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Our interest

Fix a " Class of sets” defined on Banach spaces,

@ Does polynomials or holomorphic mapping maps this class in
the same class?

If this is not the case,

@ Which polynomials or holomorphic mappings does it?



Introduction & Preliminaries

Let E and F' (complex) Banach, for n € N, P € P("E; F) if there
exists A € L("E; F) such that P(z) = A(z, z,...,x).
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Examples: Compact and bounded sets
@ Polynomials preserves compact sets.

@ Polynomials preserves bounded sets.

Example: Weakly compact sets

P € P(3s;01), Zanen > aZen. Then P(By,) = By,.

n=1

|

Thus,
@ Polynomials do not preserves weakly compact sets.
o If F'is reflexive, polynomials P: E — F' preserves weakly
compact sets.
@ Weakly compact polynomials preserves weakly compact sets.
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Our "class of sets” will be the A-compact sets of Carl and
Stephani (1984)
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A-compact if there exist a Banach space F', an operator
S € A(F; E) and a compact set L C Bp such that

K c S(L).
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Our "class of sets” will be the A-compact sets of Carl and
Stephani (1984)

Definition (Carl and Stephani)

Fix a A-Banach operator ideal A. A subset K C FE is relatively
A-compact if there exist a Banach space F', an operator
S € A(F; E) and a compact set L C Bp such that

K c S(L).

For an A-compact set K C E, ma(K) = inf{||S||4: K C S(L)}. ]

KA(E;F)=A{T: E — F:T(Bg) is rel. A-compact}
1Tl x4 = ma(T(Bg))




Introduction & Preliminaries

Examples of .A-compact sets

We will use the ideals
o II of absolutely summing operators.
oFor1+1>141 » Nt,uw) of (t,u,v)-nuclear operators,
o N1, ~ (p,r)-compact (Ain, Lillemets and Oja).
o Np.1,p) ~ p-compact (Sinha and Karn).
o N(sop ) ~» Unconditionally (p, r)-compact (Ain and Oja).

o N(oo,p',p) ~» Unconditionally p-compact (Kim).
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Polynomials

First results

Every linear operator preserves A-compact sets for any A. |

Aron, Rueda (2011) / Aron, Caliskan, Garcia, Maestre (2016)

For 1 < p < oo, every homogeneous polynomial preserves
p-compact sets.

Example

| \

For every n € N, there exists P € P("¢2;¢1) which do not
preserves II-compact sets.

For1<p<oo, 1<r<p, and n € N with n > p there exists
P € P("{y; 1) which do not preserves U, ,)-compact sets.




Polynomials

~Nn,S

For P € P("E; F) = L(®, E; F) isometrically.

F

AT . AL(z) ="z =2®rQ...0x

-~Nn,S

Q.



Polynomials

For ag a symmetric tensor norm of order n
~n,s ~n,s

P e Po,("E;F) < Lp € L(®,, E;F); [|Plla, = |[Lp: ®,, E — F|.

P

E F

An . Ab(z) ="z =2R2®...0x

~n,s
Qq. F

P("E; F) = Pr,("E; F)



Proposition: Step 1

Let F be a Banach space, A a A-Banach operator ideal and oy a
symmetric tensor norm of order n. Are equivalent

@ For every Banach space F', every P € P, ("E; F) preserves
A-compact sets.

o AL E— @ZSSE preserves A-compact sets.

Moreover, there exists C' > 0 such that, VK C E A-compact set
ma(P(K)) < O Plla, ma(K)"

if and only if

mA(AE(K)) < Cma(K)".
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Proposition: Step 2

Let £ be a Banach space, A a A-Banach operator ideal and a5 a
symmetric tensor norm of order n. Are equivalent

@ For every Banach space F', every P € P, ("E; F) preserves
A-compact sets.

o For every T € Ka(l1; E); @"T € Ka(®y l1;®, E).

Moreover, there exists C' > 0 such that, VK C E A-compact set
ma(P(K)) < C||Pl|a, ma(K)"

if and only if

@™ Tllxa < ClT k.
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Polynomials

If T € Ka(f1; E), When @"T € KA(®, l1;&@, E)?

For n =2

~2.s 2T ~2.s
R, b1 —— &, E

€1®ﬂ—£1 TgT) E@WE

R*T =090 (®T)? 01

Forn=3

~3,s ~3,s
@ 3 Q. F

Ts

A

~3 ~3
®. 4

@3T =030 (RT)> 01



Polynomials

In general...
~n,s ~n,s
b o O E
L\L To'n
~n ~n
®7r€1 W) ®7rE

£1®7|—(An 161) *>E®7r(®n 1E,)
To(eT

Q"T = oy 0 (RT)"



Polynomials

In general...
/\n,sgl — @:;SE /\n,sgl = ®ZSSE
w ] -
~n ~n ~n =n
@, T)" () ®,41 ®7) ®. E
08 (B0 0) —= E® (B2 E) 0618:(80 ') — E®. (B E)
Te(er)" Te(eT)"

Q"' =0p 0 (RT)" 01 Q"I = oy 0 (RT)"



Polynomials
Definition

Let A be a A-Banach operator ideal and «, 3 tensor norms. Then
A is said to be («, 3)-tensorstable with constant C' > 1 if for every
Banach spaces E, F, X,Y, any S € A(E;F) and T € A(X;Y),

SRT € A(E®.X;F2pY) and [|S@T|a < C|S||allT]a



Polynomials
Definition

Let A be a A-Banach operator ideal and «, 3 tensor norms. Then
A is said to be («, 3)-tensorstable with constant C' > 1 if for every
Banach spaces E, F, X,Y, any S € A(E;F) and T € A(X;Y),

SRT € A(E®.X;F2pY) and [|S@T|a < C|S||allT]a

And when we fix the spaces E and F', we say that A is
(c, B)-tensorstable for (E; F') with constant C' > 1.



Polynomials

Proposition: Step 3

Let F be a Banach space and A a A-Banach operator ideal.
If K4 is (m,7)-tensorstable for (¢1; E') with constant C' > 1, then for
every Banach space F, every P € P("E; F) preserves A-compact

sets.
Moreover, for every A-compact set K C E,

ma(P(K)) < C"e"||P||ma(K)".
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Polynomials

Let F be a Banach space, A a A-Banach operator ideal and S5 a

tensor norm. If A is (m, )-tensorstable for (¢1; E') with constant
C > 1, then If K4 is (m, B)-tensorstable for (¢1; E') with constant
C>1.




Polynomials

Proposition: Step 4

Let £ be a Banach space and A a A-Banach operator ideal.

If Ais (m,m)-tensorstable for (¢1; E') with constant C' > 1, then for
every Banach space F', every P € P("E; F') preserves A-compact sets.
Moreover, for every A-compact set K C F,

ma(P(K)) < C"~'e"||P||ma(K)".

Let F be a Banach space and A a A-Banach operator ideal.

If Ais (m,¢e)-tensorstable for (¢1; E) with constant C' > 1, then for
every Banach space F, every P € P, ("E; F') preserves A-compact sets.
Moreover, for every A-compact set K C F,

ma(P(K)) < C" | Pl|e, ma(K)".
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Examples

Proposition

For 1 <p <ooand 1 <r <y, theideal N, 1,0 is
(7, 7)-tensorstable with constant C' = 1.
(The case r = p’ is due Carl, Defant and Ramanujan (1989))

| \

Example

Fori<p<ooand1<r <y, every P P("E;F) preserves
(p, T)-compact sets.
Moreover, for every (p,r)-compact set K C E,
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Examples

Proposition
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| A\

Example

Fori<p<ooand1<r <y, every P€ P. ("E;F) preserves
U(p,r)-compact sets.
Moreover, for every U, .\-compact set K C E

m ) (P(K)) < | Pllemy, , (K"
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Polynomials
Examples

Proposition (Holub 1974)

The ideal IT is (7, )-tensorstable for (¢1; L1(p)) with constant
C=1.

Example

| A

For every Banach space F, every P € P("Li(u); F') preserves
II-compact set.

Moreover, for every II-compact set K C Li(u),

mu(P(K)) < e"||P[lmn(K)".




Polynomials

@ Forl<p<ooand1<r<p, every Pec P("E;F) preserves
(p,r)-compact sets and my, ) (P(K)) < e"[| P||m, .y (K)".

o For every Banach space F', every P € P("Ly(u); F) preserves
II-compact set, and mp(P(K)) < e"||P|/mm(K)".

@ Forl<p<ooand1<r<p, every Pec P, ("E;F) preserves
Up,r-compact sets and my, (P(K)) < || P|my,,, (K)".



Analytic Functions
Analytic Functions

For Banach spaces E and F, U C E and open set, f € H(U; F) if
for each zy € U there exists a sequence of homogeneous
polynomials P, f(zg) € P("E; F) such that

f@) =" Puf(xo)(z — x0),

n=0

uniformly for all = in a neighborhood of xy. And

1
M) s TP

)Hl/n = sup{r: SuprB(xo,r)Hf(x)H < OO}
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Examples: Compact and bounded sets

@ Holomorphic mappings preserves compact sets.

@ Holomorphic mappings do not preserves bounded sets.

Aron, Caliskan, Garcia, Maestre (2016)

Let E and F, U C E an open balance set and f € H(U; F). For
1 < p < oo, consider a sequence (z;); € {,(E) such that
(zj); C U. Then for the p-compact set

K ={>"72 ojz;: (o); € Be, }, f(K) is p-compact.

For every n € N, there exists P € P(™l2;¢1) which do not
preserves II-compact sets.

For1<p<oo, 1<r<9p, and n € N with n > p there exists
P € P("lp; £1) which do not preserves f(;, ,)-compact sets.
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For f €e H(U; F), if zp € U, and K C U A-compact,

FUK) C Y Pof() (K — o).
n=0

o K C B(zo;r(f;0)).
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Analytic Functions

For f €e H(U; F), if zp € U, and K C U A-compact,

FUK) C Y Pof() (K — o).
n=0

o K C B(zo;r(f;zo))-
e Every P, f(xo) preserves A-compact sets.
@ The infinite sum of A-compact sets is A-compact?

Lemma

Let £/ be a Banach space, A a A-Banach operator ideal and let
K, Ko, ... be A-compact sets such that

(oS
S ma(K;) < oo,
n=1

Then the set K = {7, z;: z; € K;} is A-compact and
mA(K)N < 3207y ma(K;)™.




Proposition: Step 1

Let A be a A-Banach operator ideal and let E, F' Banach spaces,
U C E an open set. Take f € H(U; F') such that, for o € U

e P, f(xo) preserves A-compact sets.

If K C U is A-compact such that
o K C B(zo,7(f;20))-




Proposition: Step 1

Let A be a A-Banach operator ideal and let E, F' Banach spaces,
U C E an open set. Take f € H(U; F) such that, for zg € U

e P, f(xo) preserves A-compact sets.
@ There exist C), such that for all A-compact sets K C U

mA(Pnf<<IO)(K)) S Gn,HPn/f(ZL)O)||mA(K)n'

If K C U is A-compact such that
o K C B(zo,7(f;20))-
@ ma(K —x9) < _rlfzo)

. . v1/n 1t
lim sup C),




Proposition: Step 1

Let A be a A-Banach operator ideal and let E, F' Banach spaces,
U C E an open set. Take f € H(U; F') such that, for o € U

e P, f(xo) preserves A-compact sets.
@ There exist C), such that for all A-compact sets K C U

mA(Pnf(JU)(K)) S Gn,HPn/f(ZIJO)||mA(K)n'

If K C U is A-compact such that
o K C B(zo,7(f;20))-
@ ma(K —x9) < _rlfmo)

. 1/n
lim sup Cr,,/

then f(K) is A-compact.
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What we do with “bigger” .A-compact sets?

Proposition

Let A be a A-Banach operator ideal E a Banach space and K C F
an A-compact set with 0 € K. Then, given € > 0, there exists
0 > 0 such that

ma(K N B(0;0)) <e
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Let £ and F' be Banach spaces and U C E an open set. For
1<p<oocand1<r<yp, every f € H(U;F) preserves
(p,T)-compact sets.

Proof.

@ Every homogeneous polynomial preserves (p,r)-compact sets
and, if P € P("E; F), and K C E'is (p,r)-compact, then
mip,r) (P(K)) < €| Pl|myp,r (K).

Take K C U (p,r)-compact and for each x € K take ¢, > 0 such
that my (K — z) N B(0,4,)) < L2,




Analytic Functions

Let £ and F' be Banach spaces and U C E an open set. For
1<p<oocand1<r<yp, every f € H(U;F) preserves
(p,T)-compact sets.

Proof.

@ Every homogeneous polynomial preserves (p,r)-compact sets
and, if P € P("E; F), and K C Eis (p,r)-compact, then
m(p,r)(P(K)) < enHPHm(pJ‘)(K)

Take K C U (p,r)-compact and for each x € K take ¢, > 0 such
that mA((K —xz)N B(O,&w)) < @ There exist z1,...,x; € K
such that K = Ji_, K N B(x;,d,,). Then

f(K) = U?Zl f(K N B(xj,05;)) and each K N B(x;,d,;) satisfies
the hypothesis of Step 1. O




Analytic Functions

For every Banach space F, every P € P("Li(u); F') preserves
IT-compact set. Moreover if K C L;j(u) II-compact, then
mi(P(K)) < e[| P|lmm(K)".

Example

Let F' be a Banach space and U C L1(u) an open set. Every
f € H(U; F) preserves II-compact sets.




Analytic Functions

For 1 <p<ooand1<r <p/, every homogeneous polynomial
preserves in P, preserves U, .)-compact sets. Moreover, if
PeP,("E;F), and K C E is U, ,)-compact, then

M4y (PK)) <[ Pllegmgg, ., ()"

Example

Let £ and F' be a Banach space and U C E an open set. For
1<p<ooand1<r <y, every f € H(U;F) such that for every
x9 €U, P,f(xo) € P-,("E; F) for all n € N and

limsup || P, f (7o) ||c, < 00, then f preserves U, ,)-compact sets.




THANK YOU!
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