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The presentation is based on joint research with Mart Pdldvere.

[1] J. Martsinkevits and M. Pdldvere,
Uniqueness of norm-preserving extensions of functionals on the space
of compact operators, submitted paper, 2017.

[2] J. Martsinkevits and M. Pdldvere,

On the structure of the dual unit ball of strict u-ideals, submitted
paper, 2017.
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T ion of an ideal

Let X be a Banach space over the scalar field K (where K =R or
K = C). Let Y be a closed subspace of X.
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The notion of an ideal

Let X be a Banach space over the scalar field K (where K =R or
K = C). Let Y be a closed subspace of X.

G. Godefroy, N. J. Kalton, and P. D. Saphar (1993):

@ Y is an ideal in X if there exists a bounded linear norm-one
projection P on X* with

ker P= Y+ :={x* € X*: x*|y =0}.
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The notion of an ideal

Let X be a Banach space over the scalar field K (where K =R or
K = C). Let Y be a closed subspace of X.

G. Godefroy, N. J. Kalton, and P. D. Saphar (1993):

@ Y is an ideal in X if there exists a bounded linear norm-one
projection P on X* with

ker P= Y+ :={x* € X*: x*|y =0}.

@ Y is a strict ideal in X if Y is an ideal in X with respect to a
projection P on X* and the range of P is norming for X, i.e.,

Ix]| = sup [x*(x)| forall x € X.

X*€Byan p
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The notion of an ideal

Let X be a Banach space over the scalar field K (where K =R or
K = C). Let Y be a closed subspace of X.
G. Godefroy, N. J. Kalton, and P. D. Saphar (1993):

@ Y is an ideal in X if there exists a bounded linear norm-one
projection P on X* with

ker P= Y+ :={x* € X*: x*|y =0}.

@ Y is a strict ideal in X if Y is an ideal in X with respect to a
projection P on X* and the range of P is norming for X, i.e.,

Ix]| = sup [x*(x)| forall x € X.

X*€Byan p

@ Y is a u-ideal in X if Y is an ideal in X with respect to a
projection P on X* and ||/ — 2P| = 1.
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Some background

If P is an ideal projection for Y in X, then

o for every x* € X*, the functional Px* € X* is a norm-preserving
extension of the restriction x*|y € Y*;
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Some background

If P is an ideal projection for Y in X, then

o for every x* € X*, the functional Px* € X* is a norm-preserving
extension of the restriction x*|y € Y*;
@ the mapping
Jp: Y3 y" = Px* e X¥,

where x* € X* is any extension of y*, is a linear isometry; in
particular, ran Jp = ran P and ran P = Y*;
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Some background

If P is an ideal projection for Y in X, then

o for every x* € X*, the functional Px* € X* is a norm-preserving
extension of the restriction x*|y € Y*;

@ the mapping
Jp: Y3 y" = Px* e X¥,
where x* € X* is any extension of y*, is a linear isometry; in
particular, ran Jp = ran P and ran P = Y*;

@ each x € X induces a functional xp € Y** defined by
xp(y") = (Jpy")(x), ¥y €Y

If P is strict, the mapping x — xp is an isometry and one can identify
X with the closed subspace Xp = {xp € Y**: x € X} of Y**.
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Examples of ideals

(1) Y is an ideal in its bidual Y** with respect to the canonical
projection my = jy«(jy)* where jy: Y — Y™ and jy«: Y* — Y
are canonical embeddings;
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Examples of ideals

(1) Y is an ideal in its bidual Y** with respect to the canonical
projection my = jy«(jy)* where jy: Y — Y™ and jy«: Y* — Y
are canonical embeddings;

(2) o is a strict u-ideal in its bidual.
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Our starting point

Proposition 1 (V. Lima and A. Lima, 2009)

Let Y be a strict u-ideal in X. Then every ideal projection for Y in X is
strict.
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Our starting point

Proposition 1 (V. Lima and A. Lima, 2009)

Let Y be a strict u-ideal in X. Then every ideal projection for Y in X is
strict.

Denote
> Tp = O’(Y*,XP),

> C:={y* € Sy-: y* has a unique norm-preserving extension to X}.
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Our starting point

Proposition 1 (V. Lima and A. Lima, 2009)

Let Y be a strict u-ideal in X. Then every ideal projection for Y in X is
strict.

Denote
> Tp = O’(Y*,Xp),

> C:={y* € Sy-: y* has a unique norm-preserving extension to X}.

Proposition 2

Let Y be a strict ideal in X with respect to an ideal projection P € L(X*).
If By« =co™"(C), then every ideal projection for Y in X is strict.
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When By: = co

Let Y be a strict u-ideal in a separable Banach space X with respect to an
ideal projection P € L(X*). Then By~ =¢ca"?(C).
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When By« =co’"(C)?

Let Y be a strict u-ideal in a separable Banach space X with respect to an
ideal projection P € L(X*). Then By~ =¢ca"?(C).

THE QUESTION:

Whether the aforecited theorem holds if we remove the assumption of
separability?

7/13
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Description of functionals in Sy~ admitting a unique
norm-preserving extension to X

Let Y be a strict ideal in X with respect to a projection P € L(X*), and
let y* € Sy~. The following assertions are equivalent:

(i) y* has a unique norm-preserving extension to X;

(ii) y* is a weak*-to-Tp-PC of By~, i.e., for any net (y}) in By,
iyt = Sy

i.e., whenever
*

va(y) — y*(y) forally ey,

one has

Jpyalx) = xp(va) = xp(y™) = Jpy*(x) forall x € X.
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Generalisation of “ordinary” dentability and denting points

Let Z be a Banach space, and let 7 be a locally convex topology on Z.
Given a z € Z, a seminorm p on Z, and an ¢ > 0, we define

Up(z,e) :={veZ: p(v—1z)<e}.
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Generalisation of “ordinary” dentability and denting points

Let Z be a Banach space, and let 7 be a locally convex topology on Z.
Given a z € Z, a seminorm p on Z, and an ¢ > 0, we define

Up(z,e) :={veZ: p(v—1z)<e}.

Suppose that 7; and 7> are locally convex topologies on Z such that
1 C 72 C 7). Let C be a non-empty bounded subset of Z.

@ The set C is (71, 72)-dentable if, whenever p is a T>-continuous
seminorm on Z and € > 0, there is an x € C such that

x ¢ @ (C\ Up(x.)). (1)
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Generalisation of “ordinary” dentability and denting points

Let Z be a Banach space, and let 7 be a locally convex topology on Z.
Given a z € Z, a seminorm p on Z, and an ¢ > 0, we define

Up(z,e) :={veZ: p(v—1z)<e}.

Suppose that 7; and 7> are locally convex topologies on Z such that
1 C 72 C 7). Let C be a non-empty bounded subset of Z.

@ The set C is (71, 72)-dentable if, whenever p is a T>-continuous
seminorm on Z and € > 0, there is an x € C such that

x ¢ o™ (C\Up(x,€)). (1)

@ A point x € C is a (71, 72)-denting point of C if, whenever p is a
Tp-continuous seminorm on Z and € > 0, one has (1).

Dentability in locally convex spaces with two comparable topologies has
been studied by M. Fundo (1997, 1999).
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Proof of Theorem 3

Theorem 3 follows from Propositions 5 and 6.

Proposition 5

Let Y be a strict ideal in X with respect to a projection P € L(X*), and
let y* € By~«. The following assertions are equivalent:

(i) y

extension to X;

(ii) y
(iii) y

*

is an extreme point of By~ having a unique norm-preserving

*

is both an extreme point and a weak®-to-Tp-PC of Byx;

is a (weak™*, Tp)-denting point of By~.

*
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Proof of Theorem 3

Theorem 3 follows from Propositions 5 and 6.

Proposition 5

Let Y be a strict ideal in X with respect to a projection P € L(X*), and
let y* € By~«. The following assertions are equivalent:

(i) y* is an extreme point of By« having a unique norm-preserving
extension to X;

(i) y
(iii) y

* is both an extreme point and a weak*-to-tp-PC of By~;

*

is a (weak*, Tp)-denting point of By~.

Proposition 6

| A

Let Y be a strict u-ideal in a separable Banach space X with respect to an
ideal projection P € L(X*). Then By~ is the Tp-closed convex hull of its
(weak*, Tp)-denting points.
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Let Y be a strict u-ideal in a separable Banach space X with respect to an
ideal projection P € L(X*). Then By~ =to"?(C).
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(7p, Tp)-dentability of bounded sets in dual spaces of strict
ideals in separable spaces

Let X be a separable Banach space. Then every non-empty bounded
subset of the dual space X* is (weak™, weak™)-dentable.

Proof of Theorem 7 relies on standard martingale techniques.
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(7p, Tp)-dentability of bounded sets in dual spaces of strict
ideals in separable spaces

Let X be a separable Banach space. Then every non-empty bounded
subset of the dual space X* is (weak™, weak™)-dentable.

Proof of Theorem 7 relies on standard martingale techniques.

Corollary 8

Let Y be a strict ideal in a separable Banach space X with respect to an
ideal projection P € L(X*). Then every non-empty bounded subset of Y*
is (Tp, Tp)-dentable.
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Thank you for attention!
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