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Introduction: Polynomials and
Polarization
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Homogeneous polynomials

Let throughout the talk P : C™ — C denote a m—homogeneous
polynomial. Every such polynomial can be written as
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An m~form which is somewhat naturally associated to P is given by
15AE s = O C(.il,...,j,n)x;i) : §’”> :
1<ii< . <jm<n

and the symmetrization of Lp,

(1) z(™) -(o(1)) (o(m))
SLP(I P Wﬂ E: Lp geeey L %
0EY
where X, denotes the set of all permutations of {1,...,m}, is

symmetric and likewise defines P.



Norm inequalities

With a norm || - || on C", the space of all m—homogeneous polynomials P
and the space of all m—linear forms L become Banach spaces, when
equipped with the supremum norms
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Norm inequalities

With a norm || - || on C", the space of all m—homogeneous polynomials P
and the space of all m—linear forms L become Banach spaces, when
equipped with the supremum norms
[Plloc := sup |P(x)]
l=l<1
and

|IL||oc :== sup ’L(I(l)’...’x(m))|'
=z ]]<1

As P(x) = Lp(z,...,2) =SLp(x,...,x) for all z € C, it is easy to
see that || Plleo < ||Lp|lco and || Plleo < ISLp|so-



The classical polarization formula
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The classical polarization formula

Theorem (Polarization formula)

For each m—homogeneous polynomial P : C™ — C and every choice of
zW, . zm e,

SLp(zY,...,20™) Qmm, e EmP(;zzkx(k)).

Ep=— :|:1

As an easy consequence,

1Plloc < ISLplloo < 22

— ml

< e™||Plloo -

Can we compare the norms of a m—homogeneous polynomial P with
norms of non-symmetric m—forms, which define P?
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Non-symmetric m—forms defining P

We introduced the m—form Lp, which is somewhat naturally associated
with P. However, Lp is in general not symmetric. The norm inequality,
which arose from the polarization formula, is therefore not applicable!

Bad news: We can't expect to have the same or a similar norm inequality
for every m—form defining P.
Consider for example
L:(C)?=C, (z,9) = 152 — T2
and P(x) := L(z,x). Then L #0, but P =0, i.e. ||L|lcc > 0 and
HPHOO = 0.

Good news: The mappings Lp have a special structure...
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Theorem
There exists a universal constant ¢y > 1 such that for every
m—homogeneous polynomial P : C" — C and every 1-unconditional

norm || - || on C"
m?2 —
ILplloe < " (logn)™ " - [|Pllos -
Moreover, if || -|| = |- ||, for 1 < p < 2, then there even is a constant
¢y = co(p) > 1 for which

2
ILPlloo < 65" - [[Plloo -
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Partial symmetrization

Keeping the polarization formula in mind, we have to show that
ILp|loo < ¢ ||SLpllco with a suitable constant ¢. We will use an
iterative approach.

For 1 < k < n define the partial symmetrization
SeLp(zW,. .. 2™)

;:% S Lo, g@) g041) gl

" oESL

Note that S;Lp = Lp and S,,Lp = SLp.



Partial symmetrization (cont.)

Theorem

There exists a universal constant ¢; > 1 such that for every
m—homogeneous polynomial P : C* — C, every 1-unconditional norm
[ on C™ and 2 < k <m

[Sk-1Lploo < (c11ogn)” - ||SkLp oo -
Moreover, if || -|| = |- ||, for 1 < p < 2, then there even is a constant
co = ca(p) > 1 for which

ISk-1Lplloo < 5 - ISkLplloc -



Ideas of the proof
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An m~form L : (C™)™ — C is uniquely determined by its coefficients
¢i =c;(L) == L(eiy,...,€,,), t€I(n,m):={l,...,n}™.
With L : (CM)™ = C, (z®,...,2() — 2V ... 2™ we have

1 Im

L= Z CiLi .
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We call A € CZ(™™) an (m~dimensional) matrix and by c;(A) we denote
its it entry. For A, B € CZ("™) we define the Schur product A * B
(entry wise) by

ci(Ax B) :=c;(A) - c;(B).

For an m~form L : (C")™ — C and A € CT(™™) |et

AxL:=> (ci(A)-ci(L))Ls.
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Coefficients of m—forms and Schur multiplication

An m—form L : (C™)™ — C is uniquely determined by its coefficients
ci =ci(L):=L(esy,...,€,,), t€I(n,m):={1,....,n}".
With L; : (C)™ — C, (z™,...,2(™) xfll) : x,(T) we have

I = Z Csz o

1€Z(n,m)
For an m~form L : (C")™ — C and A € CT(™) |et

AxL:=> (ci(A)-ci(L))Ls .

For a norm || - || on C* and A € CZ(™™) we define the Schur norm
I H(A) as the best constant ¢, such that

[ A% Ljjoo < ¢-[[ Lo
for any m—form L : (C™)™ — C.
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Plan for the proof

1. Write S;_1Lp as the Schur product of a (suitable) matrix and
SkLP, i.e.
Sip_1Lp = Q[k *xSpLp.

2. Estimate the Schur norm of 2*

2.1 Decompose 2 into a sum and product of more handily pieces.

2.2 Generalize results of Kwapieri and Petczynski (1970) and Bennett
(1976) (for the case m = 2) to any m.

2.3 Use the compatibility of addition and Schur multiplication with the
Schur norm to estimate uj” | (2AF).
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Comparing coefficients

To write Sg_1Lp as the Schur product of a matrix and Sy Lp we have to
compare coefficients.
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Comparing coefficients

To write Sg_1Lp as the Schur product of a matrix and Sy Lp we have to
compare coefficients. We have the following result:

Proposition
Let P : C™ — C be a m—homogeneous polynomial, ¢ € Z(n,m) and
ke{2,...,n}. Then

k

Sk-1le) = T T =y G SkLP)

provided max{iy,...,ix—1} < i, and
Ci(Skfle) = 0 0 Ci(SkLp)

otherwise.

Thus,
SkflLP = 2[’“ *SkLP 9

with ¢;(A¥) given by the proposition.
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Decomposing 2(*

To estimate p" H(Qlk) we decompose it into more handily pieces.
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Decomposing 2(*

To estimate wi H(Qlk) we decompose it into more handily pieces.

Lemma

For1 <k <m we have
k

R et u,k) ko ik
Ql_<u1<1T *(;u A )
with
Ak = ( * Dq’k)*( * lfDq’k>,
QC§. K} q€Q qGQ“< )
|Ql=u
where Q¢ denotes the complement of Q) in {1,...,k}.

The matrices 1, D%V, T%" € CT("™) (y,v € {1,...,m},u # v) are
defined by

1, iy =iy

ci(1) =1, ¢(D""):= {o o S {o >y
o Um 520y y  lu 2y
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Classical Schur multipliers

In the case m = 2 Kwapien and Petczyriski (1970) and Bennett (1976)
obtained for these matrices:

Mﬁ. HOO(DLz) <1,
ﬂﬁ. lloo (T1’2) <logy(2n),
and, moreover, for 1 < p < 2 there is a constant c¢3 = ¢3(p) such that

Nﬁ. Il (TLQ) <ecs3.
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Classical Schur multipliers

In the case m = 2 Kwapien and Petczyriski (1970) and Bennett (1976)
obtained for these matrices:

Mﬁ. HOO(DLz) <1,
ﬂﬁ. lloo (T1’2) <logy(2n),
and, moreover, for 1 < p < 2 there is a constant c¢3 = ¢3(p) such that

Nﬁ. Il (TLQ) <ecs3.

This can be generalized to any norm || - || on C™ and any m. We have:
it (DY) <1,
pif' (T*7) < logy(2n)
iy, (T°) < cs.
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Decomposing 2(* (cont.)

Using that
i (A B) < pil (A) - pi(B)

and that uﬂ”_ I is a norm, we are able to use our decomposition and the
norm estimates on the previous slide to estimate the Schur norm of 2A*.

We obtain
m m u k—1
pit  (@AF) < E3F (uif  (TF))" < (erlogn)*,
respectively for 1 < p < 2
m : . wny k—1
gy, (AF) < k3R (i (TF))" < 5.
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We established upper bounds [T ”(Qlk) < ¥ with nice constants c.
Hence
ISk-1Lplloc < - ISk Lp (oo -

Iteratively applying this result yields

ILplloo = IS1LPlloe < ¢ - [[S2Lplles < c*c® - |S3Lpl

S S CQ+3+...+m ) ||SmLP||oc
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We established upper bounds [T ”(Qlk) < ¥ with nice constants c.
Hence
ISk-1Lplloc < - ISk Lp (oo -

Iteratively applying this result yields
ILplloo = IS1Lplloc < ¢ [|S2Lplleo < €% - [|S3Lp]|o
S S CQ+3+...+m . ||SmLP||oc

< cm,2 . ||SLP||00 < szem . ||P||oo

15



Simple improvement

We established the identity
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thus
E=2
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Simple improvement

We established the identity

Sp_1Lp =A% S, Lp,
thus

i (k”imk) *SLp .

In the general case, we get an logn factor out of every occurrence of
m

T%F in 2A*. In the product X 2A* we have the factor
=9

Z:’ k;lTu,k
k=2 \ u=1

This gives, using the naive approach, a factor of (logn)

m

. However, we
can improve the result by checking that

Rtk ) W pk—1k
k=2 \ u=1 k=2 ’

. ) m 2 .
and we obtain 4" ”( x AF) < ™ (logn)™~ ! in the general case.
k=2 16
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