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ABSTRACT. Di Piazza and Preiss asked whether every Pettis integrable func-
tion defined on [0,1] and taking values in a weakly compactly generated Ba-
nach space is McShane integrable. In this paper we answer this question in
the negative.

1. INTRODUCTION

The classical Pettis’ measurability theorem [15] ensures that scalar and strong
measurability are equivalent for functions taking values in separable Banach spaces.
This fact has many interesting consequences in vector integration. For instance, it
is a basic tool to prove that Pettis and McShane integrability coincide in separable
Banach spaces, [10, 12, 13]. However, for non-separable Banach spaces the notions
of scalar and strong measurability are different in general. This leads to subtle
problems when trying to compare different types of integrals.

In this paper we deal with the Pettis and McShane integrals. Di Piazza and
Preiss [2] asked whether every Pettis integrable function f : [0,1] — X is McShane
integrable if X is a weakly compactly generated (WCG) Banach space. Recently,
Deville and the third author [1] have proved that the answer is affirmative when X
is Hilbert generated, thus improving the previous results obtained in [2, 16]. Our
main purpose here is to show that the question of Di Piazza and Preiss has negative
answer in general.

The paper is organized as follows.

In Section 2 we introduce the MC-integral for Banach space-valued functions
defined on probability spaces. This auxiliary tool is used as a substitute of the
McShane integral at some stages. We prove that, for functions defined on quasi-
Radon probability spaces, MC-integrability always implies McShane integrability
(Proposition 2.2), while the converse holds if the topology on the domain has a
countable basis (Proposition 2.3). This approach allows us to give a partial answer
(Corollary 2.4) to a question posed by Fremlin in [10, 4G(a)].
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In Section 3 we show that the existence of scalarly null (hence Pettis integrable)
WCG-valued functions which are not McShane integrable is strongly related to the
existence of families of finite sets which are “measure filling” in the sense of the
following definition. Throughout the paper (€, X, 1) is a probability space and we
use the symbol [S]<“ to denote the family of all finite subsets of a given set S.

Definition 1.1. A hereditary family F C [Q]<% is MC-filling on Q if there exists
e > 0 such that for every countable partition () of Q there is F' € F such that

w* (U{Qm :FNQ, # @}) > g,
where p* is the outer measure induced by p.

This concept should be viewed as a measure-theoretic analogue of the notion of
e-filling families arising in Fremlin’s problem DU [8]:

Definition 1.2. Let ¢ > 0. A hereditary family F C [S]<“ is e-filling on the set S
if for every H € [S|<“ there is F € F with F C H and |F| > ¢|H]|.

The existence of compact e-filling families on uncountable sets is an open problem
(the above mentioned problem DU). However, we show that compact MC-filling
families on [0, 1] can be constructed from some weaker versions of filling families
that Fremlin proved to exist (Theorem 3.4). This leads to our main result:

Theorem 3.5. There exist a WCG Banach space X and a scalarly null function
f:[0,1] = X which is not McShane integrable.

In fact, the space X can be taken reflexive (Theorem 3.6). Observe that The-
orem 3.5 also answers in the negative the question (attributed to Musial in [2])
whether every scalarly null Banach space-valued function on [0, 1] is McShane in-
tegrable. Two counterexamples [2, 16] had been constructed under the Continuum
Hypothesis (and having non WCG spaces in the range).

In Section 4 we prove that if a family F C [A]<% is e-filling on a set A C Q of
positive outer measure then it is MC-filling on 2.

Finally, in Section 5 we provide an example of a McShane integrable function
which is not MC-integrable (Theorem 5.5). Our example also makes clear that, in
general, the results on the coincidence of Pettis and McShane integrability of [1, 2]
do not hold when McShane integrability is replaced by MC-integrability.

Terminology. Our standard references are [4, 18] (vector integration) and [11]
(topological measure theory). By a partition of a set S we mean a collection of
pairwise disjoint (maybe empty) subsets whose union is S. A set is countable if it is
either finite or countably infinite. As usual, the symbol |S| stands for the cardinality
of a set S. A family F C [S]<% is hereditary if G € F whenever G C F € F. A
family F C [S]<“ is called compact if it is compact in 2% equipped with the product
topology. We say that a family £ C X is n-thick (for some n > 0) if u(Q\UE) <.

Throughout the paper X is a (real) Banach space. The norm of X is denoted
by || - || if it is needed explicitly. We denote by X* the topological dual of X and
Bx = {x € X : ||z|| < 1}. The space X is WCG if there is a weakly compact
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subset of X whose linear span is dense in X. Recall that a function f : Q — X
is called scalarly null if, for each z* € X™, the composition z*f : 2 — R vanishes
p-a.e. (the exceptional set depending on x*).

If ¥ C X is a topology on Q, we say that (Q, %, %, u) is a quasi-Radon probability
space (following [11, Chapter 41]) if u is complete, inner regular with respect to
closed sets, and p(|JG) = sup{u(G) : G € G} for every upwards directed family
G C . A gauge on ) is a function ¢ : 2 — T such that ¢t € §(¢t) for all t € Q. Every
Radon probability space is quasi-Radon [11, 416A].

The vector-valued McShane integral was first studied in [12, 13] for functions
defined on [0, 1] equipped with the Lebesgue measure. Fremlin [10] extended the
theory to deal with functions defined on arbitrary quasi-Radon probability spaces.
We next recall an alternative way of defining the McShane integral taken from [9,
Proposition 3].

Definition 1.3. Suppose (Q,%,3, u) is quasi-Radon. A function f : Q — X is
McShane integrable, with integral x € X, if for every € > 0 there exist n > 0 and
a gauge 6 on § such that: for every n-thick finite family (E;) of pairwise disjoint
measurable sets and every choice of points t; € Q with E; C 6(t;), we have

HZ“(Ei)f(fi) - xH <e.

Every McShane integrable function is also Pettis integrable (and the corre-
sponding integrals coincide), [10, 1Q]. The converse does not hold in general, see
[1, 2, 12, 16] for examples.

2. ANOTHER LOOK AT THE MCSHANE INTEGRAL

We next introduce a variant of the McShane integral that is defined in terms of
the measure space only, without any reference to a topology.

Definition 2.1. A function f : Q — X is MC-integrable, with integral x € X, if
for every e > 0 there exist n > 0, a countable partition () of Q and sets A, € X
with Qp, C Ay, such that: for every n-thick finite family (E;) of pairwise disjoint
elements of ¥ with E; C Ap,;y and every choice of points t; € Qp,(;), we have

HZ n(E:) f(t:) — xH <e.

Clearly, given 1 > 0, a countable partition (€,,) of Q and sets Q,, C 4,, € &,
we can always find families (F;) as in Definition 2.1. It is routine to check that the
vector z in Definition 2.1 is unique.

The relationship between the MC-integral and the McShane integral is analyzed
in the following two propositions.

Proposition 2.2. Suppose (2,%,%, u) is quasi-Radon. If f : Q — X is MC-
integrable, then it is McShane integrable (and the corresponding integrals coincide).
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Proof. Let x € X be the MC-integral of f and fix € > 0. Since f is MC-integrable,
there exist n > 0, a countable partition (€,,) of Q and measurable sets A,, D Q,,
satisfying the condition of Definition 2.1.

For each m,n € N, set Qp,, == {t € Qp, : n—1 < || f(t)|]| < n} and choose
Um,n O Ay, open such that

p(Umon \ Am) < 2m1+n min{%, g}

Clearly, (Qy,,) is a partition of Q. Define a gauge ¢ : @ — T by d(t) := Uy, if
t€ Qmn-

Let (Ej;) be a Z-thick finite family of pairwise disjoint measurable sets and let
t; € Q be points such that E; C 6(t;). We will check that

(1) | uE st | < 2.

For each 7, let m(i),n(i) € N be such that t; € Q) ni)- Theset F; := E;NAp, )
is measurable, F; C A, ;) and t; € §2,,(;. The Fj’s are pairwise disjoint. Since

Ei\ Fy = E; \ Ay C (i) \ Am) = Uniyntiy \ Am(i)

we have

“(Q\L)Fi) :M(Q\LZJE) -HL(LZJEZ\LZJE) <

n n n
< §+M(UUm’n\Am) §§+22m+n+1 ="
m,n m,n

and so the family (F;) is n-thick. From the MC-integrability condition it follows
that

(2) | uE ) — o <.

For each m,n € N, let I(m,n) be the (maybe empty) set of all indexes 4 for
which m(i) = m and n(i) = n. Observe that

SO wENRE S S BN Fn =

i€I(m,n) i€I(m,n)
13
ieI(m,n)
Therefore

@) | uErt) = 3 uE s < X uEN\ F)IFE)]) =
=Y Y WEAR)EI Y g =

m,n i€l(m,n) m,n

Inequality (1) now follows from (2) and (3). This shows that f is McShane
integrable, with McShane integral x. (]
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The converse of Proposition 2.2 does not hold in general (see Theorem 5.5 below),
although it is true for certain quasi-Radon spaces like [0, 1], as we next prove.

Proposition 2.3. Suppose (2,3, %, u) is quasi-Radon and ¥ has a countable basis.
Then f:Q — X is McShane integrable if and only if it is MC-integrable.

Proof. Tt only remains to prove the “only if”. Assume that f is McShane intgerable,
with McShane integral z € X. Let {U,, : m € N} be a countable basis for T. Fix
€ > 0. Since f is McShane integrable, there exist n > 0 and a gauge J on 2
fulfilling the condition of Definition 1.3. We can suppose without loss of generality
that 6(t) € {U,, : m € N} for every t € Q. Set

Qi ={t€eQ:0(t)=Uyp} and A,, :=U,, forallmeN.

Clearly, (Q,,) is a partition of Q and Q,, C A,, € X. Now let (E;) be an -
thick finite family of pairwise disjoint measurable sets with E; C A, and let
ti € Q). Then §(t;) = Uy = Am(), hence E; C 4(t;) for all i. From the
McShane integrability condition it follows that || Y. u(E;)f(t;) — «|| < e. This
shows that f is MC-integrable. O

Fremlin raised in [10, 4G(a)] the following question: Does any topology on 2 for
which p is quasi-Radon yield the same collection of McShane integrable X -valued
functions? In view of Propositions 2.2 and 2.3, we get a partial answer:

Corollary 2.4. Let T1 and %o be two topologies on § for which p is quasi-Radon.
Suppose %1 has a countable basis. If f:Q — X is McShane integrable with respect
to 1, then it is also McShane integrable with respect to To (and the corresponding
integrals coincide).

3. MC-FILLING FAMILIES VS THE MCSHANE INTEGRAL

The connection between MC-filling families (Definition 1.1) and the MC-integral
is explained in Proposition 3.2 below. First, it is convenient to characterize MC-
filling families as follows:

Lemma 3.1. A family F C [Q]<¥ is MC-filling on Q if and only if there exists
e > 0 such that for every countable partition () of Q and sets A, € ¥ with
Q. C A, there is F € F such that

M(U{Am3 FﬂQm;«é@}> > €.

Proof. The “only if” is obvious. For the converse, we will prove that the condition of
Definition 1.1 holds for 0 < ) < . Suppose we are given a countable partition (£2,,)
of . For every finite set I C N, we choose B; € ¥ such that By D Umel Q,, and
w(Br) = 1 (Uper Qm) < € —n. For each m € N, we define A, := (\{Br:m e I}.
We have Q,, C A,, € ¥, so we can apply the hypothesis to find F' € F such that

M(U{Am: FﬂQm;«é@}) > €.
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Consider the finite set I := {m € N: FNQ,, # 0}. Since | .; A,y C By, we have

mel
(UQ)>uB1) >#(UA) ) >
mel mel
This proves that F is MC-filling. O

A set B C Bx- is called norming if ||x|| = sup{|z*(z)| : z* € B} for all z € X.
As usual, given a set C' C §2, we write 1¢ to denote the real-valued function on 2
defined by 1¢(t) =1ift € C and 1¢(t) =0if t £ C.

Proposition 3.2. Let f : Q — X be a function for which there exist a norming
set B C Bx+ and a family (Cy-)z-cp of subsets of Q such that *f = 1c,. and
w*(Cy+) =0 for every x* € B. The following statements are equivalent:

(i) f is not MC-integrable;

(i) Uy-eplCa-]<¢ is MC-filling on Q.

Proof. Observe first that for every finite family (E;) of pairwise disjoint elements
of ¥ and every choice of points ¢; € €, we have

|2 uE s sup |a* (Zu@)f(t,-))\ =
= sup Z,u (t;) = sup u(U{E t; € Cy~ })

z*eB z*eB

Since B separates the points of X and x*f vanishes p-a.e. for each z* € B, the
MC-integral of f is 0 € X whenever f is MC-integrable. Bearing in mind (4),
statement (i) is equivalent to:

(iii) There exists € > 0 such that for everyn > 0, every countable partition ()
of Q and sets A,, € 3 with Q,,, C A, there exist an n-thick finite family
(E;) of pairwise disjoint elements of ¥ with E; C Ay,), points t; € Q)
and a functional z* € B such that u (J{FE; : t; € Cp=}) > €.

Let us turn to the proof of (iii)«<(ii). Assume first that (iii) holds and take a
countable partition (,,) of Q and sets Q,, C A,, € . Choose n > 0 arbitrary
and let (E;), (t;) and z* be as in (iii). Observe that the set F' made up of all ¢;’s
belonging to C~ satisfies

U{Am: FﬂQm§£@}DU{EiS ti € Cpr}

and so pu(U{Am : FNQ,, # 0}) > e. According to Lemma 3.1, this proves that
the family (J,.c 5[Cq+]<* is MC-filling on €.

Conversely, assume that (ii) holds. Let € > 0 be as in Lemma 3.1 applied to
the family (J,..5[Ca<]<*. Fix n > 0, a countable partition (Q2,,) of Q and sets
A,, € ¥ with Q,, C A,,. There exist z* € B and F' C C,+ finite such that
(Upmer Am) > €, where I := {m € N: FNQ,, # 0}. Now take a finite set J C N
disjoint from I such that (A, )merus is n-thick. Enumerate I = {m(1),...,m(n)}
and J = {m(n+1),...,m(k)}. Set By 1= A1) and E; := Ay \ U] Ay for
i=2,...,k. Then (E;) is an n-thick finite family of pairwise disjoint elements of ¥
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with E; C A,y and UL, B = Upmer Am- Choose t; € F' N Q) fori=1,...,n
and choose t; € ,,,(;y arbitrary for i =n +1,..., k. Then

n
H(U{Ez Dt € me}) > ,u(U El) = ,u( U Am> > €.
i=1 mel
This shows that (iii) holds, that is, f is not MC-integrable. O

Given a compact Hausdorff' topological space K, we write C(K) to denote the
Banach space of all real-valued continuous functions on K (with the sup norm).

Proposition 3.3. Let F C [Q]<“ be a compact hereditary family made up of sets
having outer measure 0. Let f: Q — C(F) be defined by f(t)(F) := 1p(t). Then:

(i) f is scalarly null;
(ii) f is not MC-integrable if and only if F is MC-filling on Q.

Proof. Part (i) follows from a standard argument which we include for the sake
of completeness. Since F is an Eberlein compact (i.e., it is homeomorphic to a
weakly compact subset of a Banach space), the space C(F) is WCG and B (r)- is
Eberlein compact when equipped with the w*-topology, cf. [3, Theorem 4, p. 152].
Set B := {0 : F' € F} C B¢(s)~, where ép denotes the “evaluation functional”
at F. Since B is norming, its absolutely convex hull aco(B) is w*-dense in Be(z)-.
Bearing in mind that (B )+, w*) is homeomorphic to a weakly compact subset of
a Banach space, the Eberlein-Smulyan theorem (cf. [7, 3.10]) ensures that aco(B)
is w*-sequentially dense in Bo(r)-. Since the composition drf = 1p vanishes p-
a.e. for every F' € F, we conclude that f is scalarly null. Part (ii) follows from
Proposition 3.2 applied to f and the norming set B defined above. (]

On the other hand, it turns out that we can always find compact MC-filling
families on [0, 1]. As usual, we denote by ¢ the cardinality of the continuum.

Theorem 3.4. There exists a compact MC-filling family on [0, 1] equipped with the
Lebesgue measure.

Proof. According to a result by Fremlin [8, 4B], there is a family D C [¢|<“ which
is hereditary and compact, and for every nonempty A € [¢]<“ there is D € D such
that D C A and |D| > log |A|. In particular, D has the following property:

(*) If P C c is infinite, then for every n € N there is D € D such that D C P
and |D| = n.
We denote by A the Lebesgue measure on [0,1]. Fix a partition {Z, : a < ¢} of

[0,1] made up of sets of outer measure one (cf. [11, 4191]). Let ¢ : [0,1] — ¢ be the
function defined by ¢(t) = o whenever ¢t € Z,. We define the family

F = {F C[0,1] finite : ¢ is one-to-one on F and ¢(F) € D}.

It is clear that F is hereditary (because D is). We claim that F is compact or,
equivalently, that every set A C [0,1] with [A]<“ C F is finite. Indeed, observe
that ¢ is one-to-one on A. Given any C € [p(A)]<%, we have C' = ¢(B) for some
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B € [A]<¥ C F and so C € D. Hence [p(A)]<“ C D and the compactness of D
ensures that ¢(A) is finite. Since ¢ is one-to-one on A, we conclude that A is finite.
We shall check that F is MC-filling on [0, 1] with arbitrary constant 0 < e < 1.
Fix a countable partition (£2,,,) of [0, 1]. For each o < ¢ we have
1=\*(Za) = lim A*(Zaﬂ U Qm),
m=1
so we can pick n(a) € N such that

n(a)

(5) At (Za n U Qm) > e

Fix n € N such that P, := {& < ¢: n(«) = n} is infinite. By property (*), there is
D € D such that D C P, and |D| = n. Write D = {a1,...,a,}.

We next define t; € Z,, and m; € {1,...,n} inductively as follows. By (5) the
set Zo, NUJ—; O is nonempty and we pick any ¢; € Zo, NJ7 _; Q. Choose
my € {1,...,n} so that t; € Q,,,. Now suppose we have already constructed
a set {my,...,m} C {1,...,n} and points t; € Zo, N Qy,, for j = 1,... 0. If
)‘*(Ué’:l Qm;) > ¢, the construction stops. Otherwise )\*(ngl Qm;) < € and
therefore I < n (bear in mind that A*({J,_, Q) > € by (5)). Writing N :=
{1,...,n}\ {ma,...,m}, another appeal to (5) yields

X (Za 0 U ) 22 (Zara 0 0 W) = X*(Zagya 0 Llj U, ) >0,
meN m=1 j=1

1 N
the construction stops for some € {1,...,n}.

After that, we obtain a set {mq,...,m} C {1,...,n} with )\*(Uézl Q) > €
and points t; € Zo; Ny, for all j =1,...,1. Putting F':= {t1,...,#;} we have

so we can find t;41 € Z, for some m;;1 € N. Repeating the process,

mi41

)\*(U{Qm: FAQ, ;éw}) = A(LZJ Qm].) > €.

Since ¢(t;) = a; for all j, it follows that ¢ is one-to-one on F and ¢(F') C D, thus
©(F) € D and so F' € F. The proof is complete. ]

We now arrive at our main result:

Theorem 3.5. There exist a WCG Banach space X and a scalarly null function
f:10,1] = X which is not McShane integrable.

Proof. By Theorem 3.4, there is a compact MC-filling family F on [0,1]. As we
observed in the proof of Proposition 3.3, the space X := C(F) is WCG. The
function

Fi001] = CF),  FOF) = 15(1),
from Proposition 3.3 is scalarly null and fails to be MC-integrable. According to
Proposition 2.3, f is not McShane integrable. d

Moreover, the Banach space in the range can be taken reflexive:
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Theorem 3.6. There exist a reflexive Banach space Y and a scalarly null function
g:[0,1] — Y which is not McShane integrable.

Proof. Let F and f be as in the proof of Theorem 3.5. Observe first that f([0, 1]) is
relatively weakly compact in C'(F). Indeed, by the Eberlein-Smulyan theorem (cf.
[7, 3.10]), it is enough to check that (f(t,)) converges weakly to 0 whenever (¢,) is
a sequence of distinct points of [0, 1]. But this follows directly from Grothendieck’s
theorem (cf. [7, 4.2]) just bearing in mind that for each F' € F (finite!) we have
f(tn)(F) = 1p(t,) = 0 for n large enough.

Then, by the Davis-Figiel-Johnson-Pelczynski theorem (cf. [3, Chapter 5, §4]),
there exist a reflexive Banach space Y and a one-to-one linear continuous mapping
T:Y — C(F) such that f([0,1]) C T(By). The set of compositions

Vi={¢oT: ¢ € C(F)}

is a linear subspace of Y* which separates the points of Y (because T is one-to-
one). Since Y is reflexive, V' is norm dense in Y*. Let g : [0,1] — Y be the function
satisfying T o g = f. For each y* € V the composition y*g vanishes a.e. (f is
scalarly null). This fact and the norm density of V imply that ¢ is scalarly null.
Moreover, since f is not McShane integrable and 7' is linear and continuous, ¢ is
not McShane integrable either. [

Remark 3.7. A glance at the proof of Proposition 3.3 reveals that the function f
from Theorem 3.5 satisfies that, for each z* € X*, the composition z* f vanishes
up to a countable set. This property and the boundedness of f ensure that f is
universally Pettis integrable, that is, Pettis integrable with respect to any Radon
probability on [0,1]. The same holds true for the function g from Theorem 3.6.
Thus, we answer Question 2.2 in [17]: there exist ZFC examples of universally
Pettis integrable functions which are not universally McShane integrable.

4. FILLING VS MC-FILLING FAMILIES

In this section we prove that e-filling families (Definition 1.2) on sets of positive
outer measure are MC-filling. This result is less powerful than Theorem 3.4, in the
sense that the existence of e-filling families on uncountable sets is unknown while
Theorem 3.4 is a ZFC result. Yet, we have decided to include it as it may have
some interest in relation with problem DU.

Theorem 4.1. Suppose i is atomless. Let A C Q with u*(A) >0 and F C [A]<¥
be a family which is e-filling on A for some € > 0. Then F is MC-filling on Q.

Proof. Write 1 := p*(A) and fix n > m > 12 > 0. We take a countable partition
(Q,) of Q and sets A, D Q,, with A4,, € 3. We will prove that there is F' € F
such that

i (U{Am s FNQy, # (Z)}) >e(n—m).
According to Lemma 3.1, this means that F is MC-filling on €.
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To this end, take my € N large enough such that

mo
(6) WH(A) — (A nU Qm) <.

m=1
Since p is atomless, every finite subset of {2 has outer measure 0, so we can assume
without loss of generality that A N §,, is infinite for all m = 1,...,mqg. Take
0 <n3 < (m —n2)/mo.

We can find pairwise disjoint By, ..., By, € ¥ such that (J"2, B, = U2, A

and B,, C A,. Let M be the set of all m € {1,...,mg} for which pu(B,,) > 0. For
each m € M, choose a positive rational «,, such that

,U(Bm) > (0779 > M(Bm) — 3.

We can write o, = pm,/q for some p,, € Nand ¢ € N, for m = 1,...,mg. Set
0 := 1/q. Since p is atomless, for each m € M we can find pairwise disjoint
EY*,...,E]’ €Y contained in By, with u(£") = 6. Then
Pm
(B \ U E") <o
i=1

and we have

w(an U o) su(4n U an) = (a0 U 5a) =

meM
Pm Pm
< S u(Ba\UEM)+ Y Y wEn <
meM 1=1 meM i1=1
< |M|ns + ( Z pm)‘9 < mons + ( Z pm)9 < (e —m2) + ( Z pm)9-
meM meM meM

From these inequalities and (6) we obtain

(7) n=p(A) <m+ (Y ).

meM

For each m € M and i = 1,...,p,, we pick a point t(,, ;) € AN Qy,. This can
be done in such a way that the points t(,, ;)’s are different, since AN {2, is infinite
for all m € M. Now H := {t(m, : m € M,i=1,...,py} is a subset of A with
cardinality > ./ Pm. Since F is e-filling on A, there exists F' C H with F' € F
such that [F| > (3, carPm)- By (7), we get

N(U{Am L FNQ,, £ @}) >
> (Bt € FY) = [FI0 2 2( D pu )0 > (1= m1).

meM

The proof is over. |
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5. MCSHANE INTEGRABILITY VS MC-INTEGRABILITY

This section is devoted to ensure the existence of McShane integrable functions
which are not MC-integrable (Theorem 5.5). The proof is divided into several
auxiliary lemmas. The first one translates the problem into the language of MC-
filling families.

Lemma 5.1. Let I be a set. The following statements are equivalent:

(i) there exists a scalarly null function f : Q — co(T') which is not MC-
integrable and satisfies f(2) C {ey : v € T'}, where e (7)) = 0, (the
Kronecker symbol) for all v,~" € T;

(ii) there exists a partition (Cy)~er of 2 into sets having outer measure 0 such
that the family ., cp|C,]=* is MC-filling on Q.

Proof. The set B := {e% : v € T'} C Beyr)- is norming, where e (z) = () for all
x € co(T) and v € T.

(i)=(ii) For each v € I we have e’ f = 1, where C, := {t € Q: f(t) = e, } has
outer measure 0 (because f is scalarly null). Clearly, (Cy)~er is a partition of €.
Since f is not MC-integrable, we can apply Proposition 3.2 to conclude that the
family J,cp[C,]=* is MC-illing on Q.

(ii)=(i) Define f : Q@ — ¢o(T') by f(t) := e, whenever t € C,, v € I'. Then
el f=1c, forally € I' and f is scalarly null, because p*(C,) = 0 for all v € I" and
the linear span of {eX : 7 € I'} is norm dense in ¢o(I')* = ¢'(T'). By Proposition 3.2,

since (¢ [Cy]=* is MCilling on €, the function f is not MC-integrable. O

Thus, bearing in mind that Pettis and McShane integrability are equivalent for
co(T")-valued functions [2], in order to find McShane integrable functions which
are not MC-integrable we will look for MC-filling families like in condition (ii) of
Lemma 5.1. The following sufficient condition will be helpful.

Lemma 5.2. Let (Cy) er be a partition of Q and € > 0 such that, whenever
(Ta)acn is a partition of T, there is some A C N such that p* (U c,) > e.
Then the family U, cr[C,]< is MC-filling on 2.

Y€l A

Proof. Fix a countable partition (£2,,) of Q. For each A C N, set
Fy:={yel': C,NQ,,, #0 & m e A}
Then (T 4) acn is a partition of I" and so there is A C N such that p*(|J C,) > e

yela 7Y
Observe that
Uan> U ¢,
meA ~ET A
hence 11" (U, e s @m) > €. Choose B C A finite with pu*(U,,cp 2m) > €. Take
v € I'y. We can find a finite set F' C C, such that F N Q,, # 0 for every m € B,
hence

,u*(U{Qm: FﬂQm;«é@}) zm( U Qm) >e.
meB

This shows that (J. .p[Cy]<“ is MC-filling on Q. O

yel’
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We now focus on 2% (for a cardinal k), which is a Radon probability space when
equipped with (the completion of) the usual product probability, cf. [11, 416U].

Lemma 5.3. Let £ be an uncountable cardinal, (Ay)a<k @ partition of k into
infinite sets and consider, for each o < K, the sets

D,:={xe€2%: 2(y)=0 forally € Ay} and E,:= D\ U Dg.
B<a

Then U, c7 Fo has outer measure 1 for every uncountable set I C k.

acl

Proof. Tt suffices to check that Z N (U,c; Ea) # 0 whenever Z belongs to the
product o-algebra of 2% and has positive measure. Fix a countable set A C k such
that, for any z € Z, we have

(8) {zx e2: z(y)=2z(y) forall y € A} C Z.

Since the A,’s are disjoint, the set J := {a < k : AN A, # 0} is countable. Clearly,
the D,’s have measure zero (because A, is infinite) and so Z\|J,.; Do has positive
measure. In particular, we can choose z € Z \ |J,c; Do. Since J is countable and
T is not, there is § € '\ J. We now define an element = € 2% by declaring

2(y) if v € Upey Aas
z(y): =40 if v € Ag,
1

otherwise.

We claim that © € Z N Eg. Indeed, we have z € Z by (8) (bear in mind that
A C Uae] Agy). On the other hand, take any a < k with a # 8. If @ € J then
z & D, and so x € D, as well. If o ¢ J, then z(y) = 1 for all v € A, and so
x & Dg. Tt follows that x € Z N Eg, as claimed. Therefore Z N (U,c; Ea) #0. O

Lemma 5.4. Let k be a cardinal with k > ¢. Then there is a partition (Cy)yer
of 2" into sets of measure zero such that, whenever (I's)acn is a partition of T,

there is some A C N such that | C has outer measure 1.

yeEla

Proof. Let (Ay)a<x be a partition of x into infinite sets. Clearly, the E,’s of
Lemma 5.3 are pairwise disjoint and have measure zero (since A, is infinite). We
claim that the following partition of 2” satisfies the desired property:

C::{Ea: a<m}u{{x}: x€2“\UEa}.

Indeed, let (Ca)acn be any partition of C. Since k > ¢, there is some A C N such
that C4 contains uncountably many F,’s. By Lemma 5.3, the outer measure of
JC4 is 1, as required. O

We can now state the aforementioned result:

Theorem 5.5. Let k be a cardinal with k > ¢. Then there is a McShane integrable
function f: 2% — co(T) (for some set T') which is not MC-integrable.
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Proof. By Lemmas 5.1, 5.2 and 5.4, there is a scalarly null function f : 2% — ¢o(T)
(for some set I') which is not MC-integrable. Since f is Pettis integrable, it is also
McShane integrable [2]. O

In [1] it is proved that Pettis and McShane integrability are equivalent for X-
valued functions defined on quasi-Radon probability spaces whenever X is Hilbert
generated (i.e., there exist a Hilbert space Y and a linear continuous map T : Y — X
such that T(Y) is dense in X). Clearly, every Hilbert generated space is WCG.
Typical examples of Hilbert generated spaces are the separable ones, ¢o(I") (for any
set ') and L!(v) (for any probability measure v). Moreover, any super-reflexive
space embeds into a Hilbert generated space. For more information on this class of
spaces, we refer the reader to [5, 6] and [14, Chapter 6].

In view of our Theorem 5.5, we cannot replace McShane integrability by MC-
integrability in the results of [1]. However, something can be said for a particular
class of functions. The following proposition is inspired in [1, Lemma 3.3]. Recall
that a Markushevich basis of X is a family {(x;,2¥) : 4 € I} C X x X* such that
xf(xj) = 0;; for every 4,5 € I, the linear span of {x; : ¢ € I} is dense in X and
{z} : i € I} separates the points of X.

Proposition 5.6. Suppose u is atomless and X is a closed subspace of a Hilbert
generated Banach space. Let {(x;,xF) : i € I} be a Markushevich basis of X with
x; € Bx foralli € I. Let p : Q — I be a one-to-one function and define f : 3 — X
by f(t) := w,). Then f is scalarly null and MC-integrable.

Proof. Fix ¢ > 0. Since X embeds into a Hilbert generated space, there is a

partition I = J,,,cn Im such that

(9) for all 2* € Bx~ and allm e N,  |{i € I, : |a™(a;)| > e} < m,

see [6, Theorem 6] (cf. [14, Theorem 6.30]). In particular, for each z* € Bx=,
the set {t € Q : |z*f(t)] > ¢} is countable (¢ is one-to-one) and so it has outer
measure 0 (because p is atomless). As € > 0 is arbitrary, f is scalarly null.

For each m € N, define Q,, := {t € Q : p(t) € I,,} and choose finitely many
disjoint sets Ay, ..., An(m),m € X with

g
Anm < b)
(Anm) < S

and Q,, C ULV:(T) Ay Set Qo = QA forallm € Nandn=1,..., N(m),
so that (€, ) is a countable partition of .

n=1,...,N(m),

Fix a finite family (E};) of pairwise disjoint elements of ¥ with E; C A
and choose points t; € 0,(jy m(j)- Fix 2* € Bx~ and set

n(5),m(5)

C:={iel: |z%(x;)| <e} and By, :={i€ L, : |z"(x;)| >¢e} forall meN.

‘We can write

(10) Do pENf) =3 3 wBm+ D> > Y ulBy

i€C o(t;)=i MEN € By, (t;)=i
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On the one hand
(11) ‘x* (Z Z M(Ej)xl)‘ < M(U U Ej)a <e.
i€C o(t;)=i i€C o(t;)=i

On the other hand, for each m € N and 7 € B,,, we have Uw(tj):i E; C A, for
some n (here we use again that ¢ is one-to-one) and therefore

(12) (X e <u( U B) <5

p(tj)=i e(t;)=i

From (9), (10), (11) and (12) it follows that
o (S nENS())] < 2.

As z* € Bx- is arbitrary, we have ||} . u(E;)f(t;)| < 2e. Hence f is MC-
integrable, with MC-integral 0 € X. O
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