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ABSTRACT. In this paper we study the property of having a countablecby sets of
small local diameter (SLD for short). We show that in the conefBanach spaces (JNR
property) it implies that the Banach spac@ech—analytic. We also prove that to have
the JNR property, to be-fragmentable and to have the same Borel sets for the weak and
the norm topologies, they all are topological invariantshaf weak topology. Finally, by
means of “good” injections intay (I"), we give a great class of Banach spaces with the
JNR property.

INTRODUCTION
Let us begin with two definitions from [12].

Definition 0.1. Let (X, 7) be a topological space and létbe a metric onX. The space
X is said to ber-fragmented by the metritif, for eache > 0, it is possible to write

X= G X,
i=1

where each seX? has the property that each non-empty subsek'gthas a non-empty
relatively open subset aFdiameter less than.

When X is a Banach spacejs the weak topology andis the|| - ||, we shall say that X
is o-fragmentable.

Definition 0.2. Let (X, ) be a topological space and ldtbe a metric onX. It is said
that X has a countable cover by set of small local diameter (SLDrieferye > 0 there
exists a decomposition

xX=[Jx;
n=1
such that for each € N every point ofX’$ has a relatively--neighbourhood of-diameter
less thare.

When X is a Banach spaceijs the weak topology andlis the|| - ||, we shall say that X
has the JNR property.

The notion ofs-fragmentabldopological spaces, was introduced and studied by Jayne,
Namioka and Rogers, in a series of papers [12, 13, 14], agiat the concept of spaces
having a countable cover by sets of small local diametert wiacallSLDproperty, which
has been studied in [12, 17, 18, 21, 22].

A norm on a Banach space is said to b€amlecnorm if the weak and the norm topolo-
gies agree on the unit sphere. In [3, 4], Edgar shows that iarea&h space that admits an
equivalent Kadec norm the following hold:

(1) Borel(X,| - ||) = Borel(X,weak).
(2) X € Borel(X**,w*).

In [7], Hansell introduced the concept déscriptiveBanach spaces as those that the

norm has anetworkwhich is o-relatively discrete with respect to the weak topology. He
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shows tha spaces with an equivalent Kadec norm are deseritid that in descriptive
Banach spaces 1) and 2) above hold, hence improving Edeatiés.

In[12], Jayne, Namioka and Rogers show that a Banach spéicamwequivalent Kadec
norm has the JNR property.

In this paper we present as following results the following:

Theorem A: Let X be a Banach space with the JNR property, then properties d)2an
above hold.

Theorem B: On a Banach space X, the following properties are topoldginzariants of
the weak topology: to be-fragmentable, to have the JNR property, to have the sama Bor
sets for the weak and the norm topologies.

For the invariance of the-fragmentability see [7, 19].

As a result of our Proposition 1.9, it is easy to show that fBaaach space having the
JNR property and being descriptive turn out to be equivdlEsit It must be said that all
knowno-fragmentable Banach spaces have the JNR property [7, 2].

For recent results on the relationship between the JNR propad renormability of
the space see [9, 17, 18, 22].

1. THEJIJNRPROPERTY

Let X be a topological space. As usual, we shall denoteFbthe family of closed
subsets ofX andg the open sets, and l#%, countable unions of sets frorA. Our first
result shows that for two metrics;fragmentability and SLD are equivalent.

Proposition 1.1. Let (X, d) be a metric space angdbe another metric defined o¥i. The
following conditions are equivalent:

i) (X,d)iso-fragmented by;

i) (X,d) hasp-SLD.
When the sets in i) can be taken to be differencelsaddsed sets (or more generally 7, -
sets), then the sets in ii) can be taken talbg&,, -sets.

Proof. ii)= i) Is clear by definition.

i)=ii) Givene > 0, let {C¢ },cn be a cover ofX given by thes-fragmentability of the
space.

Fix i € N. Because of ther-fragmentability, there exists a family aFopen sets,
{UL : 0 < a < pu}, coveringCs such that foil) < o < 1 we have

c;nui\ |J Uj#0, ande-diam(C; nUL\ | Up) <.
0<B<a 0<B<a
For eachn,i € Nanda € [0,p), let F?, = {z € X : d(z, X \ U.) > L} and
H} ;= (C; N EFY\Uo<pea Up)- Itis clear thato-diam(H} ;) < e. Now fora # £ the
setsH, ; andH}; ;, when non-empty, are separated by-distance at Ieasrkl. So for each
n € Nthe family {H} ; : 0 < o < i} is discrete in(X, d).
SetH' = U{H},: 0 < a < pu}. We have

Uwr=U U #,=U U @nr\ U v =

n=1 n=10<a<p n=10<a<p 0<p<a
_ € 1 T\ 5
= U (CFNU N\ U Us) = C7,
0<a<p 0<f<a

and therefore

U0

i=1n=1
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Let us see that for eash i € N the setd” has local-diameter less than Takex € H.
So for somex € [0, u) x € H ;.

Since the family{H}}; : 0 < a < u} is discrete in(X, d) there must be @-open
neighbourhood” of z such that’ N Hp ; = () for 8 # a. So

Now if the C; are differences of-closed sets, and since ti¢ ; ared-closed, we have
that the H; ; are differences ofi-closed sets. So eadH;" is the discrete union of sets
which are differences af-closed sets. Sincé-open sets aré,-sets, it follows that the
H’s are alsaF,-sets. [ |

Our first example of a Banach space with the JNR property camsbd to prove the
JNR property in several cases.

Proposition 1.2. Let (X, || - ||,) be a family of normed spaces (not necessarily complete)
andr, topologies defined on them. If for eagle T the spacé X, r.,)is || - ||,-SLD, then
(oo {Xy 1y €T}, Tpro) i8] - |loo-SLD.
Proof. SetX = X, {X,:yeT}.

Givene > 0, let (A7?)2; be countable covers of, by sets of local| - ||, -diameter
less than} < .

For eachm, k € Nwith L < £, let us define

m 1
D¢ :{zGX:hEF:||z,y||,y>a|:k}.

Givenz € X" defined,, x(z) = {v € T;|lz,|l, > L}. Now for allp € N with
5 <e, set

1 1
X;C",p = {x € XIT; ||x’YiH’Yi - 2_7 > Ea for i € Am,k(I)}-

Ak (e XM, € AP, forally, € Ay i(x)}.

N1y Nk

By the definition ofX, it is easy to see that

o0
_ m,k,p
x= U U U anin,
m,p; o, =<5 k=1 (n1,...,nk) NN

Let us see now that it is a cover by sets of loggal,-diameter less than
So, take anyn, k,p,n1,...,nx, With %,% < e, andz € A7vFr . By definition,
there existy;,...,vx € Am x(z) andr,,-open neighbourhoods af,,, sayU,, C X,
with [| - [|-diam(U.,, N AZ:P) < %.

If we denote byP, the canonical projection onto the spake, the set’” = P;ll Uy )N
... PN (U,,) is Tpro-0pen and| - |-diametetV N ARP, ) < e.

To show the last claim take,y € V' N Am»f’;_’jnk. Fory € A,, x(z) we have

n1

Iy lly > lzally = [l = yylly| > ooy
which implies that4,, 1 (y) = A k(x). So fory € A,, 1(x) we have
1 5
ey = yylly < D < 5
and ify ¢ A,, () we obtain

+ =<

I~
N ™

1
2y = yylly < s lly + llyylly < m

as we wanted. ]



In [12], the authors showed that if a Banach space has anaqoiwadec norm, then
it has the JNR property by sets that are differences of wedkbed sets. As a corollary of
our next result we can see that it always happens whenevsp#ue has the JNR property.

Theorem 1.3. Let (X, 7) be a topological space anglbe a lower semi-continuous metric
on X. If (X, 7) has theo-SLD property, theri.X, 7) has theo-SLD property by differences

of r-closed sets. Moreover, if thetopology is finer tharr, then the sets can be taken to
be o-closed.

Proof. Givene > 0, there exists a sequence of sai$ covering the space, having local
o-diameter less than Let us define the following sets

Ve ={zeX: : existsU € 7,z € U with o — diam(X: NU) < ¢}

We claim that the sequenc®&)>° , is a countable cover ok by differences ofr-
closed sets of local diameter less than

To show that they coveKX, takex € X. There exists» € NandU € 7, open
neighbourhood of: such thatz € X N U having this set diameter less than Since
o is T-lower semi-continuous we have— diam(X: N U ) < e and sincel/ is 7-open,
X:' NU c X;nU . Thereforep — diam(X: NU) < e which impliesz € Y. So
X =U,Y°.

If z € Y7 there existd/ such that

o —diam(YSNU) < o —diam(X:NU' ) < e.

Now for eachz € Y2 call U, the open set given by the definition Bf. It is easy to

see that
vi=X:n|J U
Tz€YS

which shows tha¥’? is the difference of-closed sets.

If 7 < o, sinceY? = F: N G5, with £ 7-closed (hence-closed) and>;, 7-open
(hencep-open), and since in a metric space open set§FamgetsY,” = FSN (U, FS, ) =
Un (F N FE, ) |

S0 X = U, n(F3 N Fy, ) being these-closed and of local diameter less than &

In the next proof we will need some definitions on families efss So, recall that
a family of subsets4d = {A,},cr, of a topological space: is callediscreteif every
point of the space, has an open neighbourhood that meetspstf one element of the
family; isolatedif it is discrete in its uniong-discretely (isolatedly) decomposalii@ach
A, = U,{A%} so thateacH A7} <r is discrete (isolated).

Theorem 1.4. Let X be a Banach space with the INR property. Thérs a (F N G)qs
in (X**, weak*) and thereforeX € Borel(X**,w*). Moreover, any| - ||-closed subset
of X is of the same type.

Proof. For eaclp € N, let{U%, ,, : a € T', ;,,n € N} be ao-discrete refinement of a cover
of X by balls of diameter less thazlp We may suppose thatea¢t’? , : a € T',, ,} isa
metrically discrete family with separating distanégs, > 0.

Forn,p € N, let{C? ,, : m € N} be a countable cover of with the local diameter of
eachC? . < 6, ,. Then for eacn, m, p € N the family{U% , N C%, . }aer,, , is weakly
isolated, in fact it is weakly discrete @, ,,,. So if we look atX as a subset ofX **, w*),
the family {UL ,, N C7, . }aer,, , IS w*-isolated. Thus, for each € U} , N C} , there
exists aw*-open neighbourhood afin X**, sayU,"7*, such that

Ura"? N (U, NCE ) # 0, and

a,n

U££n7p n (U;)‘),n n Cﬁ,m) = Q]a for 5 7é Q.



Set
m,p __ n,m,p
GmP = U o
meUgynﬂC%m

G7p is clearly aw*-open set withGy» > (UE ,NCE ) and for3 # o, GZPn(Uf N

a,n a,n a,n n,m a,n

cr ..) =0. Set

n,m
*

———— W
M — (fp P m
a,nm,p — ( a,n N Cn,m) N Ga}f-

X=UUL U Mo}

p m n a€ly,,

We show that

Notice that, since diat@? , N C%, ,,) < 7, we have

*

w

diam(UZ ,, N CL,, " )<

SR

Let

e X U U Moo,

p m n acly,,
For eaclp € N there existr, m € N anda € I',, ,, such that

w

e (UsnNChim) NGY, .,
so there exists,, € Ur ,, N Ck ,, such that|z** — z,|| < % Thus we have
. o kk
I 1l- lim 2 =

and therefore™* € X.

Now since the family{ My n mp : o € 'y, ,} is isolated and it consists 6f N G sets,
U{Manmp:acl,,}isalsoaF NG set (7, Lemma 3.3]).

If F'is a norm closed subset &f, consider the families

{F N Ug,n N Cﬁ,m}OéGFn,p

and follow the proof. In this case the vectarss belong toF" and, sincef” is closed, the
limit also belongs taF'. ]

Proof of Theorem A. It follows from Theorem 1.4. Let us prove 1).

Let A be a norm-closed subset &f. By Theorem 1.4A € Borel(X**, weak™), i.e.
there exists3 C X**, B € Borel(X**, weak™) andA = B N X. But the weak topology
on X coincides with the restriction t& of the weak* topology oX ** and therefored is
a weak-Borel subset of . ]

In fact 1) in Theorem A follows also from the following resudtind we will be able to
specify the class of any norm open set.

Proposition 1.5. Let (X, 7) be topological space with the SLD property by differences
of 7-closed sets, for some metgc Then every-open setis 47 N G), setin(X, ), that
is, a countable union of differencesotlosed sets.

Proof. For everyn € N, let (X,, ,»)men @ countable cover oK by sets ofp-diameter
less than%, and with eachX,, ,, being the difference of two-closed sets. Reorder-
ing the indexes, call theniX,),cy. Now for eachn € N, definel’'(n) = {r €
N; X, has localp-diameter less thaﬁ}. It is easy to see that for eaeh € N, the set
U{X,;r € I'(n)} coversX.

Now, letG be a norm open set. S6t, = {z € X; B,(z; 1) C G}.



Fix n € N. For eachr € T'(n), and everyx € G,, N X, since the seX,. has local
o-diameter less thal;ilr, there exists a relatively open subséf (z) of X, containingz,
such thato-diam(U(z)) < 1. Thusz € U(z) C G. Hence, for € I'(n), the set

Upr =U{U(z) : 2 € G, N X, }

is a relatively open subset &f,. SoU,, , is a(F N G) setinr. It containsG,, N X,. and
is contained inG. Now the setU{U,,,;n € N,r € I'(n)} coincides withG and it is a
(FNG), setinT. [ ]

Corollary 1.6. Let X be a Banach space with the JNR property. Then|any| open
subset of X is dF N G), set in the weak topolgy. In particulaBorel(X,| - ||) =
Borel(X,weak).

Problem 1.7. Let X be a Banach space such that any norm open setfs@g), set for
the weak topology. Does it have the JNR property?

The proof of Proposition 1.5 can be adapted to give the faligw

Proposition 1.8. Let (X, 7) be a topological space such that any open set isFanset.
Let o be a metric onX and suppose thaX has the SLD property by sets of additive class
«, then eacty-open subset ok is of additive class.

One way to characterize the SLD property is through disdestélies.

Proposition 1.9. Let (X, 7) be a topological space and d a metric on it. Thél, 7) has
d-SLD if, and only if, any d-discrete family of subsets of X-isolatedly decomposable
for 7.

Proof. Let us assume thdtX, 7) hasd-SLD. For eachn € N, considerX = U{C7";i €
N}, where the set€'”" have locall-diameter less tha.

Let A= {A;}scs be a discrete family if X, d). Then there existg—l—discrete families
{A™T}scs suchthatd, = U{AT";m € N}, fors € S.

Write {A2™} = A™ N C™, for m,i € Nands € S and fixi,m € N. Takez €
C!". There exists a-open neighbourhood af, sayU, such that diaflU N C"*) < %
Thereforell meets at most one element of the fan{il§’. ™ } . 5. SO{ AL} is discrete
in (C*, T) and we have

e} o0 e}
A= JAar=U 4. ner =] A
m=1 m=1i=1 i,m

HenceA is o-isolatedly decomposable.

Let us show the converse. Given> 0, let {U! : o € T'} be ac-discrete open
refinement of an open cover o&f by balls of radius less thaf. By hypothesis, for each
n € N, UY = U{B2>™ : m € N}, where for eacln, m € N the family { B} ,cr IS
T-isolated.

Write F) = U{B2"™ : a € T'}; obviously,X = U{F, : n,m € N}.

We now show that for each, m € N, the setF): has local diameter less than

Takex € F}.. Thenz € Bj.™ and therefore there existsraopen neighbourhood’
of z such that N B™ = () for a # ao. So diam{U N F)) = diamU N B,™) <
diam(Bj,™) < e. [ |

This characterization leads us to the following concepbiticed by Hansell [7].

Definition 1.10. Let X be a Banach space. We shall say that X is descriptive if thennor
topology admits a network which ésisolated for the weak topology.

By a network of the norm topology we mean a family of subsetXasuch that any
norm open set is a union of sets from the family.
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Remark 1.11. It is not difficult to show after Proposition 1.9 that on a Bahaspace,
the JNR property and being descriptive are equivalent mst[@8]. Hansell showed in
[7], that a Banach space is descriptive if, and only if, the weglology has ar-isolated
network. Thus showing that being descriptive depends anihe weak topology of the
space.

2. SLDMAPS

That characterization of SLD property in terms of discrezeampositions of families
leads us to the study the following class of maps.

Definition 2.1. Let (X, o) and (Y, d) be metric spaces. We shall say that a one-to-one
mapT : X — Y is a(p,d)-SLD map if it map-discrete families of subsets 4&f into
d-o-discretely decomposable families of subsefg of

Under the conditions of Definition 2.1, if we denote By the topology (metric) onX
generated by the sefs™!(U) with U C Y d-open, we can prove:

Proposition 2.2. LetT : (X, o) — (Y, d) be a one-to-one map between metric spaces. T
is SLD if, and only if X, T;) haso-SLD.

Proof. The proof follows the same line as in Proposition 1.9.

Theorem 2.3. Let X, Y be two Banach spaces arfd: X — Y be a continuous linear
injection. Definep = f~! : f(X) — X. Then the following conditions are equivalent:

i) ¢ is of Borel classy and f is SLD;
i) (X, fi.1,) hasthe]| - || x-SLD by sets of additive class(for the topologyf.|, )-

Proof. ii)=- i) By Proposition 2.2 we have thgtis SLD.

Now letG be a norm open subset &f. Since the topology., in X verifies that any
open set is ait, set, we apply Proposition 1.8 and obtain thais of additive classy in
(X, fj.11y )- Hence the sep~*(G) is of additive classvin (f(X),|| - |ly) and therefore
is of Borel classy.

i)=ii) Forn € Nlet{U” : « € A} be an opemrr-discrete refinement of an open cover
of X by balls of radius less thap. ConsiderB? = f(UZ). Then for eacm € N the
family { B[ }nc 4 is o-discretely decomposable, so for everyi € N there exist discrete
families { B, },c 4 such that

oo
n __ i,n
By =J B
i=1

Note that since the set$) are open inX andy is of Borel classx, the setsB]! =
o~ Y(Um) are of additive clasa.

Now fix i,n € N. The family{B5" N B"},c is discrete inf(X) and its sets are of
additive classy.

Set

Ein = (J B NBY).
acA
ThenZ; , is a discrete union of sets of additive classnd therefore is itself of additive
classa. (For a proof of this fact see [16], page 358, Theorem 1). dbigious that

DefineC;,, = f71(Z;,). The sets(;,,’s are of additive class and they form a
countable cover of X, f., ).



Now takex € C;,, andf(z) =y € E; ,,. Soy € BZ;[? N By, for only oneay € A.
Thus there exists an open neighbourhébdf  in Y such that/ N (B5™ N B?) = § for

a # qp.
Write V = f~1(U). V is a ).}, -open neighbourhood of and

diam(V N C; ,,) = diam(f =1 (U NZ;.,.)) = diam(f (U N B! N BY,)) <

< diam(f~}(B")) = diam{U") < e.
ThereforeC; ,, has local diameter less than [ |
Let us see that SLD maps are what we need to transfer the Slgeyo

Theorem 2.4. Let (X, ;) and (Y, ») be topological spaces and let, oo be metrics
defined onX andY, respectively, withn, < 0,. Suppose that there exists a one-to-one
mapT : X — Y and that(Y, 72) has thep,-SLD property. Then the following conditions
are equivalent:

i) T'is (o1, 02)-SLD;
i) (X,T,,) has thep;-SLD property;
i) (X,T,)iso-fragmented by .

When(Y, 72) is o-fragmented by,, then we only can get#}iii) above.

Proof. i)=ii) Givene > 0, let A= {A"} = {A];y € I'(n)} be ao-discrete open
refinement of an open cover by balls of radius less thaginceT is a SLD map, for each
n € N, the familyT'(A") is go-o-discretely decomposable, i.e., for ealj = T'(A%),
BY = U, BY™, and for fixedn, m € N, { B} }, cr(n) IS 02-discrete. Now, sinceY, 73)
has g,-SLD, by Proposition 1.9, eachB’™ } cr(n) IS o-isolatedly decomposable (for
), henceBl'™ = U, { B}"™ P}, with { B}, cp () To-isolated.

Now for eachn, m,p € N, setA”™ P = T—l(B;”"vP). Itis easy to see that the family
{AD™PY er(n) is Tr,-isolated.

Define X™™P = U{Al"™P;y € T'(n)}. Since itis a isolated union and eadt}™?
is contained in an open ball of radius less thaiit is clear that eactX ™ has localp; -
diameter less than It is also easy to see by construction that= U{X™"™? : n,m,p €
N}. Since this can be done for every> 0, we conclude witH X, T, ) hasg;-SLD.

i) = iii) It is Obvious.

iii) = i) Sincer, =< g9, the hypothesis implies th&iX, T, ) is ¢1-o-fragmented, and
that, by Theorem 1.9, is equivalentTobeing (o1, 02)-SLD.

In the caseY, 7») is p2-o-fragmented, iii}=i) follows the same line as above.

Now let us show that #- iii). Given ¢ > 0, let {U”;« € T'} a o-discrete open
refinement of an open cover &f by balls ofg;-radius less thag.

Foreachn € N, T'(U?) = U{B2™;n,m € N}, with { B} < beingg,-discrete.
Then there exist -discrete familie B2} o with B2-™ = U{B2™*; k € N}.

Now for eachk € N there is a cover ofX = U{C¥*;r € N} given by theo-
fragmentability such that each s@f is fragmented down té.

SetDpm* = Ck N Br™* and takeAn -k = T—1(Dpmk) ¢ Uz, If we define
Cpmk = U{Armk a € T} thenX = U{C™"% n,m,r, k € N}. We are going to
show that ifn, m,r, k € N are fixed, any nonempty subset 6f*™* has a nonempty
relatively 7', -open subset of, -diameter less than

So take any) # A C C™™*. We have

0+ T(A) C | J{Dmm*} c ).

ael
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By the o-fragmentability there existsa-open sel/, such thab,-diam(T(A) NU) <
£. SoT(A)NU c Br-™* for only onea € T. Hence T'(A) NU C Dy™* for only one
a € I'. Therefore ANT~1(U) C U and that makeg,-diam(ANT~1(U)) <e. [ ]

As a corollary of Theorem 2.4 we can obtain the following tesu

Proposition 2.5. Let X and Y be Banach spaces. [et X — Y be a weakly continuous
SLD map. Then:

i) If Y has the JNR property, then so has X.
ii) IfY iso-fragmentable, then sois X.

The following result is from [17] and it is very useful whelyitig to construct SLD
maps.

Proposition 2.6. Let (X, || - ||x) be a Banach space an@’, o) a metric space. Let
T : X — Y be a one-to-one map. If, for everye X there exists a separable subspace

Z, of X withx € span{Z, ;n € N}H'“X, whenever(z,,) is a bounded sequence in X

with T'(x,,) converging to T(x) irp (in particular when(z,,) converges weakly to x, or
pointwise when X=C(K)), then Tis@ - || x, 0)-SLD map.

The part i) in the following result is due to Kenderov and Mofi5].

Corollary 2.7. Let X be a Banach space.

i) X is o-fragmentable if, and only if, there exists a metvidiner than the weak
topology such thatX, weak) is o-fragmented by.

ii) X has the JNR property if, and only if, there exists a metriimer than the weak
topology such thatX, weak) haso-SLD.

Proof. We only have to prove the if part. Let us consider the identigp Id : (X, ||
- Ix) — (X,0). If z, converges tar in the o metric, x,, must converge ta: in the
weak topology. Proposition 2.6 says] is an SLD map, therefore Theorem 2.4 gives the
conclusion. ]

These maps have been used by several authors: Spahn in [&3weed a SLD map
from a WCG Banach space intag(I'), Hansell [6] called them ce-discrete maps, and
Molt6, Orihuela and Troyanski [17] gave as a definition the edeinee in Proposition 2.2.

Proof of Theorem B:

Let (z,,) be a bounded sequenceihandx € X such tha(z,) — ¢é(x)in | - ||y,
hence¢(x,) — ¢(x) weakly. Thusx, — z weakly and Proposition 2.6 applies. So
our map¢ and its inverse are SLD. Moreover, since there is weak to weakinuity, by
Proposition 2.5, i) and ii) hold. To prove iii) assume tli&irel (Y, weak) = Borel(Y, ||
ly).

Denote byB x ||| ) the closed unit ball of X, || - [|x). B(x,|.|x) IS aw-closed subset
of X and, sincep is a homeomorphismj(B x . )) iS aw-closed subset of. Thus
the norm|| - || x is lower semi-continuous of, ¢, ). Since¢ is SLD, (X, ¢, ) has
the || - [[x-JNR property by differences af).|, -closed sets. So ifi is a| - ||x-open
subset ofX, then, by Proposition 1.57 = U{C;;i € N}, whereC; is the difference of
two ¢y, -closed sets for everyc N.

SetB; = ¢(C;). Then theB;'s are differences of| - ||y-closed sets and therefore
they arew-Borel sets. Thug~!(B;) = C; arew-Borel in X. We conclude tha€ is a
countable union ofveak-Borel sets and therefore is itselfi@ak-Borel subset ofX. W

The o-fragmentability counterpart of our next result is due tonderov and Moors,
[15]. For the JNR property it answers a question of Haydori0.[See [20].
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Corollary 2.8. Let (K,,)>2, be a sequence of closed subsets of a compact Hausdorff
spaceK such thatK = UK,. Then: if for eachn € N the spaceC(K,), ptwise),
(resp. (C(K,),weak)) has the INR property, then so has the sp&CéK), ptwise),
(resp.(C(K), weak)).

Proof. Define the map
T: C(K) — 3¢, (C(Kn), | - [lo)
by the formula

T(f) = (- flie )i
SinceT is clearly pointwise to pointwise continuous, we only havstiow thafl” SLD.
So take a bounded sequengg,)>_, € C(K), andf € C(K) and suppose that
(T(fm)) converges tdl'(f) in the norm ofX.,. We need to show thaf,, converges
pointwise tof.
So taker € K. There must beyy, € N such thatr € K,,,. Givene > 0 there exists
m € N such that for alk > m we have

€ . 1 1 €
IT(fe) = T(fllloo < —, L[|~ fimlk, — = flK.llc < —foralln eN.
no n n no

Therefore,
1 1
|— fi(a) = —f(2)| < — forall k > m.
no Un) no

Thusf,, converges tg in the pointwise topology and by Proposition 2.6 we conclinde
T is SLD. [ |

Let us present now some examples of constructions of SLD nfdgesfollowing propo-
sition is almost clear by the definitions.

Proposition 2.9. Let X, Y and Z be metric spaces and let f, g be SLD mapsX — Y,
g:Y — Z. Thenthe map = g o f is SLD.

Let us give the definition of a projectional resolution of identity and some basic
properties we shall need in our following result. They carfidusd in [1].

Definition 2.10. Let X be a Banach Space. We denoteie smallest ordinal such that
its cardinality || = dens(X). A projectional resolution of identity, PRI for short, cn
is a collection{ P,, : wp < a < pu} of projections fromX into X that satisfy, for every
with wy < a < p, the following conditions:

i) ”Pa” =1

if) RlopgzPBOPQZPaiwaSOASﬁSIU;

i) dens(Pa (X)) < |al;

V) U{Ps+1(X) : wo < B < a}is norm dense itP, (X);

v) P, = Idx.

Lemma 2.11. Let X be a Banach space add®, : wy < o < u} be a PRI onX. We put
Poy1— Py =T,, forwy < a < . Then the following results hold.
i) Foreveryz € X, if ais alimit ordinal,wy < a < p, we haveP,(z) = || - || —
lim5<a Pﬁ(z)
i) Foreveryz € X, {||Ta(x)| : a € [wo, )} belongs tacy([wo, ).
i) Foreveryr € X anda € |wy, 1), P, () belongs to norm closed linear span of
{Ts(x) : B < a}U{Py ()}
We shall need the following:

Lemma 2.12. Let(X, || - ||) be a normed space and’, ). <r be a family of bounded linear
maps,T, : X — X, satisfying:
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) Vo e X, (IT(2)[)qer € co().
i) Ve e X,z € span{T(x);y € I‘}H'H.
Then there exists a SLD mdp: X — X, (T5(X), ] - [|oo)-
Proof. Define® : X — . (T5(X), | - loc) by &(z) = (T (x))~cr. Itis clear that is
a one-to-one linear map.

From i) we obtain that the séty € I'; T, (x) # 0} is countable. So for every € X we
define a separable subspaceXafZ,, as

Z, = span{T,(z);y € '} I

Let us show that is a SLD map. Letz,) be a bounded sequence I such that
®(x,) converges t@(z) in 3., for somer € X.

By ii), given ¢ > 0 there existd"; finite subset of" and real numbers; such that
lz = > Ty, (x)] < 5 forv; € I'1. Now sincelim T, (z,,) = T,(x) for anyy € T,
it follows thatlim,, [z — 3 Ty, (x,)| < 5. Thus there must be, € N such that
lz—>" ;T (z4,)| < €, which means that € UZ,., . We only have to apply Proposition
2.6. [

Theorem 2.13. Let p be a class of Banach spaces such that the following resuldts ho
i) ForeveryX € pthere exists a PRI oX, {P, : wg < o < u}.
i) (Pat1 — Pua)(X) € p.
Then for everyX € p there exists a sdi and a bounded linear SLD map: X —
C()(F).

Proof. Let X € p. We proceed by induction afens(X).
When X is separable, we have th&Bx-,w*) is metrizable and separable. So let
{fn : n > 1} be a dense subset @Bx-,w*) and define

TX — ) by = (L)

T is clearly a linear map, and it is one-to-one becayse, -, is dense inBx-.

In order to show thaf" is SLD, we notice that discrete families in separable Banach
spaces are countable. And it is clear that the image of arytable family iso-discretely
decomposable.

Let x be an uncountable cardinal atd € p such thatdens(X) = x. Suppose that
the result is true for every € p with dens(Y') < x. Let u be the smallest ordinal with
cardinality|u| = x.

Let{P, : wyp < a < u} beaPRlon X. For anya € [wy, i), we setl, = P,i1 — P,
andX,, = T,(X). ThenX, € p anddens(X,) < |a| < dens(X). Thus there exist sets
I, and bounded linear SLD maps : X, — ¢o(Cy).

SinceP,,,(X) is separable, there is alsh : P,,,(X) — ¢o(N) sharing these proper-
ties. Set

oo

n=1

I'=NuU U I, disjoint union
wo<a<p

and definel’ : X — ¢, (T") by
T(x)(n) = Jo(Pu,(x))(n) forn € N, and

T(2)(3) = 5 7a(Ta(@)(7) for € T,

T is clearly a linear map and is continuous and ind@&&’) C ¢y(I"). Also, by the
properties of the PRI and the induction hypothé&Sis an injection.
Let us define

D X — Yoy (Xas || - [loo) bY @(2) = (Ta(#))a<p
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and

P X, (Xl - ||<>0) — ¢o(I") by w((xa)a<u)(7) = (Ja(xa))('Y) foryel

By Lemma 2.12® is a SLD map. By the induction hypothesis and Theorem 2.4, the
space X, Jo prwise) have the SLD property and that implies, by Proposition Thaf t
Yeo (Xa, Tpro) has the SLD property as well.

On the other hand, it is easy to see that the topologigs;s. andr,,, coincide on
¥, (X4), which means that the spaER, (X, , ¥ptwise) has the SLD property and there-
fore, by Theorem 2.4 and the fact thag ('), ptwise) has|| - ||..-SLd (Proposition 1.2),

1 is SLD.

We only have to apply Proposition 2.9 to the mdpands) to obtain the desired result.

[ ]

Theorem 2.13 can be applied to several classes of Banachssgdac example WCD
spaces, duals to Asplund spaces (we would obtain the SLpxsofor the weak topology,
not for the weak-topology in general) and'(K) spaces with being a Valdivia compact
space. See either [1, 5] for the construction of PRI on thpaees. We can summarize as
follows:

Corollary 2.14. Let X be a Banach space of one of the following types: weakly cblnta
determined, the dual of an Asplund space or a C(K) space witeiKg a Valdivia compact
space. Then there exists a bounded SLD linear fiap X — ¢o(T"), pointwise to
pointwise continuous when X=C(K), and therefore (X,wealgo (C(K), pointwise), has
the JNR property.
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