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The LP-space of a vector measure

(Q2,X) Measure space
m: . — E Banach space-valued measure
(m, x*)(A) := (m(A), x*) control measure, x* € E*
Let f real or complex function. f € L}(m) if :
(1) f € L*(](m, x*)|) for every x* € E,
(2) there exists xo € E such that
(x0,x™) = /Q |f| d(m,x*) for every x* € E.

L*(m) is Banach and

TZ—— / IF] d(m, x").

X*GBE*
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The LP-space of a vector measure

Let 4 finite scalar measure and 0 < p < oc.

Z(p) B.f.s. (Banach function space) as Lindenstrauss-Tzaffiri.
Z(11)p) P-th power space of Z(u), i.e. its 1/p-covexification.
auasi-norm: [F] 7, = I1177] 74, Also Z() € Z(s)ys (p 2 1)
L*(m) is a B.f.s. over (m,x*), and LP(m) := L'(m)}1y.

S: Z(u) — Y linear operator, Z(11) o.c. (order continuous).

S always factors through L*(ms), where mg(A) := S(xa).

And sometimes S factors through LP(m7).

Orlando Galdames Bravo On p-summing operators that factor by LP of vector measure



Preliminaries and motivation The LP-space of a vector measure
The class of F), 4-factorable operators The class of p-th power factorable operators
Some examples and applications The operator ideal of (p, q)-factorable operators

The class of p-th power factorable operators

S: Z(p) — Y linear operator, Z(11) o.c..
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The class of p-th power factorable operators

S: Z(p) — Y linear operator, Z(11) o.c..

S p-th power factorable < it can be extended to Z(y),), i.e.

i) Ste]
50 Z(u) = Z(1)gp) = Y-
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The class of p-th power factorable operators

S: Z(p) — Y linear operator, Z(11) o.c..
S p-th power factorable < it can be extended to Z(y),), i.e.

i) Ste]
50 Z(u) = Z(1)gp) = Y-

Property 1

S p-th power factorable, then so is for g s.t. 1 < q < p.
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The class of p-th power factorable operators

S: Z(p) — Y linear operator, Z(11) o.c..

S p-th power factorable < it can be extended to Z(y),), i.e.

iip Sip)
§:Z(n) < Z(w)p = Y-

Property 1

S p-th power factorable, then so is for g s.t. 1 < q < p.

Property 2
(Okada, Ricker & Sanchez-Pérez, 2008)

inclusion/quotien

I(P)

S p-th power factorable < S: Z(u) LP(ms) X Y.
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The class of p-th power factorable operators
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The class of p-th power factorable operators

S: Z(1) — Y linear operator, Z(11) o.c..

s
=
MS p-th power factorable < J(p)l [/

S ms

LP(ms)—— L*(ms)
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The class of p-th power factorable operators

S: Z(1) — Y linear operator, Z(11) o.c..

2=

MS p-th power factorable < J(p)l [/
S ms

LP(ms)—— L*(ms)

Fo(Z(t),Y) := {p-th power factorable operators}
Fo(X, Z(p)) := {oper. with p-th power factorable adjoint}
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The class of p-th power factorable operators

S: Z(1) — Y linear operator, Z(11) o.c..
Y

S
A
Oorollary B¢ _th power factorable < J(p)l [/
S ms

LP(ms)—— L*(ms)

Fo(Z(t),Y) := {p-th power factorable operators}
Fo(X, Z(p)) := {oper. with p-th power factorable adjoint}

Laplace transform: (Galdames-Bravo, 2017)
1<q<2<p<oo LP(0,00) C LP(mg) 5 L9(hdx), £ is r-th
power factorable for r € [p/2, p).
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The class of p-th power factorable operators

S: Z(u) — Y linear operator, Z(1) o.c..

s
Corollar orable < v f
-5 p-th power factorabl J(")l {'
i ITIT

LP(m7)—— L'(mT)

Fo(Z(pt),Y) := {p-th power factorable operators}
Fo2(X, Z(p)) := {oper. with p-th power factorable adjoint}

Fourier transform: (Okada, Ricker & Sanchez-Pérez, 2008)
1<p<2 Fp: LP(G) — co(I) is r-th power factorable for r € [1, p].
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The class of p-th power factorable operators

S: Z(u) — Y linear operator, Z(11) o.c..

Z(p) —>——=Y
Corollary I 5, th power factorable < J(p)l [/
T mT

LP(m7)—— L'(mT)

Fo(Z(1t),Y) := {p-th power factorable operators}
Fo2(X, Z(p)) := {oper. with p-th power factorable adjoint}

Hardy operator adjoint: (Galdames-Bravo & Sanchez-Pérez)
1<p<g<oo H:LP[0,1] — L90,1], H* is r-th power factorable
for r € [1,2q).
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The class of p-th power factorable operators

S: Z(u) — Y linear operator, Z(11) o.c..

Corollar = £ 5 i
Corollery ]S p-th power factorable wl ['
T T

LP(m7)—— L'(mT)

Fo(Z(1t),Y) := {p-th power factorable operators}
Fo2(X, Z(p)) := {oper. with p-th power factorable adjoint}

Convolution operator adjoint:
1<p<oo. Gy LP(G) — LP(G), Cfiis p'/r-th power factorable for
re(1,p).
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The operator ideal of (p, g)-factorable operators

They come from p-summing operator theory. As a generalization
of p-integral operators, which are always p-summing.

Characterization: 1/p+1/q >1
X

Ty <, y= Lp4(X,Y) Banach operator ideal

b
with a, o(T) = inf ||S]|[|/||[|R]|.
L ()t 1o(p) pal(T) ISIIIRI

(1) Lpg(X,Y)C L, s(X,Y) for p<r<ooand g<s < 0.
(2) Loa(X,Y) = Tp(X, Y) C N,(X, Y).
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The operator ideal of (p, g)-factorable operators

They come from p-summing operator theory. As a generalization
of p-integral operators, which are always p-summing.

Characterization: 1/p+1/q >1
X Ty <, y= Lp4(X,Y) Banach operator ideal

1
with a, o(T) = inf ||S]|[|/||[|R]|.
L ()t 1o(p) pal(T) ISIIIRI

(1) Lpg(X,Y)C L, s(X,Y) for p<r<ooand g<s < 0.
(2) L,1(X,Y)=TI,(X,Y) C My (X, Y).

We need some extrapolation for the indexes of £, 4.
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Extrapolation from classical theory

Obviously: for suitable X and Y,
there are p-summing operators in L, (X, Y)
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Extrapolation from classical theory

Obviously: for suitable X and Y,
there are p-summing operators in L, (X, Y)

Maurey-Rosenthal’s Factorization Theorem
X and Y Banach lattices.

T € L(X,Y) p-convex (g-concave) and Y p-concave (X g-convex)
= T: X —=>LP(u) > Y (T: X = LI(n) = Y).
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Extrapolation from classical theory

Obviously: for suitable X and Y,
there are p-summing operators in L, (X, Y)

Maurey-Rosenthal’s Factorization Theorem

X and Y Banach lattices.

T € L(X,Y) p-convex (g-concave) and Y p-concave (X g-convex)
= T: X —=>LP(u) > Y (T: X = LI(n) = Y).

Corollary

f1<r<p, 1<s<gq, X r'-convex and Y s-concave. Then

= L} (X, Y)=LE(X,Y).
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Extrapolation from classical theory

Maurey's Extrapolation Theorem, '74
Mu(X,P) =T, (X, 0P)for 1 <r < p<oo=TMyX,Y)=M(X,Y)
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Extrapolation from classical theory

Maurey's Extrapolation Theorem, '74
Mu(X,P) =T, (X, 0P)for 1 <r < p<oo=TMyX,Y)=M(X,Y)

Corollary

fl<r<p<oo, 1<s<gqg<oo MiX,¢')="Ny(X,¢") and
Mo (X, ¢5) = My /(X, ¢*). Thanks to Kwapien representation ('72)
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Extrapolation from classical theory

Maurey's Extrapolation Theorem, '74
Mu(X,P) =T, (X, 0P)for 1 <r < p<oo=TMyX,Y)=M(X,Y)

Corollary

fl<r<p<oo, 1<s<gqg<oo MiX,¢')="Ny(X,¢") and
Mo (X, ¢5) = My /(X, ¢*). Thanks to Kwapien representation ('72)

= (ﬁpvq = D:Cq’ = ( (cjyu/al © np’)* = ( §7a| © I_I,/)* = E“) (X, Y)'
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Jp q-factorable operator

X and Y Banach spaces, T € £(X,Y) and p,q € [1,0).
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Jp q-factorable operator

X and Y Banach spaces, T € £(X,Y) and p,q € [1,0).
T F,q-factorable: If there is p finite,
Z(u) o.c. Fatou with o.c. dual B.fs.
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Jp q-factorable operator

X and Y Banach spaces, T € £(X,Y) and p,q € [1,0).
T F,q-factorable: If there is p finite,

Z(u) o.c. Fatou with o.c. dual B.fs.

R e 73®'(X,Z(1)) and S € Fp(Z(p), Y**) such that
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Jp q-factorable operator

X and Y Banach spaces, T € £(X,Y) and p,q € [1,0).
T F,q-factorable: If there is p finite,

Z(u) o.c. Fatou with o.c. dual B.fs.

R e 73®'(X,Z(1)) and S € Fp(Z(p), Y**) such that

ky cT=SoR.

X T oy [y
k\ /
Z(1)
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Extrapolation from F,,

From definition and characterization

kyOT

/l\ ,/1\

Ll(mR*) (_>Lq Ll(ms)
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Extrapolation from F,,

From definition and characterization

[ (mg-)* "~ L9(m = LY(ms)

(1) Foq(X,Y) C Fs(X,Y) for1 <r<pandl1l<s<q.
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Extrapolation from F,,

From definition and characterization

vl DN, AT 1 \
LY (mg-)* QL‘? = [Y(ms)

(1) FoqX,Y) C Fs(X,Y)for1<r<pand1<s<q.
(2) 1/pr+1/qr>1= L£,(X,Y) C Fra(X, Y)
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Extrapolation from F,,

From definition and characterization

vl DN, AT 1 \
LY (mg-)* QL‘? = [Y(ms)

(1) FoqX,Y) C Fs(X,Y)for1<r<pand1<s<q.
(2) 1/pr+1/qr>1= L£,(X,Y) C Fra(X, Y)

A natural (and open) question:
When L9(mg-) = L5(v) or R factors through L°(v)?
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Extrapolation from F,,

From definition and characterization

vl DN, AT 1 \
LY (mg-)* QL‘? = [Y(ms)

(1) Foq(X,Y) C Fs(X,Y) for1 <r<pandl1l<s<q.
(2)1/pr+1/qr>1= L, (X, Y) C F. (X, Y)

For example: (S. Okada, W. J. Ricker, L. Rodriguez-Piazza, 2002)
L9(mg-) = L9(|mg-|) when R is compact.
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Application to extrapolation in L, 4

The LP-space of a vector measure

The class of p-th power factorable operators

The operator ideal of (p, g)-factorable operators

Extrapolation from classical theory
Fp.q-factorable operator
Extrapolation from F, .
© Some examples and applications

@ Kernel operators

@ Convolution type operators

@ Application to extrapolation in £, 4

m]

=

DA



(Q,%, 1) measure space. Kernel function: K € L*(u ® p).
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Kernel operators

(Q, %, 1) measure space. Kernel function: K € [1(u ® p).
Kernel operator: Txf(x) := [, K(x,y)f(y) du, f p-measurable.
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Kernel operators

(Q, %, 1) measure space. Kernel function: K € [1(u ® p).
Kernel operator: Txf(x) := [, K( (y) du, f p-measurable.

(Galdames-Bravo & Sanchez-Pérez)
1/r=1/p+1/s. H||K("y)H/—‘7(u)||L5/f(u) < 00. Then
Tk: LP() — L9(u) is r-th power factorable.
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Kernel operators

(Q, %, 1) measure space. Kernel function: K € [1(u ® p).

Kernel operator: Txf(x) := [, K( y) du, f p-measurable.

(Galdames-Bravo & Sanchez-Pérez)
1/r=1/p+1/s. H||K(.,y)HLq(u)HLS/r(H) < 00. Then
Tk: LP() — L9(u) is r-th power factorable.

Corollary

F and H kernel functions and1l/r=1/w+1/u,1/s=1/w+1/v.
= Ja F( (z,y) dua(2). [[IIFC ¥ Lo < 00 and

Lo/ (pu)
HIIH( ’-)IILpf(,L) < 00. Then T € Fs(LP(n), L9(n)).

LY/5 ()
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Kernel operators
Convolution type operators
Application to extrapolation in L,

Convolution type operators

(Okada, Ricker & Sanchez-Pérez)
l<ru<p l/u+1l/r=1/p+1 hel'(G)\LP(G)
Ch: LP(G) — LP(G) is p/u-th power factorable.
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Convolution type operators

(Okada, Ricker & Sanchez-Pérez)
l<ru<p l/u+1l/r=1/p+1 hel'(G)\LP(G)
Ch: LP(G) — LP(G) is p/u-th power factorable.

Corollary

l<u<d,u<vst 1l/u+1l/g=1/v+1
g€ L9(G)\ LY(G) and f € L}(G). Then
Crig = Cro Cg € Fru v (LY(G), LY(G))
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Convolution type operators

(Okada, Ricker & Sanchez-Pérez)
l<ru<p l/u+1l/r=1/p+1 hel'(G)\LP(G)
Ch: LP(G) — LP(G) is p/u-th power factorable.

Corollary

l<u<d,u<vst 1l/u+1l/g=1/v+1

g€ L9(G)\ LY(G) and f € L}(G). Then

Cf*g = Cf ¢} Cg € ./—‘.17u//v/(Lu(G), Ll(G))

Crig = Tk for K(x,y) := / f(x —z)g(z—y) du(z), as
G

in the previous corollary.
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Conditions for extrapolation in £, 4

(Galdames-Bravo)
(1) 1/pr+1/qs > 1 = L, q(F,0%) C Lyy(C5 "),
1<w<2<t<oo, l<u<randl<v<s,
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Conditions for extrapolation in £, 4

(Galdames-Bravo)
(1) 1/pr+1/qs > 1 = L, q(F,0%) C Lyy(C5 "),
1<w<2<t<oo, l<u<randl<v<s,

Let us denote F (X, Y) if Z(u) is r-convex and r-concave.
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(Galdames-Bravo)
(1) 1/pr+1/qs > 1 = L, q(F,0%) C Lyy(C5 "),
1<w<2<t<oo, l<u<randl<v<s,

Let us denote F (X, Y) if Z(u) is r-convex and r-concave.

(2) 1/pr + 1/gs = 1 = L,4(X,Y) = FP (X, Y).
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Conditions for extrapolation in £, 4

(Galdames-Bravo)
(1) 1/pr+1/qs > 1 = L, q(F,0%) C Lyy(C5 "),
1<w<2<t<oo, l<u<randl<v<s,

Let us denote F (X, Y) if Z(u) is r-convex and r-concave.

(2) 1/pr + 1/gs = 1 = L,4(X,Y) = FP (X, Y).

Corollary

uell,pl, vel[l,q]st. 1/pu+1/qu>1,r€fu,p], s €|v,q]st.
1/rt +1/sw=1and F{ (X,Y) C FL(X,Y) (c € [pu,(qv)])

= £p,q(X7Y) g Lr,S(X>Y)‘
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