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Let K be a Hausdorff compact space.

m K is said to be sequentially compact if every sequence in K
contains a convergent subsequence.

m K is Fréchet-Urysohn (FU for short) if for every subspace F
of K, every point in the closure of F is the limit of a sequence
in F.

m K is said to be sequential if any sequentially closed subspace
is closed.

m K is said to have countable tightness if for every subspace
F of K, every point in the closure of F is in the closure of a
countable subspace of F.
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K is FU = K is sequential=—> K is sequentially compact

4

K has countable tightness

A Banach space with weak*-FU dual ball is said to have
weak*-angelic dual.
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Let X be a Banach space.

m X is said to have property £ (of Efremov) if every point in
the weak*-closure of any convex subset C C Bx+ is the
weak*-limit of a sequence in C.
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Let X be a Banach space.
m X is said to have property £ (of Efremov) if every point in

the weak*-closure of any convex subset C C Bx+ is the
weak*-limit of a sequence in C.

m X /s said to have property &' if every weak*-sequentially
closed convex set in the dual ball is weak*-closed.

m X has property (C) of Corson if and only if every point in
the closure of C is in the weak*-closure of a countable subset
of C for every convex set C in Bx~ (Pol’s characterization).
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m The dual ball of C([0,w1]) is weak*-sequentially compact but
it is not weak*-sequential.
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countable tightness is sequential (Balogh, 1989)
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m The dual ball of C([0,w1]) is weak*-sequentially compact but
it is not weak*-sequential.

m It is consistent that every Hausdorff compact space with
countable tightness is sequential (Balogh, 1989)

m It is consistent that property (C) = property £ (J.T. Moore
and C. Brech, 2008).

m property £ # weak*-angelic dual (A. Plichko, 2014).

Question (A. Plichko, 2014)

weak*-sequential dual ball = weak*-angelic dual?
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Theorem

If X is a Banach space with weak*-sequentially compact dual ball
and Y C X is a subspace such that Y and X /Y have
weak*-sequential dual ball, then X has weak*-sequential dual ball.
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Definition

Let T be a topological space and F a subspace of T. For any
a < wy we define S, (F) the ath sequential closure of F by
induction on «:
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Let T be a topological space and F a subspace of T. For any
a < wy we define S, (F) the ath sequential closure of F by
induction on «:
| S()(F) = F,‘
m So+1(F) is the sequential closure of S,(F) for every a < w1,
i.e. Sot1(F) is the set of limits of sequences in S, (F);

B So(F) =Ug<q S(F) if a is a limit ordinal.

Notice that S, (F) is sequentially closed for every subspace F. B
Thus, a topological space T is sequential if and only if S, (F) = F
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Definition

Let T be a topological space and F a subspace of T. For any
a < wy we define S, (F) the ath sequential closure of F by
induction on «:

| S()(F) = F,‘
m So+1(F) is the sequential closure of S,(F) for every a < w1,
i.e. Sot1(F) is the set of limits of sequences in S, (F);
B So(F) =Ug<q S(F) if a is a limit ordinal.
Notice that S, (F) is sequentially closed for every subspace F.

Thus, a topological space T is sequential if and only if S,,,(F) = F
for every subspace F of T.

Definition

T has sequential order < v if So(F) = F for every subspace F of
T.

Therefore, a topological space T is sequential with sequential order
< 1if and only if it is FU.
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Theorem

Let X be a Banach space with weak*-sequentially compact dual
ball. Let Y C X be a subspace with weak*-sequential dual ball
with sequential order < ~1 and such that X/Y has
weak*-sequential dual ball with sequential order < v,. Then X has
weak*-sequential dual ball with sequential order < v1 + 2.

Gonzalo Martinez Cervantes Banach spaces with weak*-sequential dual ball October 16th, 2017 10 / 18



Theorem

Let X be a Banach space with weak*-sequentially compact dual
ball. Let Y C X be a subspace with weak*-sequential dual ball
with sequential order < ~1 and such that X/Y has
weak*-sequential dual ball with sequential order < v,. Then X has
weak*-sequential dual ball with sequential order < v1 + 2.

Sketch of the proof. It is enough to prove that if F C Bx+ and
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ball. Let Y C X be a subspace with weak*-sequential dual ball
with sequential order < ~1 and such that X/Y has
weak*-sequential dual ball with sequential order < v,. Then X has
weak*-sequential dual ball with sequential order < v1 + 2.

Sketch *of the proof. It is enough to prove that if F C Bx= and
0€ F” then0€ S, 1-,(F). For each finite set A C X and each
e >0, define Fy. = {x* € F : [x*(x)| < ¢ for all x € A}. Then,
0€R(Fas)" =5, (R(Fa:))=R(S,(Far)), where R : X* — Y*
is the restriction operator. Thus, for every finite set A C X and
every € > 0 we can take x3 . € 5;,(Fa.) such that R(xj ) = 0.

Set G :={x3 : A C X finite, ¢ > 0} C YL N Bx:. Since
YL N By« is w*-homeomorphic to the dual ball of (X/Y)* and
0€ G, we conclude 0 € S.,(G) C S,(S,,(F)) = Sy1n(F). O
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m If (xn)nen is a sequence in a Banach space, we say that
(vk)ken is a convex block subsequence of (x,)qen if there is
a sequence (ly)ken of finite subsets of N with
max(lx) < min(/x+1) and a sequence a, € [0, 1] with
> nei, @n =1 for every k € N such that yx = 3 ) anxn.
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m A Banach space X is said to have weak*-convex block
compact dual ball if every bounded sequence in X* has a
weak*-convergent convex block subsequence.
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weak*-convex block compact dual ball (Bourgain, 1979).
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m If (xn)nen is a sequence in a Banach space, we say that
(vk)ken is a convex block subsequence of (x,)qen if there is
a sequence (ly)ken of finite subsets of N with
max(lx) < min(/x+1) and a sequence a, € [0, 1] with
> nei, @n =1 for every k € N such that yx = 3 ) anxn.

m A Banach space X is said to have weak*-convex block
compact dual ball i/f every bounded sequence in X* has a
weak*-convergent convex block subsequence.

Every Banach space containing no isomorphic copies of ¢1 has
weak*-convex block compact dual ball (Bourgain, 1979).
Therefore, every WPG Banach space (i.e. every Banach space with
a linearly dense weakly precompact set) also has weak*-convex
block compact dual ball.
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For any ordinal o < w1, we say that X has property £(a) if
S.(C) = C* for every convex subset C in (Bx-,w").
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Definition
For any ordinal o < w1, we say that X has property £(a) if
S.(C) = C* for every convex subset C in (Bx-,w").

Thus, property £ is property £(1) and property &’ is property
E(wl).
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Definition

For any ordinal o < w1, we say that X has property £(a) if

Sa(C) = T for every convex subset C in (Bx~,w*).

Thus, property £ is property £(1) and property &’ is property
E(wl).

Theorem

Let X be a Banach space with weak*-convex block compact dual
ball. Let Y C X be a subspace with property £(-y1) such that

X /Y has property £(72). Then X has property £(v1 + 72).
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Theorem

Let X be a Banach space with weak*-sequentially compact dual
ball. Let Y C X be a subspace with weak*-sequential dual ball
with sequential order < ~1 and such that X /Y has
weak*-sequential dual ball with sequential order < v,. Then X has
weak*-sequential dual ball with sequential order < v1 + 2.
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Theorem

Let X be a Banach space with weak*-sequentially compact dual
ball. Let Y C X be a subspace with weak*-sequential dual ball
with sequential order < ~1 and such that X /Y has
weak*-sequential dual ball with sequential order < v,. Then X has
weak*-sequential dual ball with sequential order < v1 + 2.

Let {N, : r € I'} be an uncountable maximal almost disjoint family
in N.
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Theorem

Let X be a Banach space with weak*-sequentially compact dual
ball. Let Y C X be a subspace with weak*-sequential dual ball
with sequential order < ~1 and such that X/Y has
weak*-sequential dual ball with sequential order < ~,. Then X has
weak*-sequential dual ball with sequential order < v1 + 2.

Let {N, : r € I'} be an uncountable maximal almost disjoint family
in N. The Johnson-Lindenstrauss space JL, is defined as the
completion of span (co U {xn, : r € I'}) C £ with respect to the

norm:
1
2 2
X+ Z AiX Ny, :max{ ,<Z |a,~|> }
o0 M<Li<k

1<i<k

X+ Z 3i XNy,

1<i<k
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Theorem

Let X be a Banach space with weak*-sequentially compact dual
ball. Let Y C X be a subspace with weak*-sequential dual ball
with sequential order < ~1 and such that X/Y has
weak*-sequential dual ball with sequential order < ~,. Then X has
weak*-sequential dual ball with sequential order < v1 + 2.

Let {N, : r € I'} be an uncountable maximal almost disjoint family
in N. The Johnson-Lindenstrauss space JL, is defined as the
completion of span (co U {xn, : r € I'}) C £ with respect to the

norm:
1
2
:max{ ,< E |a,~|2> }
00 M<i<k

X+ Z a,-XN,i
1<i<k

If we just consider the supremum norm in the definition then we
obtain the space JLy.
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Theorem

Let X be a Banach space with weak*-sequentially compact dual
ball. Let Y C X be a subspace with weak*-sequential dual ball
with sequential order < ~1 and such that X/Y has
weak*-sequential dual ball with sequential order < ~v». Then X has
weak*-sequential dual ball with sequential order < v1 + 2.
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Theorem

Let X be a Banach space with weak*-sequentially compact dual
ball. Let Y C X be a subspace with weak*-sequential dual ball
with sequential order < ~1 and such that X/Y has
weak*-sequential dual ball with sequential order < ~v». Then X has
weak*-sequential dual ball with sequential order < v1 + 2.

Corollary

Since JLy/ ¢y is isomorphic to ¢>(T") and JLy has weak*-sequentially
compact dual ball,
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Theorem

Let X be a Banach space with weak*-sequentially compact dual
ball. Let Y C X be a subspace with weak*-sequential dual ball
with sequential order < ~1 and such that X/Y has
weak*-sequential dual ball with sequential order < ~v». Then X has
weak*-sequential dual ball with sequential order < v1 + 2.

Corollary

Since JLy/ ¢y is isomorphic to ¢>(T") and JLy has weak*-sequentially
compact dual ball, JL, has weak*-sequential dual ball with
sequential order < 2.
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Theorem

Let X be a Banach space with weak*-sequentially compact dual
ball. Let Y C X be a subspace with weak*-sequential dual ball
with sequential order < ~1 and such that X/Y has
weak*-sequential dual ball with sequential order < ~v». Then X has
weak*-sequential dual ball with sequential order < v1 + 2.

Corollary

Since JLy/ ¢y is isomorphic to ¢>(T") and JLy has weak*-sequentially
compact dual ball, JL, has weak*-sequential dual ball with
sequential order < 2. Since JL, does not have weak*-angelic dual,
we conclude that

weak*-sequential dual ball = weak*-angelic dual
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Let X be a Banach space with weak*-sequentially compact dual
ball. Let Y C X be a subspace with weak*-sequential dual ball
with sequential order < ~1 and such that X/Y has
weak*-sequential dual ball with sequential order < v,. Then X has
weak*-sequential dual ball with sequential order < ~v1 + 2.
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Theorem

Let X be a Banach space with weak*-sequentially compact dual
ball. Let Y C X be a subspace with weak*-sequential dual ball
with sequential order < ~1 and such that X/Y has
weak*-sequential dual ball with sequential order < v,. Then X has
weak*-sequential dual ball with sequential order < v + 2.

Theorem

Let v be a countable ordinal, X, a Banach space and (Xu)a<~ an
increasing sequence of subspaces of X, such that:

Xo has weak*-sequential dual ball with sequential order < 0
each quotient X,+1/Xs has weak*-angelic dual;

X, = U5<a Xg if o is a limit ordinal;

X, has weak*-sequentially compact dual ball.

Then each X, has weak*-sequential dual ball with sequential order
<0+ «a if a <w and sequential order < 0 +a+1 ifa > w.
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Theorem

If K is an infinite scattered compact space with ht(K) < w1, then
C(K) has weak*-sequential dual ball with sequential order < ht(K)
if ht(K) < w and with sequential order < ht(K) + 1 if ht(K) > w.
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Theorem

If K is an infinite scattered compact space with ht(K) < w1, then
C(K) has weak*-sequential dual ball with sequential order < ht(K)
if ht(K) < w and with sequential order < ht(K) + 1 if ht(K) > w.

Sketch of the proof. For every a. < v, take

Xo = {f €C(K) : f(t) =0 for every t € K(®}, where

{K(®) : o <~} are the Cantor-Bendixson derivatives of K and
v = ht(K).
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C(K) has weak*-sequential dual ball with sequential order < ht(K)
if ht(K) < w and with sequential order < ht(K) + 1 if ht(K) > w.

Sketch of the proof. For every a. < v, take

Xo = {f €C(K) : f(t) =0 for every t € K(®}, where

{K(®) : o <~} are the Cantor-Bendixson derivatives of K and
v = ht(K). Then X,11/X, is isomorphic to cp(K (¥ \ K(2F1),
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Theorem

If K is an infinite scattered compact space with ht(K) < w1, then
C(K) has weak*-sequential dual ball with sequential order < ht(K)
if ht(K) < w and with sequential order < ht(K) + 1 if ht(K) > w.

Sketch of the proof. For every a. < v, take

Xo = {f €C(K) : f(t) =0 for every t € K(®}, where

{K(®) : o <~} are the Cantor-Bendixson derivatives of K and
v = ht(K). Then X,11/X, is isomorphic to cp(K (¥ \ K(2F1),

Theorem (A.l. Baskirov)

Under CH there exist scattered compact spaces of any sequential
order and such that the sequential order and the scattering height
coincide whenever the sequential order is a successor ordinal.
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Theorem

If K is an infinite scattered compact space with ht(K) < w1, then
C(K) has weak*-sequential dual ball with sequential order < ht(K)
if ht(K) < w and with sequential order < ht(K) + 1 if ht(K) > w.

Sketch of the proof. For every o < =y, take

Xo = {f €C(K) : f(t) =0 for every t € K(®}, where

{K(®) : o <~} are the Cantor-Bendixson derivatives of K and
v = ht(K). Then X,11/X, is isomorphic to cp(K (¥ \ K(2F1),

Theorem (A.l. Baskirov)

Under CH there exist scattered compact spaces of any sequential
order and such that the sequential order and the scattering height
coincide whenever the sequential order is a successor ordinal.

Corollary

Under CH there are Banach spaces with weak*-sequential dual
balls of any sequential order < w and Banach spaces with
arbitrarily large countable sequential order.
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