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Abstract

An upper bound ¢ (c) for the best, under equivalent renorming, possible power type of the modulus of
smoothness of a Banach space with modulus of convexity satisfying éx (¢) > ce2, is found. The estimate is
asymptotically sharp and is expressed in terms of linear fractional function ¢(c).
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

Let (X, || - ||) be a Banach space and Sy = {x € X; ||x|| = 1} be its unit sphere. The modulus
of convexity, respectively of smoothness, of X is defined by

5X(8)=inf{1 - W; .y €Sy, x—vl =e}, for & € [0, 2);
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respectively

Ix+ oyl +llx—oyll -2
2

px(l’)zsup{ ; x,yeSX}, for t > 0.

We say that the modulus of convexity (respectively of smoothness) has an estimate of power
type p if 8x(e) = c1eP (respectively px(t) < cp7”). We say that a Banach space X is p-uni-
formly convex (respectively p-uniformly smooth) renormable if there exists an equivalent norm
on X such that the corresponding modulus of convexity (respectively of smoothness) has an
estimate of power type p.

From the renorming theorem of Enflo and Pisier (see [11,19]) it follows that any superreflexive
Banach space is p-uniformly convex and g-uniformly smooth renormable for some p and g,
satisfying | <g <2< p <oo0.

Using Kwapien’s characterization [15] (for an elegant proof see also [23]) of Hilbert spaces,
Figiel and Pisier [9] prove that each Banach space which is 2-uniformly convex and 2-uniformly
smooth renormable is isomorphic to Hilbert space.

Rakov [20] proves that if §x is of power type 2 and, more precisely,

8x(e) = ce?,

for ¢ > 0.1076 and small ¢ > 0, then X is g-uniformly smooth renormable for each

g <log2/log(v2(c1 +,/c? — 1)), (1)

where ¢; = 1 4 (/2 — 1)4/1 — 8c. This can be simplified as 2 — g > k+/T — 8c.

The roots of Rakov result go back to the isometric characterizations of Hilbert spaces in the
class of Banach spaces.

It is easy to see that if H is a Hilbert space then

Sr(e)=1—/1—¢e2/d=¢?/8+o(e?). )

Nordlander [18] shows that

dx(e) <ém(e) 3)

for any Banach space X and any ¢ € [0, 2]. It is proved in [1] that X is Hilbert space whenever
8x(e) = 6y (e) for some € # 2cos(kr/2n), n =2,3,...; k=1,2,...,n — 1. An asymptotic
version of the latter is the following statement. If

SX (8) _ 1

lim =
e—0 & 8

then X is a Hilbert space. This result is obtained independently in [14,20,22] using different
approaches.

We improve the estimate (1). This improvement is achieved by combining ideas from [14] (i.e.
use of differential inequalities) and [20] (i.e. use of so called John sphere, see, e.g., [4, p. 68],
[10], also known as Loewner ellipsoid, [2]). Namely, we prove the following
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Theorem 1.1. There is an absolute constant k1 such that if the Banach space X satisfies

3 1
limint X&) > )
=0 g2 8(1+b)
for some b > 0, then X is q-uniformly smooth renormable for
=1+ ! (5)
1= 14+kib
For the sake of brevity we define for each Banach space X
s -1
a(X) =2limsup pX(;) —1 and b(X)= <8liminf X(;)) —1
=0 T e—0 &
From (2) and (3) it follows that 0 < b(X) < oco. The dual relation
a(X*) =b(X) (6)
is a direct consequence of Lindenstrauss formula: (see, e.g., [16, p. 61])
TE
px+=(t) = sup {7 - SX(S)}- (7
e€[0,2]

Indeed, if 5(X) = oo then there are &, — 0 and u, — 0 such that §x(e;) = /L,,sﬁ. Set 1, =
4une, and let e = g, in the supremum on the right-hand side of (7) to obtain px=(t,) > MnS%-
So, px+*(ty)/t2 = 1/(1614,) — oo and a(X*) = oo.

If b(X) < oo let v; = liminfs_08x(e)/e2 = [8(1 + b(X))]~' > 0. Pick &, — 0 and u,, — 0
such that §x(e,) = vi(1 + ;L,,)SZ. For t, = 4v1e, we have (setting in (7) € =¢) px+(1,) =
v1&2(2 — (14 up)), so limsup, _, g px (t)/t2 = 1/(16vy). That is, a(X*) = b(X).

On the other hand, for any v € (0, vy) there is g9 > 0 such that §x(¢) > ve? for ¢ € (0, &).
Since 8y (&) is increasing, we have that §x (¢9) > 0 and

sup {E — (Sx(a)} <t —08x(80) <0
e€le,2] 2

for small enough t > 0. Therefore, for 7 close to zero

TE 2 72
px<(T) < sup §— —ve p=—.
£€[0,g0] 16v

So, a(X*) < 1/(8v1) — 1 =b(X), since v € (0, v;) was arbitrary, completing the proof of (6).
In these terms Theorem 1.1 states that X is g-uniformly smooth renormable for ¢ =
1+ 1/(1+kib(X)).
If we compare this to the known situation of {,, 1 < p <2, we find that b(l,) = (2 — p)/
(p — 1), see [13] (for a simple proof see also [17]). So,

1

P=150a,)
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On the other hand [, is not g-uniformly smooth renormable for g > p, see, e.g., [8]. Therefore k;
from Theorem 1.1 could not possibly be less than one. That is, the estimate (5) is sharp up to the
multiplicative constant k1, when » — 0 as well as when b — oo. Thus in actual fact Theorem 1.1
reveals that, asymptotically, the behaviour of any space is the same as that of /,,.

In order to establish Theorem 1.1 we use the following statement which is essentially two-
dimensional.

Theorem 1.2. There is an absolute positive constant ky such that if X is a Banach space and
X,y € Sx then

i lx +Tyll® + llx — Tyl> =2
1msup 3
=0 2t

<1+ ka(X). ®)

This estimate is not trivial and it depends upon the homogeneity of the norm, even though this
fact is somehow implicit in our approach. We also make crucial use of Euclidean geometry on
the plane and it seems unclear whether Theorem 1.2 could be established without the aid of the
latter.

Remark 1.3. Inequality (8) is much easier to prove for fixed ap > 0 and a(X) € [ag, 00).

To demonstrate this we would present at the end of the paper a short proof of the following
estimate:

2 2
— 2 -2
moup EF D= o2 =2 (o) )
=0 272 —0 72

for all x, y € Sx.
If then a(X) > ag > 0, we can write

i x4+ Tyl* + llx — zyl* =2
imsup

3 3 a(X)
msu 52 <1+5(a(X)+1)<1+5<a(X)+ )

ao

So, for a(X) > agp

2 2
— -2 3(1
Jim sup x4+ zyll” + llx — oyl <14 d+ao)

msu 52 ra A0 (10)

The advantage of (8) is that it transfers directly to L,(X): the space of all (equivalence classes
of) measurable X-valued functions f on a probabilistic space §2 such that the norm || f|j; =
(E|| £11*)!/? is finite. Thus, using some dual arguments, we can demonstrate the following:

Proposition 1.4. Let X be a Banach space. Then

g2
a0 =21 ‘/ ) “”

where ky is from Theorem 1.2.
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Obviously the above result specifies for the case of power type 2 estimate the classical result
of Figiel and Pisier [8,9] (see also [16, p. 68]) which says that §x and §,(x) are equivalent at
zero.

The renorming is now a matter of straightforward application of the deep theorems of Gurarij
and Gurarij [12] (see also [7, p. 303]) and Pisier [19] (see also [5, p. 149]).

Remark 1.5. It seems interesting whether an analogue of Theorem 1.1 can be stated in terms of
the modulus &y introduced in [3].

In the following section we prove Theorem 1.1 and Proposition 1.4, assuming that Theo-
rem 1.2 is known. In the final section we present the proof of Theorem 1.2.

2. Proof of Theorem 1.1
We split the proof of Proposition 1.4 into few lemmas.
Lemma 2.1. If X is Banach space and ¢ > 1 is such that for all x, y € Sx

o x4+ 7y + lx — tyl|> =2

li < 12

g C 1
then for all u,v € X

e + vl + = vlI* < 2(lull® + cllvll?). (13)

Proof. Set ¢(t) = |lu + tv||> — ct?||v||>. Taking into account (12) we get that for all 7

t+nh t—h) —2p(
limsup(p( +h) + ¢( ) ¢()<O.
h—0 h?

Hence ¢ is concave. Therefore, ¢ (1) + ¢(—1) < 2¢(0), which implies (13). O
Recall (see, e.g., [5, p. 7]), that the duality mapping J : X — 2% is defined as
Ix={feX* f)=111>=IxI?}.

Clearly, if the norm is smooth at x then Jx is a single point.
It is easy to check that for each f € X*

I £1I% = sup{2f (x) — Ix%}. (14)
xeX

Let us mention that this formula is related to Fenchel transformation (see, e.g., [21, p. 102]).
Evidently, for f € Jx we have

I£I2+ Ixl? =2 £ (x). (15)
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Lemma 2.2. Let for some ¢ > 1 and all u, v € X inequality (13) holds. Then for all f, g € X*
and z € Jf we have

Lf +gl> = 1£17 +28() + llgll*/c.
Proof. We first show that forall u, v € X
e+ vl < full® + 2Ju(v) + cllul*. (16)
Set ¢(1) = ||lu + tv||> — ct?||v||>. From (13) we get that | - ||, and therefore ¢, is differentiable.
As in the proof of Lemma 2.1 we see that ¢ is concave. Therefore, ¢(1) < ¢(0) + ¢’(0). Taking
into account that ¢’ (0) = 2Ju(v), we get (16).
From (15) and (16) we have that
IFIP=2fG@ —llzl.  Ixl* = lz1* = 2f (x —2) < cllx — 2|
These, (14) and (15) imply

I f + glI* = sup{2 £ (x) +2g(x) — Ix|*}

xeX

=sup|2£(2) — llzlI* + 2 (x — 2) + 2g(x) + l1z|I* — lIx]|*}
xeX
=l £1*+ sup{2g(x) — (IIx* = lzI* = 2 (x — 2))}
xeX
> || £1I* + sup{2g(x) — cllx — z[*}
xeX
= £II* +28(2) + sup{2g(x — 2) — cllx — z||*}
xeX
=IfII> +2¢) + lgh*/e. O
Lemma 2.3. Let for some c > 1 andall x,ye X, f € Jx

lx + Y12 = x 1 +2£) + Iyl /e. (17)

Then

Sx(e)>1—4/1—g2/4c. (18)

Proof. Let ||lx|| = Iyl = 1 and |lx — y|| = &. Pick f € J(*32). We have that f(x —y) >0 or
f(y —x) > 0. By swapping if necessary x and y we may assume that f(y — x) > 0. Using (17)
we write

xX+y y—x
2 + 2

1=vI?=
Iyl ) > i

e 451 e
4 4c¢’

2 2 2
X+ —X —-X
> X+ yll +2f(y >+ ly —xll

>
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Therefore,

1—@%—,/1—52/4& 0

Now, assuming that Theorem 1.2 is true, we can complete the

Proof of Proposition 1.4. Let b(X) < oo for otherwise the claim is trivial. Then X is reflexive
and we have that L, (X) is reflexive as well and (see, e.g., [6, p. 98])

L3(X) = La(X™). (19)
From (6), Theorem 1.2 and Lemma 2.1 it follows that for all f, g € X*
Lf +8l2+1f =gl <2(I 11> +cllgl?),

where c =1 4+ kob(X).
Clearly, for all f, g € L>(X*) we have that

If+gl3+1f—gl3<2(lf13+clgl3). (20)

From Lemmas 2.2, 2.3 and Eq. (19) we get

Sr,x)(e) =21—4/1 — &2 /4c. O

The following elementary inequality is used in the proof of Theorem 1.1.

Lemma 2.4. Forall t > 1

2log?2 1
>1+ .
log(4 — (t +1)/1%) 14+6(—1)

g) =

Proof. First note that (¢ + 1)/1% > 2/(2¢ — 1) and therefore

21
I+log2—1/2t — 1))’

g)>g1(1) =

where [ =log2. Sets =2(t — 1)/(2t — 1), so s € (0, 1), and consider
h(s) =2+ s)log(1+s).
Since h”(s) = s/(1 + s)2, the function 4 is strictly convex for s > 0. In particular, i(s) <
sh(l) =3ls for s € (0, 1). So, log(1 +s) < 3ls/(2+s) fors € (0, 1).
Since g1 (¢) =21/(I 4+ log(1 + s)), we have that

2 _26-2 1
14+3¢c—-1)/Bt—2) 6:—5 14+6(—1)

g1 > O
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With each basic sequence {u;};2, the following quantity is associated:
A({ui}i2)) =inf{llx — yll; x € Erx. y € Exq1y, lIxll=llyll =1, k <1},
where E; j = span{u;, ujy1,...,u;}.

Lemma 2.5. If for some ¢ > 1 and all x,y € X, f € Jx (17) holds and {u,-}?i1 is a monotone
basic sequence in X then

Alfuiy2)) > vV1i4cl
Proof. Pick k <[ and let x, y be such that ||x|| = ||y]| =1 and x € E1, y € Ek+1,. Since the
basis is monotone, we have that ||x 4+ ¢y|| > 1 for all # € R. Therefore, there is f € Jx such that
f(y)=0. So, (17) reads
Ix=yl>>1+c o
Recall the following result from [12] (see also [7, p. 303]):
Proposition 2.6. Let {u;}7° | be a basic sequence in the Banach space X, such that A({u;}72) >d,

3x(d) >0, and let A =2(1 — 8x(d)). Then for each q < log2/logA there exists A = A(q) >0
such that

n n 1/q
D ui <A<Znuinq> Lon=12.
i=1 i=1

We use also the following result of Pisier [19].

Proposition 2.7. Assume that for some constants C > 0 and q > 1 all X-valued Walsh—Paley
martingales {M;};>o satisfy

1/q
sup||Mn||z<C<§ ||dMi||3) :
n

i>0

where dMo = Mo, dM; = M; — M;_1, i > 1, are the increments of the martingale {M;}; > and
| - |2 is the norm in La(X).
Then X is q-uniformly smooth renormable.

Proof of Theorem 1.1. If b(X) = 0 then X is Hilbert space, see [14,20,22], so we assume that
b(X) > 0.
Set Y = Ly(X), c =1+ kyb(X), where kj is from Theorem 1.2, and

=2(1=8y(V(c+D/c)).

From (11) we get

<4 —(c+ 1)/ 1)
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Let {M;};>0 be arbitrary X-valued Walsh—Paley martingale. Since {d M;};>( is monotone basic
sequence in Y and (20) is fulfilled for the same reasons as in the proof of Proposition 1.4, we get
from Lemma 2.5 that

A({dM;}iz0) =/ (c+ D/c.
From Propositions 2.6 and 2.7 it follows that X is g-uniformly smooth renormable for each
q <log2/logh.

Set d =2log2/log(4 — (c + De=2). From (21) it follows that d < log2/logA and hence X is
g-uniformly smooth renormable for each g < d and in particular for

1 1
14+6(c—1) 14 6kb(X)

g=1+ (22)
due to Lemma 2.4. O

3. The smoothness of the square of the norm

In order to demonstrate Theorem 1.2 we use the nice differentiability properties of the norm
when the modulus of smoothness has an estimate of power type 2.

Lemma 3.1. Let X be such that a(X) < o0o. Then for each two linearly independent u, v € X the
function

r(o) =|cosou +sinov||
has first derivative, which is Lipschitz continuous.
Proof. Set f(t) = ||u + tv||. From the proof of [5, Lemma IV.5.1, p. 158], we get that f’ is
a Lipschitz function on R. Since (o) = |[cosa| f (tano), we obtain that r’ is Lipschitz on any
closed interval I C (—mr/2,3m/2), such that v /2 ¢ I. In the same manner, considering |[v + fu||,

we get that 7’ is Lipschitz on any closed interval I; C (0,27) such thatw ¢ I;. O

Lemma 3.2. Let ey, e> be an orthonormal basis in R with respect to the standard inner product
and let | - || be some norm in R2. Let

r(o) =|cosoe; + sinoes||
and let x = r~'(0)(cosbHe; +sinbey), y =r~1(¢)(cospe| + singer), that is, x, y € Sx.
(1) If r is twice differentiable at 0, then

lig I+ llx — 7yl -2 sin® (¢ — 6)
im =
T—0 72 r2(¢)

r@)(r©) +r"®)). (23)
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(i) Ifr is differentiable at 6 and for some k and small enough |n|

r@+n) <r@) +r'O)n+kn?, (24)
then
. x4+ 7yI? + lx=tyI?> =2 _ r20) +r"26) + r@)(r'(0)|+2«)
lim sup < . (25)
0 272 rX(¢)

Proof. Each vector z = z1e] +z2e> € R? can be represented as z = |z|(cos aej +sinoey), where

| - | is the Euclidean norm in R2, i.e. |z| = ,/z% + z%. So, we have
lzll = lzlr (o), tano = z2/z;. (26)
Case 1.9 =0. Then x = r~'(0)ey, so

xX+T1y= (r_l(O) + r_l(q‘))t cos¢)e1 + (r_1(¢)r sinqﬁ)ez
=r 1 O[(1 + (r©@r~ ' (¢)7) cosp)er + ((rO)r~ ' (¢)7) sing)e].

Let
t=rOr Yp)r,  1=r"Y0). (27)
Then
x+1y=1((1+1cosp)es + (rsinp)es) (28)
and
Ix +tyl> =12(1 + 2t cos p + 7). (29)

As/1+w=1+w/2— w2/8 +0(w2), we have that

2
lx + Ty =l<1 +tcos¢p + % - é(Ztcos¢>+t2)2> +0(r%)

2
:l(l + tcos¢ + %(1 —c052¢)> +o(t2).

That is,

2
|x+ry|=l<1+tcos¢+zsin2¢)+0(t2). (30)

For small enough 7 there is 6; € (—m/2, w/2) such that

X+ 1y =|x+ ty|(cosbre; + sinb er). 31
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Keeping in mind (26) and (28) we get

tsing
tanf; = ——.
1+tcos¢
Thus
t sin t sin
0, = arctan ing = ng +0(t2),

14+tcos¢p 14tcos¢

since arctan w = w + o(w?).
S0, 0; = (tsing)(1 — tcos ¢ + o(t)) + o(1?), or

. . 5
O, =tsin¢g — Esm2q§+0(t ) 32)
Since by assumption r” (0) exists, the Taylor formula gives

2
r(0:) =r(0) +r'(0)0; + #’(0)%r +0(63).

From (32) it follows that |6, | < 2|#| when |¢| is small enough. Therefore,

2 " 2 2
r(0;) =r(0) +7'(0) <t sin¢g — %sin2¢)> + ! éO) (t sin¢g — % sin2¢> + o(tz)

which yields

: : , 12
r(0z) = r(0) + ' (0)(sing)t + (" (0) sin® ¢ — r'(0) sin 2¢)5 + o(t?). (33)

From (31) and the definition of r it follows that
Ix + Tyl =r@)lx + 7yl
This, (27), (30) and (33) imply

Ix + Tyl =1+&t +¢r* +o(t?),

where
2
¢ = Sm2¢ 1¥ (0) szd’ —( "(0) sin ¢ — 1/ (0) sin 29)
Sln2¢+ L0y sin g = S0 ¢(1+r—1(0)r”(0))

From this and (27), which rewrites 2 = r2(0)r ~2(¢)t 2, it follows that
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lx + oyl +llx =7yl =2 Ix+oyll+lx —zyl =2

L) 2 =rOre) lim 2
=2:20)r2(¢)¢ = Siznz‘Pr(O) (r(0) + 7 (0)).
re(¢)
Case 2. 0 # 0. Consider the rotated basis (e1, €;):
e1 =cosfe| +sinfes, ey = —sinfe; + cosfes.

If 7(0) = | cosoe; +sinoeés| then
r(o)=r(oc+0),
because

cosoe) +sinoey = (coso cosd — sino sinf)e; + (coso sinf + sino cosb)er

=cos(o + 60)eq +sin(o + H)er.
Set y =¢ — 6. Since
x=r"10)¢; and y=7""(y)((cosy)é + (siny)és),

from Case 1 it follows that

Tyl -y =2 sin’y

Ly 2 726, OO +70)
sin’ (¢ — 0) ,
= W’(Q)(F(Q) +7"(9)),

because 7 (y) =r (@ +y) =r(¢).
(i) Let r be differentiable and (24) hold. Denote s = r2.
Assume that 6 = 0.
As the left-hand side of (24) is positive, taking squares gives
s(m) < 5(0) 45" + (r2(0) +2r () )1* + o(n?).

This and (32) imply
5(0:) < s(0) +5'(0)t sing + <(r/2(0) +2r(0)kc) sin® ¢ — s/(())g)tz +o0(r%).

From the latter, (26) and (29), we get

e+ 2y11 = 5@ bx + 7y > < 1+ pr +vi* + (1),
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where

sin2¢ )

v=14s"10)s'(0)sin2¢ + s—1(0)<(r’2(0) +2r(0)k) sin* ¢ — s(0) >

i.e.

v=1+s5"10) ((V’Z(O) +2r(0)«) sin® ¢ + s(0) sin22¢>)

<1+s5710) (#2(0) or O+ B ;O”).

Now, recalling (27) we write:

. lx+zyl?+x —tyl> =2 . viZ +0(1?) s(0)  s(0)
lim sup > < lim sup 5 =v .
—0 2t t—0 t s(®) s(d)

Since s'(0) = 2r(0)r'(0), we have that
v5(0) < 5(0) + r'2(0) +2r (0)k + r(0)|r'(0)| = r*(0) + r'2(0) + r(0) (| (0)] + 2«).
The case 6 # 0 is derived in the same way as in the proof of (i). O

Proof of Theorem 1.2. We can assume that x and y are linearly independent. Let Y be the two-
dimensional subspace of X spanned over x and y. Let ¥ be realized on the plane R? in such a
way that the Euclidean sphere S = {(z1, z2) € R2; z% + z% = 1} is the John sphere for By. That
is, the Euclidean norm | - | > || - || and there is no ellipse of area greater than 7 contained in By. It
is well known (see, e.g., [4, p. 68], or [10]) that | - | < V2| - |I. Let e;, e> be the unit vector basis
in R and r(¢0) = || cosoe; + sinoes||. Then Sy = {r~'(o)(coso, sino); o € [—m, 7]}. Since
- < T- 1< V211 || we get

1/V2<r(0) <1 (34)

forall o.
Lemma 1 [20] shows that at each arc of S = {z € R?; |z| = 1} of Euclidean length /2 there
is a point of contact w € S N Sy. So, for any o there exists o such that

r(o;)=1 and |o —o1|<7/4. 35)

Let us mention that (35) implies r (o) > l/ﬁ.
From Lemma 3.1 we know that r’ is absolutely continuous and hence r” exists almost every-
where. From the definition of a(X) and (23) it follows that for almost all 6 and all ¢

sin?(¢p — )

@) r@)(r©) +r"(0)) <1+a(y).
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Setting in the above (for each fixed 0) ¢ =6 4 7 /2, we derive
r@(r@) +r"©) <ri@)(1+a)) < 1+a(y),
since r < 1. So,
r(r+r")<l+a(y) (36)

almost everywhere. Since Y is a subspace of X we have that a(Y) < a(X).
Set

a=a(X), c=1+4a, d=minr(#) and K=(C—d2)/(2d)

(since 7 is continuous and 7 -periodic it attains its minimum).
As a first step we will show that for all 6

r'2(0) < 4 (r0) —d). (37)

Fix arbitrary o. If r'(¢) = 0 then (37) holds since k >0 (asc>1>d > dz) and r(o) > d. Let
r'(o) # 0. Since (36) is not affected by the change of variables 6 <> —6, we can assume that
r'(o) > 0.

As r is periodic and r’ is continuous there is oy < o, such that r'(o9) = 0 and () > 0 for
all 6 € (09, o). Multiplying the inequality r” + r < ¢/r, derived from (36), by r'(6) > 0, we see
that for almost all 6 € (o9, )

(r2©) +r2©)) /2 < c(logr ®)).
Integrating the above from og to o we see that

r(o)

r'?(c) < 2¢ log
r(00)

— (r*(0) = r*(00)).

Let ro =r(og) and r; = r(o). Note that r| > rg, since rj —rg = f; r'(0)d6 > 0. Clearly,
0

lOgr_1=10g<1+rl _r°> <40
ro ro ro

and thus

(o) < g(ro, 1),

where g(u, v) = 2c(v — u)u~' — (v2 — u?). Consider g in the triangle 7: {(u,v); d <u<v <
r1 < 1} (1 is no greater than 1 because of (34)). We have that

g, = —2cvu 24+ 2u= 2u72(u3 — cv) <0,
because cv > v > u > u, since u < 1< c; and

g = 2eu"' —20>0.
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That is, in the triangle 7 the function g is increasing on v and decreasing on u, and so attains its
maximum in 7 at (4, v) = (d, r1). In particular, as (rg,r1) € T,

(o) <g(d,r) =2c(r1 —dyd~" = (rf —d?).
Note that rl2 —d?= (r1—d)(r1 +d) >22d(r; —d), since r| > d. Therefore,
r'2(0) < (r —d)(2cd™" —2d) = 4((c — d*)/2d)) (r1 — d) = 4k (r — d).
Next, we show that
d>1-(V2+1)a. (38)
If d =1 then (38) is trivial. Let d < 1. From (35) it follows that there exist 6,4, 01 such that
r(0g) =d,r(61) =1and |6; — 64| < /4. Changing if necessary the variable 6 with —0 we may

assume that 6; < 6. We may also assume that r(0) > d for all 8 € (64, 81). From (37) it follows
that

re . _Iren o
2Jr@) —=d  2Vr@®) —d

for all @ € (64, 01). By integrating from 6; to 6; we obtain

01 01 1
T 1 r'(9) 1/ dr
T V=01 — )k = o>~ | —2 46 =~ —J1—d.
g VK= O =00k /*/E 2/«/7(9)—61 2) Jr—d

04 04 d

Since 72/16 < 2/3, we derive
1—d<2c/3=(c—d*)/(3d).

Thatis, 0 <2d* —3d +c=Q2d — 1)(d — 1) +c — 1. Recalling that 2d — 1 > V2 =1, see (34),
andc—1=a,wederivea > (V2—1(1—d),ord>1— a/(\/z — 1), which implies (38).

Finally, we apply part (ii) of Lemma 3.2 in order to complete the proof.

From (36) it follows that ” < 2« almost everywhere (for, (36) = r +r” < cd™!, so 1’ <
cd ' —d=(c—d*d" =2«). From Taylor formula it is clear that (24) is satisfied with this «.
Therefore, inequality (25) holds.

Since r(0) —d < 1—d < c—d?* < (¢ —d?)/d = 2k, we deduce from (37) that |/ (8)| < 2+/2«
(of course, this is weaker than (37), but we will use it in the following estimate for simplicity,
while for r'2(0) we use (37) as it is). So,

r'2@) +r@) (17 0)] +2) < 4k (r(0) —d) + 1+ (2v/2k + 2«)
<2 (2(1 —d) + 2+ 1) <6k,

since r < 1and —2d < —/2.
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Since r2(0) < 1 and r~2(¢) < 1/d?, the above and (25) imply:

2 2 _ g2
p||x—|-7.’y|| + |lx — 7y 2<1+6K_ 1 +3c d. (39)

limsu 2 - ﬁ PE

=0 272
We finish the proof by showing that the right-hand side is less than 1 + kya for some k> > 0.

From (34) we have that 1/+/2 < d < 1. Using this and (38), which rewrites 1 —d < W2+ Da,
we get

1-d*=(1+d)(1-d)<2(V2+1)a<5a,
d?=1+(1-d*)d?<1+5ad"* <1+ 10a.

Similarly, recalling that c =1 4 a:

C-dz 1 2
— =5+ (1-4%)<2V2@+50). D

Proof of (9). Fix x, y € Sy and pick f € Jx. From the definition of py and f(x) = || f||=1it
follows that

2ox( Zllx +ryl+llx —wyll =22 [x + Tyl + f(x —7y) =2
=llx+ryll=1—1f().
Similarly, 2px () > ||x — ty|| — 1 + tf(y). Thus
lx £yl <1Ezf(y)+2pox(7),
or
lx £ yl* < lx £Tyll(1 £ 7f(p) + 20x (7).
Therefore,
Ix + Tyl + llx — 7y =2 < flx + oyl + lx — 7yl = 2+ ) (lIlx + Tyl = Ilx — 7))
+2px (O (Ix + Tyl + llx — zyll)

<20x (1) + 277 +4(1 + 1) px (1)
<212+ 6(1 +1)px (1),

which implies (9). O

Remark 3.3. Finally, we check the least possible constant kj, which could be obtained by the
method presented in the paper.
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From (22) we get that k| < 6k>. So, we should find an upper estimate of k.
Set A = 1 4+ +/2. Fix ag € (0, ~"). From (10), (39) and (38) we get

2 2 3(1+ap)
_ ) (
fimgup BT+ Ir =P =2 14 250, > a0,
7—0 2t f(C7 d),
where f(c,d)=d 2 +3(c—d*d3,¢c=1+a,a=a(X), and d is a real number satisfying
1>2d>1—-—2xa>0fora < ay.

Letg(a) = (1 —1a) "2 +3(1+a— (1 —ra)>)(1 — ra)~>. Since f)(c,d) <Oforc>1>d,
we obtain

fle,d) < f(d+a,1l —xra)=g(a).
Since (1 — Aa)~2 is convex as a function of a, we have that

(1= hrap) 2 — 1a B 21 — A2ag

l—xa)2<1+ =14+ """ a,
(1 =2a) a0 (1 — rag)2”

a €0, ap].
Also,
1+a—(1-xra)=(1+2x—r%a)a < (1+2M)a,

and (1 — a)~3 < (1 — dag) 3. Therefore, for a € [0, ag]

@ <14 (A(2—Aa0) 1422 )a‘

(1 — rap)? (1 — Aap)3

So, we may choose

. 3(1+ag) A(2— Aag) 142X
ky = inf max , >+ 3 30 )
0<ap<r~! 2aq (1 — Xao) (1 — Aao)

For example, for ay = (81)~! 2 0.05 we have that

3(1+ao) _

30.5,
2a

while the second term in the above right-hand side is approximately 32.01, so k> < 33 and
k1 < 200.
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