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Introduction

Theorem (J. Hadamard, 1906; R. Plastock, 1974)

Let X, Y be Banach spaces, and f : X — Y a C! map. Assume
that:

@ f'(x) is invertible for all x € X, and
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Introduction

Theorem (J. Hadamard, 1906; R. Plastock, 1974)

Let X, Y be Banach spaces, and f : X — Y a C! map. Assume
that:

@ f'(x) is invertible for all x € X, and
@ The following condition (Hadamard integral condition) holds:

00 1
/o Ixli<e 177 ()1

Then f is a diffeomorphism.

Remark

The former integral condition is fulfilled if

sup ||f'(x)7|| < 0o (Hadamard-Levy condition).
xeX
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Pseudo-Jacobians

Definition
Let X, Y be Banach spaces, f : U C X — Y a map, U open, and
x € U. A set Jf(x) C L(X,Y) is a pseudo-Jacobian of f at x if

Vy* e Y5 ve X (yof) (x; v) <sup{(y*, T(v)): T € JF(x)},

where (y* o f)g_(xl V) = limsup (y*of)(X‘HVt)_(y*Of)(x)'
t—0+ )
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Let X, Y be Banach spaces, f : U C X — Y a map, U open, and
x € U. Aset Jf(x) C L(X,Y) is a pseudo-Jacobian of f at x if

Vy* e Y5 ve X (yof) (x; v) <sup{(y*, T(v)): T € JF(x)},
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Pseudo-Jacobians

Let X, Y be Banach spaces, f : U C X — Y a map, U open, and
x € U. Aset Jf(x) C L(X,Y) is a pseudo-Jacobian of f at x if

Vy* e Y5 ve X (yof) (x; v) <sup{(y*, T(v)): T € JF(x)},

where (y* o f) (x; v) = limsup (y*Of)(XHVt)_(y*Of)(X).
t—0*

The former inequality is equivalent to:

(y*o f)_(x; v) >inf{(y*, T(v)): T € JF(x)},

where  (y* o f) (x; v) = liminf (y*of)(X‘Ft‘/t)_(y*Of)(X).
t—0+

Jf 1 U — 280X%Y) is a pseudo-Jacobian mapping for f on U if, for
all x € U, Jf(x) is a pseudo-Jacobian of f at x.
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Some examples

Example (Weakly differentiable maps)

Amap f:UC X — Y is weakly Gateaux differentiable at x € U if
there exists an operator '(x) € L(X, Y) such that

. * f(X-‘rtV)—f(X) _ * / * *

lim (e, ELOD) — (= F1(x)(v), W€ X,y" € Y.
f is weakly Gateaux differentiable at x = the set Jf(x) := {f'(x)}
is a pseudo-Jacobian of f at x.
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Example (Weakly differentiable maps)

Amap f:UC X — Y is weakly Gateaux differentiable at x € U if
there exists an operator '(x) € L(X, Y) such that

lim (v, A0 — (e F(x)(v), Vv e X,y" e Y.

t—0 &

f is weakly Gateaux differentiable at x = the set Jf(x) := {f'(x)}
is a pseudo-Jacobian of f at x.

Example (Géateaux prederivatives, loffe)

Let f: UC X — Y beamap, xec U. Aset Jf(x) C L(X,Y)is a
Gateaux prederivative of f at x if, for each € > 0 and each v € X,
there is § > 0 such that

f(x + tv) — f(x) € JF(x)(tv) +€|t| - By, whenever |t| < 4.

Jf(x) is a pseudo-Jacobian of f at x.
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Example (Locally Lipschitz maps)

A map f: UC X — Y is locally Lipschitz at x € U if there exist
L, r>0s.t. B(x,r) C Uand f is L-Lipschitz on B(x,r).
If f is locally Lipschitz at x, then the set
Jf(x) := Lip f(x) 'EL(X7y)
is a pseudo-Jacobian of f at x, where

. _- [f()=F(V)] .
Llpf(x)—;glgsup{ U VvE B(x,r)and u # v}.

fu—vll
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Example (Locally Lipschitz maps)

A map f: UC X — Y is locally Lipschitz at x € U if there exist
L, r>0s.t. B(x,r) C Uand fis L-Lipschitz on B(x,r).
If f is locally Lipschitz at x, then the set
Jf(x) := Lip f(x) 'Eﬁ(x,y)
is a pseudo-Jacobian of f at x, where
. _ - [f(u)=fF(I .
Llpf(X)—;g];SUp{ | cu,v e B(x,r)andu # v}.

lu—v]|

Example (Clarke subdifferential)

Let ¢ : U C X — R be a function, locally Lipschitz at x € U. The
Clarke subdifferential of ¢ at x is

Jo(x) = {x* € X* : x*(v) < ¢°(x; v), forall v € X},

where

o(x: v) = i plzttv)—p(z)
°(x; v) := lim sup :

t—0"
0p(x) is a pseudo-Jacobian of ¢ at x.

Sebastian Lajara Inversion of nonsmooth maps between Banach spaces




Mean value theorem

Theorem (Mean value property)

Let f: U C X — Y be continuous, where U is open and convex. If
Jf is a pseudo-Jacobian mapping for f on U, then

f(v) — f(u) € co (JF([u,v]) (v —u), forall u,veU.
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Mean value theorem

Theorem (Mean value property)

Let f: U C X — Y be continuous, where U is open and convex. If
Jf is a pseudo-Jacobian mapping for f on U, then

f(v) — f(u) € co (JF([u,v]) (v —u), forall u,veU.

Corollary
Let f: U C X — Y be continuous. Then, f is locally Lipschitz on

U iff f admits a pseudo-Jacobian mapping Jf : U — 2£(XY) which
is locally bounded on U, i.e., for all x € U there is r > 0 such that

JF(B(x, r)) ={T: T € Jf(u), u€ B(x, r)}

is a bounded subset of £(X, Y).
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The chain rule

In the sequel consider continuous maps f : U C X — Y and
g:V CY — Zsuch that f(U) C V, and a point x € U.

Let Jg : V — 2£(Y+2) be a pseudo-Jacobian for g on V. If
@ Jg is locally bounded at f(x), and
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The chain rule

In the sequel consider continuous maps f : U C X — Y and
g:V CY — Zsuch that f(U) C V, and a point x € U.

Let Jg : V — 2£(Y>2) be a pseudo-Jacobian for g on V. If
@ Jg is locally bounded at f(x), and
@ f is Gateaux differentiable at x,

Sebastian Lajara Inversion of nonsmooth maps between Banach spaces



The chain rule

In the sequel consider continuous maps f : U C X — Y and
g:V CY — Zsuch that f(U) C V, and a point x € U.

Let Jg : V — 2£(Y>2) be a pseudo-Jacobian for g on V. If
@ Jg is locally bounded at f(x), and
@ f is Gateaux differentiable at x,
then the set Jg (f(x)) o f/(x) is a pseudo-Jacobian of g o f at x.
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The chain rule

In the sequel consider continuous maps f : U C X — Y and
g:V CY — Zsuch that f(U) C V, and a point x € U.

Let Jg : V — 2£(Y>2) be a pseudo-Jacobian for g on V. If
@ Jg is locally bounded at f(x), and
@ f is Gateaux differentiable at x,

then the set Jg (f(x)) o f/(x) is a pseudo-Jacobian of g o f at x.

Let Jf : U — 2£(X%Y) be a pseudo-Jacobian for f on U. If
@ Jf is locally bounded at x, and
Q@ gcCY(V),
then the set g’ (f(x)) o Jf(x) is a pseudo-Jacobian of g o f at x.




The chain rule condition

Notation
Given a pseudo-Jacobian mapping Jf foramap f: UC X — Y
and two points x € U and y € Y with y # f(x) we write

Axy(f) = 0dy (f(x)) o co (JF(x)),

where

dy(v)=llv—yl,veY.
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The chain rule condition

Given a pseudo-Jacobian mapping Jf foramap f: UC X — Y
and two points x € U and y € Y with y # f(x) we write

Axy(f) = 0dy (f(x)) o co (JF(x)),

where
dy(v)=|v-yl,veY.

Definition (The chain rule condition)

Let f : U C X — Y be continuous. A pseudo-Jacobian mapping Jf
for f on U satisfies the chain rule condition if for every x € U and
every y € Y with y # f(x):

Q Ay, (f)isa w*-closed and convex subset of X*, and

Q A, (f) is a pseudo-Jacobian of d, o f at x.
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If f: UcC X — Y is continuous and Gateaux differentiable on all of
U, then the pseudo-Jacobian

JF(x) = {f(x)}, xeU

satisfies the chain rule condition.
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Proposition

If f: UC X — Y is continuous and Gateaux differentiable on all of
U, then the pseudo-Jacobian

JF(x) ={f'(x)}, xeU

satisfies the chain rule condition.

Proposition

| A\

Let f: U C X — Y be continuous, and Jf : U — 2£(X.Y) be 3
pseudo-Jacobian mapping for f on U.

A\
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Proposition

If f: UC X — Y is continuous and Gateaux differentiable on all of
U, then the pseudo-Jacobian

JF(x) ={f'(x)}, xeU

satisfies the chain rule condition.

Proposition

| A\

Let f: U C X — Y be continuous, and Jf : U — 2£(X.Y) be 3

pseudo-Jacobian mapping for f on U. Assume that the norm of Y
is Fréchet smooth, and:

A\
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Proposition

If f: UC X — Y is continuous and Gateaux differentiable on all of
U, then the pseudo-Jacobian

JF(x)={f(x)}, xeU

satisfies the chain rule condition.

Proposition

| A\

Let f: U C X — Y be continuous, and Jf : U — 2£(X.Y) be 3

pseudo-Jacobian mapping for f on U. Assume that the norm of Y
is Fréchet smooth, and:

@ Jf is locally bounded on U, and
@ For each x € U, Jf(x) is wor-compact.

A\
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Proposition

If f: UC X — Y is continuous and Gateaux differentiable on all of
U, then the pseudo-Jacobian

JF(x)={f(x)}, xeU

satisfies the chain rule condition.

Proposition

| A\

Let f: U C X — Y be continuous, and Jf : U — 2£(X.Y) be 3

pseudo-Jacobian mapping for f on U. Assume that the norm of Y
is Fréchet smooth, and:

@ Jf is locally bounded on U, and
@ For each x € U, Jf(x) is wor-compact.

Then, Jf satisfies the chain rule condition.

A\
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The regularity index

Let f: U C X — Y be a map, and let Jf be a pseudo-Jacobian
mapping for . The regularity index of Jf at a point x € U is

ayr(x):=inf{//T// . T € coJf(x)},
where // T // = inf {|| x| : ||x|| = 1}.
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The regularity index

Let f: U C X — Y be a map, and let Jf be a pseudo-Jacobian
mapping for . The regularity index of Jf at a point x € U is

ayr(x):=inf{//T// . T € coJf(x)},
where // T // = inf {|| x| : ||x|| = 1}.

Jf is regular at x if each T € co Jf(x) is an isomorphism and

an(X) > 0.
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The regularity index

Let f: U C X — Y be a map, and let Jf be a pseudo-Jacobian
mapping for . The regularity index of Jf at a point x € U is

ayr(x):=inf{//T// . T € coJf(x)},
where // T // = inf {|| x| : ||x|| = 1}.

Jf is regular at x if each T € co Jf(x) is an isomorphism and

ags(x) > 0.
If f:UC X — Y is weakly Gateaux differentiable on all of U and
JF={f'(x)}, xeU,
then Jf is regular at x € U if f/(x) is an isomorphism. Moreover,
a(x) = ||Fe)7Y 7t
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An inverse mapping theorem

Theorem (Main result)

Let f : U C X — Y be a continuous map, U convex and open, and
Jf a pseudo-Jacobian mapping for f on U such that:

@ Jf satisfies the chain rule condition,
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An inverse mapping theorem

Theorem (Main result)

Let f : U C X — Y be a continuous map, U convex and open, and
Jf a pseudo-Jacobian mapping for f on U such that:

@ Jf satisfies the chain rule condition,
@ For every x € U, Jf is regular at x, and

= inf 0.
o} X|r€1Uon(x) >
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An inverse mapping theorem

Theorem (Main result)

Let f : U C X — Y be a continuous map, U convex and open, and
Jf a pseudo-Jacobian mapping for f on U such that:

@ Jf satisfies the chain rule condition,

@ For every x € U, Jf is regular at x, and

= inf 0.
a X|r€1Uon(x) >

Then, for each open ball B(xg, §) C U we have

B(f(xp); dar) C f(B(xo; 5))
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An inverse mapping theorem

Theorem (Main result)

Let f : U C X — Y be a continuous map, U convex and open, and
Jf a pseudo-Jacobian mapping for f on U such that:

@ Jf satisfies the chain rule condition,

@ For every x € U, Jf is regular at x, and

= inf 0.
a X|r€1Uon(x) >

Then, for each open ball B(xg, §) C U we have
B(f(xo); 6a) C f(B(x0; 9)).

Furthermore, the set V := f(U) isopenin Y, f: U — Vis an
homeomorphism, whose inverse is a~!-Lipschitz on V.
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Corollary (1. Ekeland, 2011)

Let f: X — Y be a continuous and Gateaux differentiable map.
Suppose that f’(x) is an isomorphism for each x € X, and
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Corollary (1. Ekeland, 2011)

Let f: X — Y be a continuous and Gateaux differentiable map.
Suppose that f’(x) is an isomorphism for each x € X, and

K = sup [|f'(x)7}|| < oo.
xeX
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Corollary (1. Ekeland, 2011)

Let f: X — Y be a continuous and Gateaux differentiable map.
Suppose that f’(x) is an isomorphism for each x € X, and

K := sup Hf’(x)_lH < 00.
ex

X

Then, f is a global homeomorphism from X onto Y, whose inverse
is K-Lipschitz on Y.
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The Hadamard integral condition

Let f : X — Y be a continuous map and Jf be a pseudo-Jacobian
mapping for f on X. Assume that:

© Jf satisfies the chain rule condition and is regular at every
x € X, and
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The Hadamard integral condition

Let f : X — Y be a continuous map and Jf be a pseudo-Jacobian
mapping for f on X. Assume that:

© Jf satisfies the chain rule condition and is regular at every
x € X, and

e o0
inf a(x)dt = .
/0 At cur(x)
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The Hadamard integral condition

Let f : X — Y be a continuous map and Jf be a pseudo-Jacobian
mapping for f on X. Assume that:

© Jf satisfies the chain rule condition and is regular at every
x € X, and

2 0o
/ inf OéJf(X) dt = oo.
0

Ixl<t
Then:

@ f is a global homeomorphism from X onto Y, f~1 is Lipschitz
on each bounded subset of Y, and
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The Hadamard integral condition

Let f : X — Y be a continuous map and Jf be a pseudo-Jacobian
mapping for f on X. Assume that:

© Jf satisfies the chain rule condition and is regular at every
x € X, and

2 0o
/ inf OéJf(X) dt = oo.
0

Ixl<t
Then:

@ f is a global homeomorphism from X onto Y, f~1 is Lipschitz
on each bounded subset of Y, and

@ For each xg € X and each § > 0, we have

)
B(f(x0), p) C f(B(xo, 8)), where p _/o inf  ayr(x)dt.

l[x—xol|<t
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Corollary

Let f : X — Y be a locally Lipschitz map between reflexive Banach
spaces and Jf be a locally bounded pseudo-Jacobian mapping for £
on X. Assume that:

@ For each x € X, Jf(x) is convex and wor-compact,
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Corollary

Let f : X — Y be a locally Lipschitz map between reflexive Banach
spaces and Jf be a locally bounded pseudo-Jacobian mapping for £
on X. Assume that:

@ For each x € X, Jf(x) is convex and wor-compact,

@ Jf is regular at every x € X, and
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Corollary

Let f : X — Y be a locally Lipschitz map between reflexive Banach
spaces and Jf be a locally bounded pseudo-Jacobian mapping for £
on X. Assume that:

@ For each x € X, Jf(x) is convex and wor-compact,
@ Jf is regular at every x € X, and
© The following Hadamard integral condition holds:

/ inf ayr(x)dt = co.
0

lIxll<t
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Corollary

Let f : X — Y be a locally Lipschitz map between reflexive Banach
spaces and Jf be a locally bounded pseudo-Jacobian mapping for £
on X. Assume that:

@ For each x € X, Jf(x) is convex and wor-compact,
@ Jf is regular at every x € X, and
© The following Hadamard integral condition holds:

/ inf ayr(x)dt = co.
0

lIxll<t

Then, f is an homeomorphism and f~1 is Lipschitz on bounded
subsets of Y.
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Corollary (Lipschitz perturbations of smooth maps)

Let X, Y be reflexive spaces endowed with a Fréchet-smooth norm.
Consider a map f : X — Y of the form f = g + h, where:

@ g is locally Lipschitz and Gateaux differentiable, and g'(x) is
an isomorphism for each x € X.
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Corollary (Lipschitz perturbations of smooth maps)

Let X, Y be reflexive spaces endowed with a Fréchet-smooth norm.
Consider a map f : X — Y of the form f = g + h, where:
@ g is locally Lipschitz and Gateaux differentiable, and g'(x) is
an isomorphism for each x € X.
@ his locally Lipschitz, and Lip h(x) < ||g’(x) ||~ for each
x € X.
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Corollary (Lipschitz perturbations of smooth maps)

Let X, Y be reflexive spaces endowed with a Fréchet-smooth norm.
Consider a map f : X — Y of the form f = g + h, where:

@ g is locally Lipschitz and Gateaux differentiable, and g'(x) is
an isomorphism for each x € X.

@ hiis locally Lipschitz, and Lip h(x) < ||g’(x)~||~* for each
x € X.

© The following integral condition holds:

/OOO inf (|lg’(x)"Y|"! = Lip h(x)) dt = oo.

lIxll<t
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Corollary (Lipschitz perturbations of smooth maps)

Let X, Y be reflexive spaces endowed with a Fréchet-smooth norm.
Consider a map f : X — Y of the form f = g + h, where:

@ g is locally Lipschitz and Gateaux differentiable, and g'(x) is
an isomorphism for each x € X.

@ hiis locally Lipschitz, and Lip h(x) < ||g’(x)~||~* for each
x € X.

© The following integral condition holds:

/OOO inf (|lg’(x)"Y|"! = Lip h(x)) dt = oo.

lIxll<t

Then, f is a global homeomorphism from X onto Y, whose inverse
is Lipschitz on each bounded subset of Y.
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