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Introduction

General notation

E will always denote a compact set in R".

J& denotes the mapping which sends a smooth function to the
infinite jet consisting of its partial derivatives of all orders restricted
to E.

For a weight function w : [0, +00) — [0, +00) (satisfying some
basic growth properties) we denote by B{“}(RR") the associated
space of ultradifferentiable functions f on R"; the growth rate of
the sequence (||f(®)]| o(rn))acnn is regulated in terms of w. (The
letter B emphasizes that the bounds are global in R".)

Similarly B{“}(E) is the space of jets on the compact subset
E C R" with a growth rate regulated by w, so-called ultrajets.
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Characterization result for preserving the class - BBMT 91

Theorem

Let w be a weight function, TFAE:

(i) For every compact E C R" the jet mapping
j& : BIWHR) — BIWH(E) is surjective.

(if) w is strong, i.e., [° %du < Cw(t)+ C for all t > 0 and
some C > 0.

Remark: This result holds true for the so-called Beurling case as
well.
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Main problem/question

oo w(t)

Let w be a non-quasianalytic (i.e. [~ =z dt < +00) weight
function, let o be another weight function.

Under which conditions is the jet mapping j&° defined on B“}(R")
surjective onto B{7}(E) for all compact sets E C R"?

Known results concerning our main problem/question

(i) Bonet, Meise, and Taylor '92 - for the one-point set E = {0}
(i) Langenbruch '94 - for compact convex E

The mapping j&° : BI“}(R") — BI{7}(E) is surjective if and only if

3C>0Vt>0: / wE;u)dugCU(t)—i—C. (1)
1

For the proofs many tools from Functional Analysis have been
applied.

Question: What can be said about general compact sets £ C_R"7?
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Our result |

We give a complete answer assuming three additional conditions:
(/) w is concave (each strong weight function is equivalent to a
concave one by Meise, and Taylor '88).
(i) o(t) = o(t) as t — oo (any strong weight function has this
property).
(i) (1) The weight matrix S = {S* : x > 0} associated with o
satisfies the "good property”:

Vx>03y>03C>1V1<j<k S <C S

x y > <j<k: 55— < :

JSj—l kSy 4
(2)

Using the weight matrix notation we have (Rainer, S. '14):
{oH R = limBISHR"
BYI(R") = )Ig)B (R™M). (3)
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Our result |l

Theorem

Let w be a non-quasianalytic concave weight function. Let o be a
weight function satisfying o(t) = o(t) as t — oo and
S = {5 : x > 0} has the good property.
Then the following conditions are equivalent:
(1) For every compact E C R" the jet mapping
Jj& : BIHRM) — BI9Y(E) is surjective.

(i) Thereis C > 0 such that [ wut” du < Co(t) + C for all
t>0.

Note: Concavity and the good property are not invariant under
equivalence, it is enough that the assumptions are satisfied up to
equivalence of weight functions.
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General remarks on the proof of the main theorem |

We combine methods/techniques from BBMT '91 and Chaumat,
and Chollet '94, more precisely:

(i) generalize special cut-off functions as constructed in BBMT
'91 to a mixed setting,

(i) combine the resulting partition of unity {¢;}; subordinate to a
collection of Whitney cubes (Q;); with centers (x;); with the
technique of Ch./Ch. '94 - mixed weight sequence setting
(based on an extension method of Dynkin '80),

(iii) the extension of an ultrajet F € B} is defined as a linear
combination
Z (Y25 TE(X')F
i 1

of Taylor polynomials, where the degree p(x;) depends on the
distance of x; to E and X; € E realizes this distance.
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General remarks on the proof of the main theorem Il

The dependence of p is given through a counting function
corresponding to the sequences in S = {§* :> 0}, the good
property is only needed here.

We will have to work with two counting functions, generalizing the
technique of Ch./Ch. '94.

In a recent paper (Rainer, S. '16) we have generalized Ch./Ch. '94
to admissible (large) unions of Denjoy-Carleman classes. But
modifying the construction of special cut-off functions in Ch./Ch.
'94 yields an undesired restrictive condition on the weight
functions/matrices.
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Weight functions

By a weight function we mean a continuous increasing function
w: [0,00) — [0, 00) with w(0) = 0 and lim;_o w(t) = co that
satisfies

N

' e e S

w(2t) = O(w(t)) ast — oo,
w(t)=0(t) ast— o0,
logt = o(w(t)) ast— oo,

A~ N N~
(@)}

~

u(t) := w(e’) is convex.

A weight function is called non-quasianalytic if

/0 - 1“+(t22 dt < o, (8)
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Two weight functions w and o are said to be equivalent if
w(t) = O(o(t)) and o(t) = O(w(t)) as t — oc.

Note: For each w there is an equivalent & such that w(t) = &(t)
for large t > 0 and &|jp 1) = 0.
The Young conjugate ¢ of ¢ is defined by

2i(t) = sup{st — p(s)}, £>0.
s>0

Assuming wljo.1] = 0, we have that ¢, is a convex increasing
function satisfying ¢, (0) =0, t/¢}(t) — 0 as t — oo, and
Yo =
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The space B{“}HR")

Let w be a weight function and / > 0. Consider the Banach space
By (R") := {f € C*(R") : [[f[|}" < oo},

where
P ernaenn exp(ez(lal))’
and the inductive limit

BN R™) = lim By (R").
IS PN

For weight functions w and o we have B} C B{?} if and only if
o(t) = O(w(t)) as t — oc.
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Weight sequences

Let 1 = (uk)x be a positive increasing sequence with 1 = pg, the
sequences M = (M), and m = (my)x are defined by

poppi2 - ik = My = k- my. (9)

We call M a weight sequence it I\/Ii/k — o0 as k — oo.
(i) M is log-convex,
(il) (Mi)Y/* < g follows,
(iii) but M is NOT assumed necessarily to be strongly log-convex,
i.e. mis log-convex.

A weight sequence M is called non-quasianalytic if

> ! e (10)

kﬂk
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The space BIM}(R™)

Let M = (M) be a weight sequence and p > 0. We consider the
Banach space

BY(R") := {f € C®(R") : |||} < oo},

where @
fle)(x
1= s TUOL
x€R",aeN" O A/’\a|

and the inductive limit

BMHR™) := lim By'(R").
0€N>o

Traditionally, B{M}(R") is called a Denjoy—Carleman class.
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The connection between B{“}(]R”) and B{M}(R”)

With each w we associate a weight matrix W = {W* : x > 0} by
X 1 *
Wi = exp(;gp (x - k)).

We say that w is good, if its associated weight matrix satisfies the
good property.

Theorem

Let w be a weight function, then, as locally convex spaces,

B R™) = limBIVI(R") = _m>|_m>BW*(R") (11)

X>O x>00>0
We have BI“}(R") = BIW'}(R") for all x > 0 if and only if
dH>1Vt>0: 2w(t)<w(Ht)+ H. (12)
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Remarks on condition (mg)

M is said to have moderate growth, it
IC>1Vj,keN: My < CTEM M.

We know:
(i) whas IH>1Vt>0: 2w(t) <w(Ht)+ H if and only if
some (equivalently each) W* has (mg).

(i) There exist many equivalent reformulations of (mg), e.g. M
has (mg) if and only if
FC>1VkeNsg: e < C(MHYE (1)

(iii) For any weight w the associated matrix WV satisfies
generalized /mixed (mg)-conditions (by convexity of ¢}), but
the generalization of (ii) is not clear in general!
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Whitney ultrajets |

We denote by J°°(E) the vector space of all jets
F = (F*)aenn € CO(E,R)Y" on E.
For a € E and p € N we associate the Taylor polynomial

TP: J™(E) — C¥(R",R), Frs TPF(x):= Y ﬂF“(a),

lee|<p

and the remainder RJF = ((R5F)®)|aj<p With

, a,x€eE.

¥ — 2)8
(R0 = P = 30 B peei)
181<p—|o| '
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Whitney ultrajets Il

Let M be a weight sequence. For fixed o > 0 we denote by BQ”(E)
the set of all jets F such that there exists C > 0 with

IF(a)| < Co*'Mo, @ €N, acE,
b — a|pt1-lal

REF)*(b)| < CoPT ' Mpyr
‘( a ) ( )|— o P+1(p+1_|a’)|

peN, o] <p, abeE.

We define

F € BIM}(E) is called a Whitney ultrajet of class BIM} on E.
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Whitney ultrajets Il

Let w be a weight function, W = {W* : x > 0} the associated
weight matrix. A jet F is said to be a Whitney ultrajet of class
B} on E if F € BIWH(E) for some x > 0.

We set
w o W o WX o . WX
B (E) = BIVH(E) = lim B} (E) = limlimB,"" (E).
x>0 x>00>0

This definition coincides with the one given in BBMT '91.
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Associated weight functions and counting functions

Let m = (my) be a positive sequence satisfying mg = 1 and

l/k — 00 (not necessarily log-convex). We associate:
hm(t) == llnf myth, t >0, hp(0) := 0, (13)
eN
tk
wm(t) := —log hm(1/t) = sup log ( ), t >0, wn(0):=0,
keEN my
(14)
Tm(t) := min{k : hy(t) = meth}, t >0, (15)

and, provided that my1/my — oo,

Mmg41
my

CL(t) = min{kGN: 2%} t>0. (16)
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Possible loss of strong log-convexity

(/) We want to work with sequences w*. In general we do not
know if they are log-convex, so if W* is strongly log-convex -
as assumed in Ch./Ch. '94.

(ii) If mis log-convex, then T, =T,

(iii) Central new idea: We work with both counting functions
simultaneously.
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Importance of the good property

Lemma

Let M, N be weight sequences satisfying mi/k — 00, nll(/k 0.
Assume ' §
Ic>1vi<j<k: <
J
then

Vit>0: T,(Ct) <L,(t). (17)
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The conjugate of w and its connection to h,,x

Let w : [0,00) — [0, 00) with w(t) = o(t) as t — co. We define

w*(t) := igg{w(s) —st}, t>0. (18)

Lemma

Let M be a weight sequence such that m,l(/k — oo (but not
necessarily s.l.c.), then

1 t

ViE>0: wh(t) < wm<;> < wxﬂ(g). (19)

Importance: w, wywx — wW*, Wiyx < Wwx, hyx
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The heirs of a n.q.a. weight function

Let w be a non-quasianalytic weight function. Then

K(t) = ro(t) = /100 wltu) g, t/too “) gy t>0,  (20)

u? u?
defines a concave weight function (possibly quasianalytic !) and
satisfying k(t) = o(t) as t — o0, K > w.
A weight o is called a heir of w, if o(t) = o(t) and k(t) = O(o(t))
as t — oo, i.e.
w(tu)
2

3C>0Vt>0: / du < Co(t)+ C. (21)
1
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Some further notation

d(Q, E) denotes the Euclidean distance of a closed set Q@ C R" to
E; i.e. (if E is fixed):

d(x) :=d(x,E) =inf{|x —y|:y € E}.

Given x € R", we denote by X any point in E with
|x — X| = d(x, E).
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Construction of special/good bump functions

Generalizing the construction presented in BBMT '91 we have:

Proposition

Let w be a non-quasianalytic concave weight function and let o be
a heir of w. Then for each n € N+ there exist m € N~g, M > 0,
and 0 < rg < 1/2 such that for all 0 < r < ry there are functions
fa,r € C°(R) satisfying the following properties:

0<fn, <1, suppfy, C [— gr, %r], forll-rn =1 (22)

’ n, )( )’ i *
<M n 23
xEsRu,JpeN Wm P ( ( r)) ( )

The proof will show that m = cn for some ¢ € N~ independent of
n.
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A special /convenient partition of unity

Proposition

Let E C R" be a non-empty compact set and let {Q;};cn be the
family of Whitney cubes. Let w be a non-quasianalytic concave
weight function and let o be a heir of w. Then for all p € Ny
there exist m € Nyg, M >0, 0 < ry < 1/2, and a family of smooth
functions {pj p}ien satisfying

0<ypip<1lforallieN,

supp @i p C QF (cube Q; expanded by 9/8) for all i € N,

YienPip(x) =1 forall x e R"\ E,

A ifd(Qi, E) < ry/Bx, then for all 5 € N" and x € R" \ E,

(8) m Ai(n) .7 bip .
|‘Pi,p(X)’§M |5\eXP< = o <A2(n)dlain>>.
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Our main theorem

Theorem

Let w be a non-quasianalytic concave weight function and let o be
a good heir of w. Let E be a compact subset of R". Then the jet
mapping j&° : BIHR") — BT} (E) is surjective.

Let S = (Sk) be a weight sequence satisfying si/k — 00 and
F € B{S}(E) be a Whitney ultrajet. The extension of F will be of
the form

S gip(x)- T2 D) x e R\ E, (24)
IEN

where S’ is a suitable weight sequence depending on S (and L > 1
a constant dep. on S).
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Actually the proof shows:

For each ¢ > 0 there exist M(g) > 0 and a continuous linear
extension operator T, : B3 (E) — Bii(p)(R") depending on given o

and S.
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Consequence of our main result - reformulating Ch./Ch. '94

Let M and N be weight sequences,
(/) both having (mg),

(i)
dJC>1VkeN: pup<Cuyy,

(iii) px/k — 00, vk /k — o0,
(iv)
IC>1V1<j<k: %gc%, (25)

resp. equivalently (by (mg)!)

3C>1vi<j<k: m” <cm/ (26)
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Then TFAE:
For every compact E C R” the jet mapping
j& : BINHRM) — BIMI(E) is surjective.
B Thereisa C > 0 such that [;° w"’u(t”) du < Cwp(t) + C for all
t > 0.
There is a C > 0 such that ijky% < CH—"k for all k € N

(the so-called mixed strong non-quasianalyticity condition for
weight sequ., resp. mixed (71 )-condition!).
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Comparison with Ch./Ch. '94

M and N were assumed to be strongly log-convex
But N was not assumed to have (mg)
We had to assume (mg) for N since we have used for the proof:

Lemma

Let M be a weight sequence of moderate growth. Then
BIMY(R) = Blem}(R") and BIMY(E) = BI“m}(E) for each
compact E C R".
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Open questions

Q: Is every concave weight function (equivalent to) a good one?
Q: Is every strong weight function (equivalent to) a good one?

What do we know so far?

Theorem

Let w be a weight function and let W = {W* : x > 0} be the
associated weight matrix, TFAE:

(i) w is equivalent to its least concave majorant.
(i) Vx>03y>03D>1V1i<j<k: (w)li<
D(w))Y/k.
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Let w be a weight function, assume the strange growth property

Vx>03y>03C>1VkeNs;: < C(W))Vk.

(27)
Then w is a good weight function if and only if it is equivalent to
its least concave majorant.

X
k—1

Corollary

Let w be a n.q.a. weight function, then k,, is a good heir if (27)
holds for S = {S* : x > 0} (matrix associated to k).
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For this recent work see [1].

For our first generalization of Ch./Ch. '94 (dealing with large
weight matrices resp. unions of D.-C. classes) see [3].

For more information of weight functions and the connections to
their associated weight matrices see [2].
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