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1 measure on the the measure space (2, A, 1)

Lo(Q) = L9(Q, A, 1) , p-measurable real valued functions on Q
L% (22) non-negative functions from L°(Q).

Ly = Li(), [fll1, Loo = Loo(R2), Il

Ly + Loo (), [l 4 L) = Inf{lI G+ + |Alloc - f = g+ h} < o0
Ly 1 Loo (), [1ll Ly () = max{[If]l1, [[flloc } < o0.

A Banach function space E over (2, .A), is a complete vector space
E c L%(Q) equipped with a norm || - || such that if 0 < f < g, where
ge EandfeL%Q),thenfe Eand|flle <|glle-

The space E satisfies the Fatou property whenever for any
feL°Q),f, € Esuchthatf, 1 fa.e. and sup||fy||g < oo it follows
that f € E and ||falle T |If]le-

distribution of f with respect to 1, df'(s) = p{|f| > s}, s > 0, and its
decreasing rearrangement **(t) = inf{s > 0: df(s) < t},

0 <t<pu().

f, g are equimeasurable (with respect to the measures p and v) if
ay'(s) = dg(s), s > 0; equivalently, f* = g*v.
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A Banach function space E is symmetric space (with respect to u)
whenever ||f|| g = ||g||e for every u-equimeasurable functions f, g € E.

fundamental function of a symmetric space E is ¢g(t) = ||xalle,
u(A) = t.

support of the symmetric space E is the entire set Q whenever
xa € E forany A € A with u(A) < cc.

Hardy-Littlewood order f < gfor f,g € Ly + Loo(Q), [y * < [ g*
for every x € (0, u(Q)); (f+ g) < f* + g*.

E fully symmetric if E is symmetric and if for any f € L°(Q) and
g € E with f < gwe have that f € E and ||f||e < ||g]|e-

Kéthe dual space E’ of E is the set of f € L9(Q) such that

Iflle = sup {/ﬂ gl i - llglle < 1} < .

(E', |l - le") is Banach function space with the Fatou property. If E is
symmetric then E’ is fully symmetric, and

()
[fller = sup /0 ffg"dm:|glle <1,.

Anna Kaminska and Yves Raynaud Generalized Lorentz spaces and Kéthe duality



I=(0,a),0 < a< oo, LO=LO(1)

If Q@ =/and = mthen d" = dy, f* = ™.

weight function w : / — (0, c0) decreasing positive

measure on /, w = wdm, w(A) = [,wforAcC |

dy and ", distribution and decreasing rearrangement of f w. r.
to the measure w = wdm

t oo
W(t) :/ wdm, tel, W(0) :/ wdm if [=(0,00)
0 0

w is regular if W(t) < Ctw(t) forsome C>1andallt e/
Let b=w(l) = W(a) € (0,+occ] and J = (0, b)
Ifa=oothen /= (0,00)=J

J is equipped with the Lebesgue measure m

symbol E will always stand for a fully symmetric Banach function
space E c L°(J), support of E is equal to J
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weighted E space, E, C L° = L%()),
En={fcl®:"cE}, |fle, =If"e, f€Eq.

If f € LO(1) then f~% € LO(J). 1 < p < oo, then Ey, = (Lp)w is a
weighted L, space on (/,w). f € Eyy, = (Lp)w,

Il = ([ (Fmpam)'/2 = ([ 1Py amy'/
J
= ([ IfPa)’> = ([ 1Pwalm)'/e.
I i

Analogously for the Orlicz space E = L,(J), Ex = (L,)w is a
weighted Orlicz space associated with the Orlicz modular

[ ettmyam = [ (15 weim.

E,, is a Banach function space in L°(/), not symmetric w. r. to m,
isometrically order isomorphic to £ on (J, m).
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Lemma

Assume that W < oo on I. Then
(i) Every f € L° is equimeasurable with respect to w, to f o W= with
respect to m. Consequently,

(fo W—1)* _ f*’W.
(ii) f € L° belongs to E,, if and only if f o W= belongs to E, and then
Ifle, = lIfo W&

Consequently, E,, is an order ideal in L° and the map f +— fo W—!
induces an order isometry from E,, onto E.
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LORENTZ SPACES

generalized Lorentz space Ag , the symmetrization of £,
New=A{feL®:F By}, |fllrc, = Iflle,-

If W(t) =oofort>0,then Agw = {0} or Agw = Loo(/).

Assume that W < coon I.

If E =L,(J)is Orlicz space then Ag » = A, w is the Orlicz-Lorentz
space; [l = [fllc,..-

If o(t) =tP, 1 < p < oo, E = Lp(J) then Ag w = Ap.w is the Lorentz
space; [|f||a,, = (f, FPw)'/P.

If E = Loo(J) then Ey = Log(I) = Ag.w-
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Let W < > on .
(i) The support of Ng v is 1.

(i) Forall f € Ne w,
1fllne,, = I o W£.

(iii) The functional || - ||a.,, is @ norm, and the Lorentz space Ag v is
a fully symmetric Banach space. If E has the Fatou property
then Ne w has also this property.
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Proof.

(iii) DoW=1 < (1/2)W1, Dof(t) = f(t/2). fE Ngw = FFo W T € E,
and D>f € Ag w since D, is a bounded operator in E, and

(Dof)* o W1 = (Dof*) o W1 = o (1/2)WT)
< Fo(DW™)=Dy(fo W) € E.

f,geNew= (f+g) o W1 <(Da(f+g))* o W1 <
Dz(f* o W_1) + Dg(g* o W_1) eE=f+gce AE,W-

Let f € L ,g € Agy with f < g, and x € J.Then

X w=(x) w=(x) X
/f*oW*1:/ f*wg/ g*w:/g*owﬂ
0 0 0 0

Hence f* o W= < g* o W=, By full symmetry of E, f*o W= € E,

1fllnew = IF o W e < llg" o Wl = [|glInc.0.

SO || - [lag,, is fully symmetric.
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Proof.
We also have [|f + gl[ac,, < [Ifllac, + I9llae., BY (f+9)" <"+ g

The normed function space Ag , is complete since it is a
symmetrization of the complete space E,,.

Suppose now that E has the Fatou property. Take f,, f € LO(J), f, 1 f
a.e., and sup ||fy|a.,, < co. Then £z o W11 o W~ a.e., and by (ii)
sup ||fy o W=||g = sup||fs||a,, < co. Now by the Fatou property of E,
f*o W= € E and

Ifalla,, = IIf5 o WTllg 1 [1* o W lE = [Ifllac.,- O

4
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Classes Mg
Define a class Mg ,, contained in L% = L°(/) which will be used for
finding the Kéthe dual of the Lorentz space Ag .

Let the class Mg , and the gauge on Mg ,, be defined by

r

e\ *W
Wilg, - H <W>

f*
Mg w = {f €Ll e Ew} and [|f|[mg,, = ‘

E
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Theorem

(i) The class Mg, is a solid symmetric subset of L°, that is
I flIme., = [IF*lIme,, and iff € L°, g € Mg, and |f| < |g| a.e. then
f e Mew and |fllme,, <19l ,-

(i) Forallx €1, x(0,x) € Me,w. Consequently the support of Mgy, is
equal to the entire interval I.

(iii) The fundamental function ¢u, ,(X) = |IX(0,x)|IMe.,, X € I, verifies
1
¢ME,W(X) < 2¢E(1 N b) <X+ VV(X)) .

(iv) If W < o0 on |, then

*

_ow!
w

feMgy <— P oWw'cE and |f|MEW:‘
o ’ E

(v) If E has the Fatou property then the class Mg, has this
property, that is for every f € L°, 0 < f, € Mg, with f, 1 f a.e.
andsup,, || fallme,, = K < oo we have f € Mg, and ||f||y,,, = K.
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Theorem

For any f € Mg, we have

f
=||f =inf< || —
Ew IFllwe., =i {HV

with the convention that ||g||e = oo for every g ¢ E, and f(t)/v(t) =0
whenever f(t) = 0.

Moreover if W < oo on I, then for f € L° we have that f € ME . if and
only if% o V=1 ¢ E for some v > 0 with v¥ = w and supp v O supp .

U

w

:v>0,v: = w,suppVv D suppf}
Ey

v
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Theorem

Letv e Li be such that v* = w. Assume f € Ly + Lo (/) with

supp f C supp v. Then
£ *,W f *,V
W) <)
w v

In particular if f/v € E, then f*/w € E,, and ||f*/w|g, < |[f/V]E,.
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We prove first two lemmas.

Lemma

A. Forany f,g € L% we have (f A g)* < f* A g*.

Lemma

| A

B. For every f,g € LY such that f*, g* < oo, it holds

[ﬁ”f¢MMn§xﬁfgpmn

Using Lemma A and Lorentz-Shimogaki inequality for
rearrangements, we obtain in fact the more powerful result

(FF=g%) < (f—9)+.
Indeed since f > f A g, Lorentz-Shimogaki’s theorem gives
f*—(frng)*<f—fArgand

(F=g)e=F-1FAg <F-(frg) <f-Ffrg=(f-9)

However Lemma B, which requires only quite elementary ingredients
in its proof, will suffice for our purpose.
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f€ L1 + LOO(Q)! X € (Ovﬂ(Q))’
X
| #dm=inf{lgl + x|l : g € Li.h € Laif =g+ h)
0

= int | 1= 2 ax
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Proof of Theorem
By Lemma B, for every A > 0 we have

(5 -3) wan= 2w on iy o
/(f—)\v am = /( ) vam.
For any x € J,

X w0\ ¥ W *
/ (f) dm = inf {/(fk> de+>\x}
0o \W x>0 | S\ w "
. f* X N
< inf / — =X vdm+ \x z/ — am,
A0 | J\ v N 0o \V

and the proof is completed. O
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Theorem

Let f € L° have a finite decreasing rearrangement f*. If | is a finite
interval (0, a), or | = (0, 00) and lim;_, . f*(t) = 0, then there exists
v € LY such that

£\ W £\ Y
* f N - S - o
v¥=w, suppV Dsuppf and <W> <V>

IfI = (0, 00) andtlim f*(t) > 0 then for every ¢ > 0 there exists
— 00
0 < v € L° such that

f *,V f *,W
v =w and () <(1+¢) () .
v w
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Proof.

Let first I = (0, a), a < oo, then there exists an onto and measure
preserving transformation 7 : / — / such that |f|(f) = f* o 7(¢), t € I.
Setting v = w o 7, we have v > 0, v* = w, and for every scalar A > 0,

|f| |f| f*or
V{V>)\ :/IX(>\’OO)O v Vdm:/IX(A7OO)O worT word
- IX()\,oo) W =w W )

and the desired equality of rearrangements follows.
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Proof.

I'= (0, 00) and lim;_,, f*(t) = 0. There exists a set As D supp f (in fact
As = supp f if m(supp f) = oo, and A; = (0, c0) if m(supp f) < c0), and a
measure preserving transformation 7 : As — (0, co) which is onto
such that |f(t)| = f* o 7(t) for t € A;. Define v(t) = wo 7(t) for t € Ay,
and v(t) = 0 otherwise. Then we have supp v = A D supp f and again
v* = w. Moreover for every scalar A > 0,

|f| |f| ffor
V{V>)\ = AfX(A,oo)o m v.dm = AfX()\,oo)o Wor wo T dn
= / o r wdm = r > A
= IX(/\,oo) W =w W )

which shows the equality in the hypothesis.

S
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If W < 0o and 0 < v € L°(/) with v* = w, then the above results may
be restated in a more transparent way.

Corollary

If W < o0 on |, then for any v € L% with v* = w, and every
fe Ly + L(I) with supp f C supp v we have

—oW_1—<£oV_1.
w v

Moreover if | = (0, a) with a < oo or if | = (0, 00) andlim;_, ., f*(f) = 0,
then there exists v € L% with supp f C supp v such that v = w and

* f

—oW'=-oV"
w v

IfI = (0, ) andtlim f*(t) > 0 then for every ¢ > 0 there exists v > 0
xde el
on | such that v = w and

—oW’1§£oV71§(1+e)f—oW71.
w "4 w
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The class Mg, does not need to be either linear or normable.
Before we prove the main result on normability of the class Mg ,,
we need the following lemma.

Lemma

Let wy, wo be two decreasing weights on | such that for some

constant C > 1 vivtholds that Wy < Cw, a.e.. Then for every function f
*, W2 *, W1

we have (Wiz < C(%

Consequently if [,widm = [, wodm = b and E is a fully symmetric

space on J = (0, b) then Mg , C Mg v, and moreover

IflIme., < Cllfllme ., wheneverfe Mg w,.
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Theorem

Assume that the weight w is regular that is W(t) < Ctw(t) for some
C>1andalltel. Then Mg is a vector space and there exists a
lattice norm ||| - ||| on Mg, such that

n n
Il == inf{Z”fiHME,w Y I > Ifl} < [Ifllme < ClIANL- (1)
i=1 i=1

Consequently the class Mg ., is a normable vector lattice.
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Proof.
We will prove that for any finite family f, ..., f, in Mg , we have

n
S
i=1

n
<CY |l veus (2)
i=1

Mgﬁ

where C is the constant of regularity of w. Then ||| - ||| defined by (1)
is a vector lattice norm on Mg ,, equivalent to the gauge ||f||u ,,-
We claim that

) Yowt <o (fovt)
W())oween ) o

for every non-negative functions vy, .. ., v, with supp f; C supp v;,
vi=w,i=1,...,n where
Vi(t) = fotv,-dm < fot vidm = fotwdm: W(t) <ocoforalltel
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The statement of the claim then implies the following

()l =en

Taking the infimum of every right term with respect to v; with v = w
and supp f; C supp v; fori = 1,..., n, we get by Proposition 4,

) =on

and consequently in view of Proposition 3(iv) we obtain the desired
inequality (2).

f
BN Vi_1
Vi

E

f’ioW_1
w

)

E

E
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Now in order to finish it is enough to prove claim (3), which is
equivalent to the following inequality

X AN * n X i *
/ ELih) |y deCZ/ ('ﬂo\/,1) dm, xeJ.
0 w i—1Jo \ Vi

(4)
For any measurable v > 0 with V(t) = fot vdm < oo, te l,and f € L°
such that supp f C supp v, by equimeasurability of f/v for v = vdm and
(f/v) o V=1 for m we have that (f/v)*" = ((f/v) o V=1)*.
Hence by (5) for any x € J,

fGev)om= [ (2) om=m {1 (5 )
0 0 +
= Air;fo{/l(|f| —)\v)+dm+)\x}.

+ )\x}
Li(v)
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Thus the righthand side of (4) has the following form

R(x) : Z/ (f v,-‘) dm
n
— AMHl‘r’1)\fn>0 {/I;(W —\ivi)+dm+ ;)\;X} )

The function (s, t) — (|s| — t). is positively homogeneous and convex
on R,. Hence a.e. on |,

n n n n
( / —Z/\fV/) < <Z|fi| —ZA/’V/)
i=1 i=1 + i=1 i=1 +
n 1 n
_n<zn(|f,-|—/\,v,> Z|f| Aivi)+

i=1
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Thus by (6), in view of (5) we get for x € J,
n n
R(x) > inf [/ ( ZNW) dm + XZ)"']
>‘17 X} n>0 — N -
n n
N aw-!-rv]ttwo Algfo [/,( - - )‘;aivi>+ am + )\x]

n
i—1 fi
= inf inf [/( —A) vdm+)\x}
aq,..., ap>0  A>0 | 14 n
Yaj=tv= oy

X n : *,V
= inf / (Z’—1f’> dm
veconv(vy,...,Va) Jo 4
X nof *
= inf / (Mov‘> dm.
veconv(vy,...,Vn) Jo "4
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If v € conv(vy,...,Vv,) we have v =37, a;v; for some a; > 0 with
>, ai=1. Since by v = w we have V(t) < W(t) for every

0 < t < a, with equality at the limit t — a, we obtain

V(t) =30, aiVi(t) < oI, o W(t) for t € 1 with equality at the limit
t — a, so that the continuous function V maps / onto J, and we may
define V~1 as in the proof of Corollary 9. We have also

v < 3L v = w, hence

t
v (1) g/ v < W(t) < Ctw(t), tel,
0

by regularity of w.
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But then for every v € conv(vy,..., v,), letting V.(f) = fot v*, we get

for x € J,

X n ] * 5% n A% *
/ (\21;1"’!0‘/_1) dmz/ <(Z’;j f) ov;1> am
0 0

X n f,* *
> 1 <(=1) o W—1> dm =: L(x),
0

where the first inequality results from Corollary 9 with v*, V, playing
the role of w, W respectively, and the second one by Lemma 10
applied to the weights v* and w. Thus CR(x) > L(x), and this proves
the claim and completes the proof.
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Kéthe duality of Mg,

The Kéthe dual of the class Mgy is defined analogously like in the
case of a Banach function spaces, as the set of elements f € L° such
that

ey = sup { [itsldm: g < e .l < 1} < oo,

This set is an order ideal in L% on which f — ||f||(, ) defines a
vector lattice norm. Equipped with this norm, the space (Mg )’
becomes a Banach function space.

If W < oo on I, then the Kbthe dual (Mg w)' = Ne/ w isometrically, that
i8 || Fllme.wy = Ifllngs, -
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Proof

The proof will be done in several steps.
a) Aerw € (Mew)'s [Ifllmey < Ifllag -

If f € Aerw, g € Mg, then

/|fg|dm</f*gdm /f* wdm = / *o W1 ( W1)drr

g oWl = [ e,
E

<|[If oWl

WEW

= ||f||/\5/7w||gHME,w'
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Let W < oo on I. If E has the Fatou property and w is regular, then

(AE’,W)/ - ME,W

as sets with the gauge || - v, equivalent to the norm || - ||(a,, -
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Spaces Qc w

Definition

We denote by Qe  the set of elements of L° = L°(/) which are
submajorized by an element of Mg . For f € Qe » we set

Ifllge., = inf{liglime, - f < g}

W < oo, Marcinkiewicz function space

M, =< fel®:|flm, =sup o < o0
" tel W(t) 7
and the space L; + M,, is the set of all functions f € L° such that
1fllLy+m, = Inf{{|All1 + [|gllm, : F=h+g, heli, ge My}

(Mw, |- Im,)s (L1 + My, || - ||, +m,) are fully symmetric
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Theorem

Let w be a weight function such that W < oo on |.

(i) The class Qg v is a solid linear subspace of L1 + M,, such that
Ifllei+m, < Clfllqe,, with C< (1 Ab)/¢e(1ADb).

(ii) The functional | - || ., is @ norm on Qg w.

(iii) (Qew: |l llae.,) is the smallest fully symmetric Banach function
space containing the class Mg .

(iv) We have (Qe,w) = Nerw with equality of norms.
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Let E have the Fatou property. Then E = E”. Hence
/\E7W = AE”7W = (QE’A,W)/

and
(New) = ((Qew)) = (Qerw)’

If we know that Q¢ , has the Fatou property whenever E has it
then
QE’,W = (QE’,W)H

and the Koéthe dual space is as follows
(/\E,W)/ = QE/,W~

It seems to be difficult to show this without the knowledge of the
minimizer g in the formula for the norm

||f||QE,w = Inf{”g”MEw f< g}

This minimizer will appear to be a level function f° of .
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Link with Halperin’s level functions

W < oo on I. For f = f* locally integrable on /, define after Halperin
(1953)for0 < a < f <o, a,f€1=(0,a), a< oo,

? F(a,B)

W(a,5)’

B
W(C%ﬁ):/ wdm, F(a,ﬁ):/ fdm, R(a,B)=

[e3

and for 5 = oo,

R(a, B) = R(a, 00) = limsup R(a, t).

t—o0
Then («, 8) C lis called a level interval (resp. degenerate level
interval) of f with respect to w if 5 < co (resp. 5 = o) and for each

te (a,p),
R(a,t) < R(a, B) and 0 < R(«, 53).

If a level interval is not contained in any larger level interval, then it is
called maximal level interval (m.li.). The m.Li. of f are pairwise
disjoint and unique, there is at most countable number of m.Li.
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I. Halperin, 1953. Let f € L° be non-negative, decreasing and locally
integrable on /. Then the level function f° of f with respect to w is
defined as

£ (1) = R(«, B) w(t) if t belongs to some maximal level interval («, ),
o f(t) otherwise.

Forageneral f € L% 0 < a < f3 < o0, a, 8 € I, we define

0= (), F(a,B) = /f*dm and F(t /f*dm tel
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Fact (Properties of level functions)

Letf € L1 + L., and w be a decreasing locally integrable weight
function on |.

(i) f°/w is decreasing. Consequently in view of w being
decreasing, f° is decreasing as well.

(iiy f < 9. Moreover if x does not belong to a m.l.i.,
Jo f°dm= [ fdm, and so if | is finite, [,° dm = [, f*dm.

(iii)y Iff < g thenf® < g°.
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Iff e Ly+ M, then O € Ly + My, and |||, s, = ||l +m, -

Proof.

Assume ||f||,+m, < 1. We have f = g+ hwithsome g € Ly, he M,
such that ||g||1 + [|Allm, < 1. Then * < g* + h* < g* + ||h||lm, w. It
follows that 0 < (g* + ||h||m, w)°. It is easy to see that g* + ||h||m, w
and g* have the same m.Li. and that (g* + Cw)° = g° + Cw,

C = ||h|lm,- Then

120 c+m < N19°+CWllLymn, < NG+ Allaa, IWllaa, = llglli+ 1Al < 1.

This shows that [|f°||.,+m, < ||fllz,-m, for every f € Ly + M,,. The
converse inequality follows from f < f°. O

v
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A function f € Ly + My, belongs to Qe . if and only if its level function
f0 relative to w belongs to ME w, and then

1fll@e,, = 1F°llme...-




If E has the Fatou property then so has Qg ., and moreover
(Aerw) = Qe,w with equal norms.

If Qe has the Fatou property, then we have Ag/ v = (Qg w)" with
equal norms. It follows that (Az ) = (Qe.w)” = Qe.w with equal
norms.

It remains to prove that Qg , has the Fatou property when E has the

property.
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Despite that the space E, is symmetric with respect to the measure
w = wdm, the space (E, )’ will always denote its Kéthe dual computed
with respect to the Lebesgue measure m as it is done below.

Forany f € (Ey) we have ||f||(g,)y = H%H(E,)W. Moreover
(Ew)" = (E")w with equality of norms.

f
ey =sup{ [Ifigam: igle, <1} =sup{ [ gwam: e, <1}
:sup{/ ('ﬂ o W—1> (goW Ydm:|goW e < 1}
J

w
:sup{/ (|f|oW_1)~hdm:||h||E§1}
J\w
[-wl. -,
w e IWilE),
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This proves the first part of the Lemma. Using this part once for E,
then for E’ we get:

Ifll(£,y" = Sup {/I|f|hdm Al <1, }

= Sup /|f|ﬁ de:Hh <1
1w Wllen,
flw
= sup{/l(|f|w)gdm: 19ll(en,, < 1} = H'JV

= Il

(E")w

which proves the second part.

Anna Kaminska and Yves Raynaud Generalized Lorentz spaces and Kéthe duality



It holds (Ae.w)"” = Ner» w with equal norms.

We use the fact that if F is a Banach function space, then f > 0
belongs to F” with ||f||s+ < 1 if and only if there exists a sequence
0<fatf,withf, e F,|f|lr <1forallneN.

Let [|fll(az, )7 < 1,let0 < £ 1 fwith [[fy]|a., < 1. Then f; 1 f*, and
fx e Ey, ||f*||E < 1. Hence f* € (Ey)" with ||f||(g,)~ < 1. However by
Lemma 20, (Ey)" = (E")w and so f € Agr  with ||f||/\E,,1W <1.
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Conversely, let f € Agir w with norm < 1. Then f* € (E"), with
Ifllag , = If*llery, < 1. Since (E")w = (Ew)", there exists
0<gntf*eEy, with|gnllg, <1.Then

97" = (gno W) 1 oW,

Setting h, = g;;" o W, we have that h, > 0 and these functions are

decreasing on /. Clearly h, 1 f* and h;" = g»", so
1hnllae. = Ihalle, = 1A Ie = 197" ]l = lIgnlle, < 1. Therefore

f* e (New)” with [[fl[az .y = [F*]l(a.,)» < 1, which shows the
desired equality of spaces and norms.
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In the next result we do not assume the Fatou property for E.

Corollary

Let w be a decreasing positive weight on | and W < co. We have
(Aew)' = Qer.w with equal norms.

Proof.
By general theory of Banach function lattices

(AE,W)/ — (AE’W)N/.
Since E’ has the Fatou then
Qerw=Nerw),

QE’,W = (AE”,W)/ = [(/\E,W)"]/ = (/\E,W)m = (AE,W)/-

| 5\
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Theorem

Let w be a decreasing positive weight on | and W < cc. For f € L°
we have

1fPllm., . if O € Mg,
fgl: g € New, <1, = ='d0 L
sup{/ll 9| : 9 € News [19lIne. < } {OO otherwise.

Consequently ||f||(,\E1w)/ = \|f°||ME,7W = ||f||QE,1W forevery f € (Ae.w)'.
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Spaces Prc

We assume in this chapter that W < oo on /.

Definition

We denote by Pg , the union of the classes Mg ,, where v is a
positive decreasing weight submajorized by w on /. This set is
equipped with the gauge

Ifllpe,, = inf {|flme, :v>0,v],v=<wh.

Our goal is to show that || - ||, is @ symmetric norm, and in fact the
Pew = Qewassetsand | - |lpz,, = || - |0, - We will also obtain
another duality formula for Ag .
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From the next lemma it follows that the gauge on Pg ,, is faithful.

Lemma

We have Mg, C Pe.w C Mg g, where w(t) .= “ Y t ¢ I, and these
inclusions are gauge-decreasing.

Proof.

| \

The first inclusion and the corresponding gauge inequality are clear.
Conversely for each v < w we have tv(t) < V(t) < W(t), and thus
v(t) < w(t), t € I, and in view of Lemma 10, Mg, C Mg 3, with

Il Mgy < Il llme, - Taking the infima with respect to v < w we obtain
Pew C Mg with || [[me 5 < [| - llpe., - =

v
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Lemma

Ifv < w andh € E, is decreasing then h € E, and ||h||g, < ||h|g, -

Proof.

By Hardy’s Lemma [1, Proposition 3.6, p. 56] since (h — \); is
decreasing and v < w, for every A > 0 we have

.ﬁh—M+mm§/@—ApWMm
| |

Then in view of identity (5) for any x € J,

X

1
*,V — _ _

/oh dmxl%[/,(h )\)+vdm+>\x}2

< ot [ fin= 2, wom 2] = 3 [t am
/ 0

A>0

and so h*¥Y < h*". Thus since E is fully symmetric and h*" € E we
have that h*>¥ € E and so h € E,. Moreover
lhlle, = IA~YIle < [|A~*|le = || hl&,- O
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Theorem

We have (Pe w) = Ner.w with equal norms.

Theorem

| A

Qe,w C Pew and the inclusion is gauge decreasing.

| \

Proof.

By Theorem 18 we have |f||q, , = [|f°||m,- Clearly % = % By Fact
16(i) the latter function is decreasing. Hence by Lemma 26 and
Theorem 18 we get

f* f* fo
f — || — _ = ||= = || = |If
|l . wa wawa . \W o = 1l =l
and a fortiori ||f||PE,W < ||f||QE’W. |

A
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Corollary

If E has the Fatou property then Pg ,, = Qg isometrically, that is
Ifllpe.,, = Ifllqe, forevery f € Pe . Consequently the class Pg v is a
fully symmetric Banach function space having all properties
discussed earlier.

Proof.
We have

C)E,W C PE,W C (PE,W)H = (/\E/,w)/ = QE”,Wa

and these inclusions are gauge decreasing.
If E has the Fatou property then E” = E with equal norms, hence
these inclusions are norm preserving equalities. O

Since E’ has the Fatou property we get the following result.

For any fully symmetric Banach function space E, we have
(Ae.w)' = P/ isometrically.
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Theorem

|
i |

Letw : = (0,a) — (0,00) be non- increasing, E fully symmetric
function space on J = (0,b),b = W(a) = fo w. Then

(/\E,W)/ = QE’,W = PE/,W,

and

0
Hllnewy = 1 Ime, , = fll g, = IfllPe -
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Applications to modular and Orlicz-Lorentz spaces

1.

E = Ag, .w,, Wwhere wy is a decreasing weight on J,

Ji = (0, Wy(b)) = (0, Wi o W(a)) and E; is a fully symmetric Banach
function space on Jy. Then for f € Ly + L (/) we have

feENew <= FoW ' €Ngw < FoW oW, cE.

Setting U = Wi o W and u = (wy o W)w, u is a decreasing weight on
I'with U(t) = [, udm, t € I, and

New = Ngju

with equal norms.
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2. Let X be a real vector space. For an extended real valued
functional p : X — [0, co] consider the following conditions.

(i) p(0)=0andif x € X and p(tx) = 0 for every t > 0 then x = 0.
(i) p(=x) = p(x).

(iiiy pis,thatisforevery t;,t >0, t; + & = 1, and every xq, X2 € X,
we have p(tix1 + bx2) < tip(x1) + bp(x2).

(ii") Forevery x € X, the extended real valued function t — p(x) is
convex.

If p satisfies all conditions (i) — (iii) then p is called a modular. If p
fulfills (i), (ii), (iii") then p will be called a pseudo-modular. Given
(pseudo-) modular p, the modular space X, consists of all x € X
such that p(tx) < oo for some f > 0. It is easy to check that X, is a
vector space. There are two gauges on X, classically associated
with the (pseudo-) modular p. These gauges are norms if p is a
modular.
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If p is a modular then we define the norms as follows.

The Luxemburg (or second Nakano) norm is the Minkowski
functional of the convex set U = {x € E : p(x) < 1}, thus

Ixl, = inf{A > 0 p(x/) < 1}, (5)
the Orlicz (or first Nakano) norm is given by Amemiya’s
formula
T+ p(Ax) X
0 _ _ A
= =5 = (e (B) @

There is another expression of the Luxemburg norm, similar to
Amemiya’s formula. In fact we have

o= 5 - (v (3). @
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Let : [0,00) — [0, 00) be a convex increasing function. If
f,g € L1+ Loo(Q) with f < g then ¢(f) < ().
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Theorem

Let ¢ be an Orlicz function and w be a weight function on | = (0, a),
a < oo, such that W < oo on I. Then

Q(f) :inf{/ap (g*) de:f<g} :P(f):inf{/gp (f*) vdm:v
AN o\
o
:/I<p (W> w dm.
Forf e M, we have

[fllre = inH{[|gllm; f < g} = inf{|[[fllm, - v <w,v>0, v}

I1£1%4 = inf{llgll%: =< g} =inf{||f|%, : v <w,v>0, v},

where

M(f) = /Iqb (:;) wdm and M,(f) = /I<p (C) vdm,

and || - [lm, || - lm, are Luxemburg, and || - [|$,, || - I}, are Amemiya
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Examples of Mt , and Q¢ , spaces

(1) IFE = Ly, then (M, w, [| - Imy, ) = (Quyw, |- lla, ) = (Las [ - [11)-

Proof.
Clearly E,, = (L1)w is a weighted Ly space. We also have

*

f*
feM,w = WE(L1)W — /,Wde<OO
— /f*dm<oo — fel.
I

Hence My, w = Ly with the same norms. It follows that Q;, » = L1,
also with the same norms. O

4
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(2) IfE = L. then
Miow={f:|flm_, =inf{C:f* < Cw} < oo},

(Quews Il W) = (Mw, [ - llmy)-
(3) IfE = Ly N L, then

MeyoLws |- My ) = (L ML w || Mome )

(QLHTLOO,Wv H : ||QL1ﬁLoo,w = (L1 N Mw, ” : ||L1ﬁMw)'
(4) IfE = Ly + L., then

Me st |- Im s ) = (LA Mg wo [ ll+mi, W)

(Quittow: I llan i w) = (Lt + Mw, [ [lLy+m0)-
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