Ap(E) in Fréchet-Schwartz spaces? ‘
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Main result
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Main result

Notations
A®(E) = {g eV YU €U, IV €U, st. (£.00(V,U)), € ex} ,
AF(E) = {g € €Y VB bounded, YU € U, (£,04(B, U)), € Eoo} :

Theorem (2016, L.D., L. Frerick, J. Wengenroth)
If E is Fréchet-Schwartz, then A®(E) = A(E).
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Proof

We fix (Ux)k a decreasing basis of absolutely convex 0-nghbs in E
with Uxy1 precompact with respect to U.

e A®(E) C AP(E): OK!
o AF(E) C AX(E): fix £ € AP(E)\ A®(E):

3Im Yk > m, (£26n(Uk, Um)), ¢ foo

We define (nk)x 77 st |€n |00 (Uk, Um) > k.
» If k>m, AP, C Uy, #Pk < 00, S.t.

U Un+ P
|fnk| .

> B:=Usp Pr is bounded: j > m, BC (Upaie; Pr) U U
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Proof

> (€ AP(E): 3C > 0s.t. [£,,100,(B, Un) < C Vk.
» But

5n(B, Up) =inf{6>0:3LC E,dim(L) < n, st. BC §Up+ L}

For a fixed k > C +1, 3L C E s.t. dim(L) < ny and

BC & Un+ L
[€ny]
» Finally,
1 1 C+1
ng7Um+Pkg7Um+Bg Um+L
|£nk | |£nk | ‘gnk |

So C+1>&n,10n, (Uk, Un) > k. Impossible! W
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Main result

Theorem (2016, L.D., L. Frerick, J. Wengenroth)
If E is a Fréchet-Schwartz, then A®(E) = A°(E).
In particular, if A(E) = A>(E), then A(E) = Ap(E).
Fréchet-Schwartz spaces with A(E) = A>(E)
e Hilbertizable Fréchet-Schwartz spaces and, in particular,
nuclear Fréchet spaces (2016, L.D., L. Frerick, J. Wengenroth);
o Kothe-Schwartz sequence spaces (2017, F. Bastin, L.D.).
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Construction of counterexamples

Key idea
When every bounded set is finite-dimensional, then A,(E) = CMo.

Purpose

Construction of Schwartz spaces E with only finite-dimensional
bounded sets and A(E) # CMNo.

Theorem (2017, F. Bastin, L.D.)

There exists a family of Schwartz (or even nuclear) non-metrizable

spaces E for which
A(E) € Ao(E).
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Thank you for your attention!
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