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Introduction

Let P: C" — C be an m-homogeneous polynomial of n variables given by

P(x) = Z CirojmXis + - Xjm-
1<ji< o Zjm<n
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Introduction

Let P: C" — C be an m-homogeneous polynomial of n variables given by

P(x) = Z CirojmXis + - Xjm-

1<i<...<jm<n

Let L: (C")™ — C be the unique symmetric m-linear form such that

L(x,...,x)=P(x) ¥xeC"

It follows from the polarization formula (P.F.) that

sup ‘L (X(l),...,X(m))‘ < e™ sup |P(x)|,
[| x| <1 Ixll<1

for any norm || - || on C".
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Given an m-homogeneous polynomial

PX)=" > GhrjmXi - Xjm:
1< < Sjm<n
Defant and Schliters defined a non-symmetric m-linear form
Lp: (C")™ — C given by

1 m
LP (X(l)a"'ax(m)> = Z C:IlJ"’XJ(l)X_j(m )
1< < Zjm<n
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Introduction

Given an m-homogeneous polynomial

PX)=" > GhrjmXi - Xjm:
1< < Sjm<n
Defant and Schliters defined a non-symmetric m-linear form
Lp: (C")™ — C given by

LP (X(l)a s 7X(m)> = Z C:IlijJ(ll) .. XJ(mm)
1<j1 < <jm<in

Clearly, Lp(x,...,x) = P(x) for all x € C".

Main goal

Our main goal is to compare

sup ’Lp x(l),...,x(m))‘ with sup |P(x)].
x| <1 Ixll<1
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Introduction

Theorem (Defant-Schliters 2017)

There exists a universal constant ¢c; > 1 such that

sup ’Lp <x(1),...,x(m))’ < (cylog n)mz sup |P(x)l,
Hx(k)H§1 [Ix]|<1

for every 1-unconditional norm || - || on C".
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There exists a universal constant ¢c; > 1 such that

sup ’Lp (x(l), . ,x(m))’ < (c1log n)'"2 sup |P(x)l,
Hx(k)H§1 [Ix]|<1

for every 1-unconditional norm || - || on C".
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Introduction

Theorem (Defant-Schliters 2017)

There exists a universal constant ¢c; > 1 such that

sup ’Lp (x(l),...,x(m))’ < (c1log n)’"2 sup |P(x)l,
Hx(k)Hg1 lIx]I<1

for every I-unconditional norm || - || on C".
For || - ||p with 1 < p < 2, there is a constant c; = c2(p) > 1 for which

sup ‘Lp (X(l),...,x(m)ﬂ SCénz sup |P(x)|
Hx(k)H <1 lIx]lp<1
P

@ Recently, refining their original calculations, they obtained a
c(m)(log n)™ estimate.
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Introduction

Theorem (Defant-Schliters 2017)

There exists a universal constant ¢c; > 1 such that

sup ’Lp (x(l),...,x(m))’ < (c1log n)’"2 sup |P(x)l,
Hx(k)Hg1 lIx]I<1

for every I-unconditional norm || - || on C".
For || - ||p with 1 < p < 2, there is a constant c; = c2(p) > 1 for which

sup ‘Lp (X(l),...,x(m)ﬂ SCénz sup |P(x)|
Hx(k)H <1 lIx]lp<1
P

@ Recently, refining their original calculations, they obtained a
c(m)(log n)™ estimate.

@ The log n term is due to norm bounds of the main triangle projection.
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Introduction

Idea of the proof

@ Define partial symmetrizations Sy for 1 < k < m such that

Lp=S8ilp, Solp, ..., Smilp, Smlp=L=5P.
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Symmetrization

Probabilistic point of view

Let > be the permutation group of m elements endowed with the
equiprobability measure.
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Symmetrization

Probabilistic point of view

Let > be the permutation group of m elements endowed with the
equiprobability measure. We have

L(x®,...,xm) = E, ¥ L (m

G- jm Jo(1) " Tdo(m)
1<h<...<jm<n

F. Marceca (IMAS) Remarks on non-symmetric polarization October 18, 2017 6 /17



Symmetrization

Probabilistic point of view

Let > be the permutation group of m elements endowed with the
equiprobability measure. We have

1 m) _ (1) (m)
L (X( )X )) =E, Z Grdm Ny N
1<in<..<jm<n

Thus, a card-shuffling algorithm applied to the subindices’ order will yield
a symmetrization procedure for Lp by taking expectation.
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Fisher-Yates shuffle

Step k of the Fisher-Yates shuffle:

First
k-1 cards —_—
fixed
Choose
random card
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Partial shuffles

For 1 < k < m—1, let ux be the probability distribution on the

permutation group ¥ associated to performing the first k steps of the
Fisher-Yates shuffle.
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Partial shuffles

For 1 < k < m—1, let ux be the probability distribution on the
permutation group ¥ associated to performing the first k steps of the
Fisher-Yates shuffle.

We define partial shuffles Sy by

X o ()
Silp (X( ),...,X( )) =E, . Z CirooojmX Jo) " ./o'(m) ’

where o ~ pik.

8 /17
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Partial shuffles

For 1 < k < m—1, let ux be the probability distribution on the
permutation group ¥ associated to performing the first k steps of the
Fisher-Yates shuffle.

We define partial shuffles Sy by

X o ()
Silp (X( ),...,X( )) =E, [ . Z CirooojmX Jo) " Jo‘(m)] ’

where o ~ pik.
We get

Lp=8oLp, Silp, ..., Sm-2lp, Sm-1lp=1L.
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Upper bound

There exists a universal constant c; > 1 such that

sup ‘Lp (x(l),...,x(m))‘ < ¢f"'m™(log n)™* sup |P(x)],
Hx(k)H§1 lIx]I<1

for every 1-unconditional norm || - || on C".
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for every I-unconditional norm || - || on C".
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p
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Let C(n, m) be the best constant such that

sup ‘Lp (x(l),...,x(m))‘ < C(n,m) sup |P(x)|,
||X(k)||§1 [Ix]|<1

for every 1-unconditional norm || - || on C".
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Let C(n, m) be the best constant such that

sup ‘Lp (x(l),...,x(m))‘ < C(n,m) sup |P(x)|,
<1
||X(k)||§1 lIx]|<

for every 1-unconditional norm || - || on C".
Let C,(n, m) be the best constant such that

sup ‘Lp (X(l),...,x(m)ﬂ < Cp(n,m) sup |P(x)],
[|x®]| <1 Ixllp<1
p

for || - ||p with 1 < p < 2.
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Let C(n, m) be the best constant such that

sup ‘Lp (x(l),...,x(m))‘ < C(n,m) sup |P(x)|,
<1
||X(k)||§1 lIx]|<

for every 1-unconditional norm || - || on C".
Let C,(n, m) be the best constant such that

sup ‘Lp (x(l), e ,x(m)>‘ < Cp(n,m) sup |P(x)|,
[|x®]| <1 Ixllp<1
p

for || - ||, with 1 < p < 2.

Lower bounds

We have that C(n, m) > (log n)™?2 if n>> m.
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Let C(n, m) be the best constant such that

sup ‘Lp (x(l),...,x(m))‘ < C(n,m) sup |P(x)|,
<1
||X(k)||§1 lIx]|<

for every 1-unconditional norm || - || on C".
Let C,(n, m) be the best constant such that

sup ‘Lp (x(l), e ,x(m)>‘ < Cp(n,m) sup |P(x)|,
[|x®]| <1 Ixllp<1
p

for || - ||, with 1 < p < 2.

Lower bounds

We have that C(n, m) > (log n)™?2 if n>> m.
On the other hand, we get Cy(n, m) > m™P for1<p<2andn>m.
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Lower bounds for C,(n, m)

Taking P(x) = x1...xy, an easy computation gives

”X(i)u|i:)<1 ’Lp (x(l), . ,x(’"))’ =1 and

sup |P(x)| = m~™/P,
Ixllp<1
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Lower bounds for C,(n, m)

Taking P(x) = x1 ... Xxm an easy computation gives

”X(i)u|i:)<1 ’Lp (x(l), . ,x(’"))’ =1 and

sup |P(x)| = m~™/P,
Ixllp<1

Soforl<p<2and n>m,

m™P < Cy(n,m) < c"'m™.
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Lower bounds for C,(n, m)

Taking P(x) = x1 ... Xxm an easy computation gives

”X(i)quq ’Lp (x(l), . ,x(’"))’ =1 and

sup |P(x)| = m~™/P,
Ixllp<1

Soforl<p<2and n>m,

m™P < Cy(n,m) < c"'m™.

Bad news: hypercontractivity cannot be achieved.
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Lower bounds for C(n, m)

We know that

sup |P(x)| < sup ‘Lp(x(l),...,x(m)))gC(n,m) sup |P(x)],
1

IX[loo <1 [0 loo < lIx[loo <1

for every m-homogeneous polynomial P : C" — C.
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Lower bounds for C(n, m)

We know that

sup |P()| < sup |Lp (x®,. x M) < C(n,m) sup |P(x)],
<1

lIx[loo <1 (x| o < [Ixlloo <1

for every m-homogeneous polynomial P : C" — C.
Equivalently, by the maximum modulus principle we get

1Pl ccrny < ILpllcernmy < C(n, m)||P|lccrny,

where T={ze C : |z| =1}.
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Lower bounds for C(n, m)

We know that

sup |P()| < sup |Lp (x®,. x M) < C(n,m) sup |P(x)],
<1

lIx[loo <1 (x| o < [Ixlloo <1

for every m-homogeneous polynomial P : C" — C.
Equivalently, by the maximum modulus principle we get

1Pl ccrny < ILpllcernmy < C(n, m)||P|lccrny,

where T={ze C : |z| =1}.
The monomials of P and Lp are characters of the compact abelian groups
T" and T,
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Employing Banach space theory

Theorem (Petczynski)

Let (f;)jcs and (gj)jcs be sequences of characters on compact abelian
groups S and T. Suppose there are constants Ky, K» > 0 such that

1
EHJ%CJ H <HZCJgJHC(T) HZ ”HC(S

for every sequence of scalars (cj)jcy € C.
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Employing Banach space theory

Theorem (Petczynski)

Let (f;)jes and (gj)jes be sequences of characters on compact abelian
groups S and T. Suppose there are constants Ky, K» > 0 such that

1
EHJ%CJ H <HZCJgJHC(T) HZ ”HC(S

for every sequence of scalars (cj)jcy € C.

Then, for every Banach space E and every sequence of vectors (vj)jc; C E
we have

1
KlKQHJ_%"fG

L1(S,E) = HJ% Yi8ill 17 ) < KleHJ_eZ; vjfi

LY(S,E)
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for every sequence of scalars (cj)jcy € C.

Then, for every Banach space E and every sequence of vectors (vj)jc; C E
we have

1
KlKQHJ_%"fG

L1(S,E) = HJEZJ Vi€ L1(T,E) = K1K2HJ_€ZJ Yt
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Employing Banach space theory

From the inequality

1Pl ccrny < IILpllcermy < C(n, m)|[P|lc(rny,

and Pefczynski's theorem we get

| X w7

1<j1 <o Sjm<n

<
Ll(’ﬂ‘nrn_’E)

<cCom| > v,

1< <o jm<n

L1(1n,E)’

for every Banach space E and every sequence of vectors (v;)jcy C E.
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Employing Banach space theory

From the inequality

1Pl ccrny < IILpllcermy < C(n, m)|[P|lc(rny,

and Pefczynski's theorem we get

| X vl

1<jp<...<jm<n

<
Ll(Tnm7E)

<cm| > v,

1< < Sjm<n

L(T,E)’
for every Banach space E and every sequence of vectors (v;)jcy C E.
Equivalently, for every vector valued m-homogeneous polynomial

P :C" — E we have that

ILpl2(rem £y < C(n, M)||Pl (10 £)-

F. Marceca (IMAS) Remarks on non-symmetric polarization October 18, 2017 14 /17



An example provided by Bourgain and included in a paper by McConnell
and Taqqu.
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An example provided by Bourgain and included in a paper by McConnell
and Taqqu.

An example for m = 2 taking E = L({>)
There is a vector valued 2-homogeneous polynomial P : C" — L(¢2) such
that

IPllcr(rncez)y <7 and  ||Lpl[pa(pom £ey)) = logn — .
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An example provided by Bourgain and included in a paper by McConnell
and Taqqu.

An example for m = 2 taking E = L({>)

There is a vector valued 2-homogeneous polynomial P : C" — L(¢2) such
that

IPllcr(rncez)y <7 and  ||Lpl[pa(pom £ey)) = logn — .

Therefore,
log n

™

—1<C(n,2)
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that
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An example provided by Bourgain and included in a paper by McConnell
and Taqqu.

An example for m = 2 taking E = L({>)

There is a vector valued 2-homogeneous polynomial P : C" — L(¢2) such
that
[Pllcx(mn o)) <7 and  ||[Lpllpa(pom £(e,)) > logn — .
Therefore,
log n
™

—1<C(n,2) < clogn.

The log n estimate from the example arises from the norm of the main
triangle projection.
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Extending the example for m > 2

Let E = ®kmﬁ L(¢2) be the projective tensor product of m/2 copies of

L(t2).
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Extending the example for m > 2

Let E = ®kmﬁ L(¢2) be the projective tensor product of m/2 copies of
L(¢3).

One may define a vector valued m-homogeneous polynomial P : C" — E
given by taking the tensor product of m/2 copies of the 2-homogeneous
polynomial in the previous example.
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Extending the example for m > 2

Let E=Q2L

L(¢3).

One may define a vector valued m-homogeneous polynomial P : C" — E
given by taking the tensor product of m/2 copies of the 2-homogeneous
polynomial in the previous example.

We can obtain

L(¢2) be the projective tensor product of m/2 copies of

1P|l gy < 7™2 and  ||Lpliz(pmm gy 2 (logn)™? if n>> m.
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Extending the example for m > 2

Let E=Q2L

L(¢3).

One may define a vector valued m-homogeneous polynomial P : C" — E
given by taking the tensor product of m/2 copies of the 2-homogeneous
polynomial in the previous example.

We can obtain

L(¢2) be the projective tensor product of m/2 copies of

1P|l gy < 7™2 and  ||Lpliz(pmm gy 2 (logn)™? if n>> m.
Finally, for n > m we get

(log n)™? < C(n, m)
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Extending the example for m > 2

Let E=Q2L

L(¢3).

One may define a vector valued m-homogeneous polynomial P : C" — E
given by taking the tensor product of m/2 copies of the 2-homogeneous
polynomial in the previous example.

We can obtain

L(¢2) be the projective tensor product of m/2 copies of

1P|l gy < 7™2 and  ||Lpliz(pmm gy 2 (logn)™? if n>> m.
Finally, for n > m we get

(log n)™? < C(n,m) < c"m™(log n)™ 1.
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Thank You!
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